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Direct Measurement of the Molecular Attraction of Solid Bodies. |. 
Statement of the Problem and Method of Measuring Forces 
By Using Negative Feedback 
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Institute of Physical Chemistry, Academy of Sciences, USSR 
(Submitted to JETP editor December 14, 1955 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 993-1006 (June, 1956) 


The importance both in principle and practice of the study of the molecular attraction of 
macroscopic objects, as a function of the distance between their surfaces, is pointed out. 
The method of calculating the interaction, based on the assumption of additivity of the 
London forces, is criticized. The physical basis and the consequences of E. M. Lifshitz’s 
macroscopic theory of the attraction of macroscopic bodies is briefly presented. We discuss 
the main difficulaties of the experimental measurement of the molecular attraction of solids, 
as a function of their distance of separation ( gap width), and their elimination in the micro- 
balance with negative feedback which we have constructed. Special attention was given to 
the complete elimination of surface charges by ionizing the air in the neighborhood of the 


bodies. 


1, INTRODUCTION 


] N addition to the usual valence forces, which 

have relatively short range and practically van- 
ish for interatomic distances of several Angstrom 
units, there are forces of attraction between any 
atoms or molecules, whose magnitude decreases 
much more slowly with distance. Such (molecular) 
forces are the cause of fundamental phenomena in 
molecular physics and physical chemistry: surface 
tension, capillarity, capillary condensation, physi- 
cal adsorption, and other phenomena. Molecular 
forces determine most of the properties of liquids-- 
their viscosity, heat of vaporization and mutual 
solubility. 

The existence of attractive forces between 
atoms and molecules naturally gives rise to similar 
forces of ‘‘molecular attraction’’ between two 
macroscopic bodies which are brought very close 
to one another. The existence of such forces be- 


* F. B. Leib participated in the development of the 
technique. 
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tween colloidal particles, and their role in coagula- 
tion was suggested in Ref. 1, and was considered 
in the first quantitative theory of the stability of 
colloids?’*, together with the repulsive forces be- 
tween the diffuse double layers of approaching 
particles. However, some authors‘ believe that 
the coagulation of colloidal systems can be ex- 
plained, without assuming the existence of long 
range forces, in terms of the van der Waals attrac- 
tion between the molecules which make up the 
colloidal particles. Thus the problem of calculating 
the force or the energy of molecular interaction of mac- 
roscopic particles as a function of their separation is 
one of the basic problems in the theory of the 
stability and coagulation of colloids. 

Despite the great theoretical and practical im- 
portance of molecular forces, the study of their 
nature and the development of a theory began rela- 
tively recently. The first correct picture of the 
nature of molecular forces was proposed by P. N. 
Lebedev, and also by B. B. Golitsyn. In 1894, 


Lebedev’, in discussing the ponderomotive action 
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of waves on resonators, wrote: “* In Hertz’s re- 
searches, in the interpretation of light vibra- 

tions as electromagnetic processes, there is hidden 
another problem which has previously not been con- 
sidered--the problem of the sources of radiation of 
those processes which occur in a molecular vibra- 
tor when it gives off light energy into the surround- 
ing space; this problem leads us, on the one hand, 
into the field of spectrum analysis, while on the 
other hand it leads us quite unexpectedly to one of 
the most complicated problems of contemporary 
physics, the study of molecular forces. This lat- 
ter point follows from the following considerations: 
From the standpoint of the electromagnetic theory 
of light we must admit that there are ponderomotive 
forces between two radiating molecules, just as 
there are between two vibrators in which electro- 
magnetic oscillations are excited. They are the 
consequence of the electrodynamic interactions of 
variable electrical currents in the molecules (ac- 
cording to Ampere’s law) or of varying charges in 
them (according to Coulomb’s law). We must 
therefore admit that there are intermolecular forces 
which are closely related in origin to the processes 
of emission of light.’’ 

“Of greatest interest and difficulty, because of 
its complexity, is the situation which exists in a 
physical object in which many molecules interact 
simultaneously, and their vibrations, because of the 
close proximity of the molecules are not independ- 
ent of one another. It it ever becomes possible to 
solve this problem, then we shall be able, by using 
the data of spectral analysis, to calculate in ad- 
vance the magnitudes of the intermolecular forces 
which are due to the coupled light emission of the 
molecules, deduce their temperature dependence and, 
by comparing these calculated quantities with ex- 
perimental observations, solve the fundamental 
problem of molecular physics--whether all the so- 
called ‘molecular forces’ reduce to the previously 
known mechanical action of light radiation men- 
tioned above, i.e., to electromagnetic forces, or 
whether some other forces of hitherto unknown ori- 
gin are involved.”’ 

The first quantitative theories of molecular 
forces could, however, be developed only after the 
structure of atoms and molecules was clarified. 
One of them is the completely general quantum- 
mechanical London theory of molecular forces. For 
the case where the intermolecular distance is large 
compared to molecular diameters, i.e., mainly in 
gases, the theory gives forces which decrease with 
the inverse seventh power of the distance between 
the molecules. However, in solids, where the 
molecules do not rotate freely, forces can exist 
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which drop off much more slowly with distance. At 
the same time, for the small intermolecular dis- 
tances which are characteristic of condensed 
bodies, there may be a strong influence of forces 
such as those associated with quadrupole moments, 
which decrease more rapidly with distance. Con- 
sidering all this, the existing attempts at quanti- 
tative verification of the theory of molecular 
forces must be regraded as being incapable in 
principle of giving sufficiently accurate and con- 
vincing results. Actually, all these attempts are 
based on the comparison with theory of effects of 
an integral nature, in which those terms predomin- 
ate which depend on short range interaction, i.e., 
on interactions of molecules at distances of the 
same order as their radii. Among these phenomena 
are the value of the constant a in van der Waal’s 
equation, the heats of sublimation and vaporization 
and the energies of adsorption and wetting. In 

this case accurate comparison withtheory is made 
difficult by the fact that for such small separations 
there is, strictly speaking, no single theory of 
molecular forces which is applicable. In addition, 
the result depends on a superposition of forces of 
different character (for example, quadupole forces) 
some of which depend on the unknown orientations 
of the molecules and the asymmetry of their fields 
of force. 

The current theories of molecular forces could be 
tested much more severely if their action were 
measured at distances large compared with molecu- 
lar diameters. Of special interest from this point 
of view would be measurements of the resultant 
molecular attraction of two solid bodies separated 
by a gap which is many molecular diameters in 
width, i.e., measurements analogous to the ex- 
periments of Cavendish with gravitational forces 
and the experiments of Coulomb with the 
forces acting between electrical charges. In con- 
trast to measurements of the forces of adhesion®6, 
such experiments would enable us to test existing 
theories of molecular interaction (provided the 
theory is susplemented by a method for summing the 
interactions over molecules constituting the macro- 
scopic body ), at distances for which only one type 
of force remains, and the corresponding limitations 
of the applicability of the theory are removed. In 
the first place, it might be possible to check the 
quantum mechanical theory of dispersion forces 
and thus establish a picture of their true origin. 

At the same time it is evident that such measure- 
ments have great intrinsic interest, expecially if 
we consider onthe one hand, the broad development 
in past years of applications of molecular long range 
forces to fundamental problems of colloid chemis- 
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try and surface phenomena, and on the other hand 
the doubts as to the existence of such long range 
forces which have been expressed, for example, by 
Langmuir. Finally, the measurement of molecular 
attraction of macroscopic bodies is also important 
for testing the methods of summation of molecular 
interactions (cf. below). 

As far as we know, until recently (1951( no 
such experiments, even of a qualitative nature, had 
been published. Thereason for this is undoubtedly 
the very great experimental difficulties, which will 
be discussed in detail later. 

The problem of the present work includes the 
development of a method for direct measurements 
of molecular attraction of solid bodies, and the 
application of the results to the testing of exist- 
ing theories and to the problem of coagulation of 
aerosols and colloids. At the same time, the paper 
contains an analysis of the status of the question 
of the existence and magnitude of molecular forces 
for macroscopic objects. 


Il. DESCRIPTION AND CRITIQUE OF CURRENT 
THEORIES OF MOLECULAR FORCES BETWEEN 
MICRO- AND MACROSCOPIC OBJECTS 


According to the calculations of London’, the 
interaction energy of atoms or molecules, at dis- 
tances large compared totheir dimensions, is in- 
versely proportional to the sixth power of their 
separation. London’s law can be expressed as 
follows: 

U siep ag C/r*, (1) 
where U is the energy of molecular interaction of 
the two particles when separated by a distance r, 
and C is a positive number which has a fixed value 
for each type of atom. C is calculated using the 
matrix elements of the electric noments of the two 
atoms. Since the force is given by F =-dU/dr, the 
van der Waals forces of molecular attraction vary 
inversely asthe seventh power of the distance be- 
tween molecules. 

London’s theory has limited applicability. Lon- 
don’s calculation loses its validity not only at 
small atomic separations, where the wave functions 
of the atoms overlap, but also at large distances 
where one must include the effects of electro- 
magnetic retardation, which are associated with the 
finite velocity, c, of propagation of electromagnetic 
waves. The retardation was taken into account by 
Casimir and Polder®, using quantum electrodynam- 
ics. They used the same perturbation method as 
London, but thier perturbation operator included, in 
addition to the electrostatic attraction, the action 


of the radiation field of one atom on the other, and 
vice versa. Casimir and Polder express the ef- 
fect of the retardation by means of a monotonically 
decreasing correction factor, which is equal to 
unity for small distances and is proportional to 
r! for large distances. Thus their theory includes 
that of London asa special case. 

According tothe theory of Casimir and Polder, 
forr>> X & where A, are the wavelengths of ab- 


sorption (emission) of the atom, the interaction 


energy of two atoms having static polarizability o 
is 


U = — (23/4n) hee? / 17, (2) 


or 


U=—C,/r’, where C, = 95] 22,2) 


Here 7, c and e have their usual meanings. In this 
limiting case, the attractive force (-dU/dr) be- 
tween two atoms varies with distance as r-8 

Let us now consider the resultant molecular in- 
teraction between macroscopic objects. Usually 
one assumes the additivity of the London forces, 
and calculates the attraction between objects com- 
posed of large numbers of molecules by taking 
their energy of attraction to be equal to the sum of 
the energies of attraction between all pairs of 
molecules constituting the bodies. Thus, de Boer? 
and Hamaker?® find the interaction of two bodies, 
containing g molecules per unit volume, by inter- 
grating the elementary interactions which satisfy 
London’s law. Hamaker derives formulas for the 
energy and force of attraction between two 
spheres, a sphere and an infinite plane, and be- 
tween two parallel infinite planes. If the shortest 
distance between the surfaces is much smaller 
than their radii of curvature, then the interaction 
energy is given, in the first case, by 


U = — AR/12H, (3) 


and the force by 
F = AR/12F?; (34) 
in the second case the energy is 


Ute = AR WOH, (4) 


and the force 


F = AR/6H?,; (4’) 
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for two infinite plates, the energy per unit surface 
is 


w= —A/12nH?, (5) 


and the force acting on unit surface is 


p= As Omit. (5%) 
Here K is the sphere’s radius and // the minimum 
separationof the bodies; A is a constant, intro- 
duced by Hamaker, which depends on the nature of 
the bodies and is equal to 77g?C, 

If we make similar calculations including retarda- 
tion effects, in the limiting case of large separa- 
tions, we get for the energy per unit area of paral- 
lel plates 


w= — A, / 30H? (6) 
and for the force acting on unit surface 


j= A,/105H%. (6’) 


where 4, = ag G,. 

The justification for extending the additivity 
property of the London forces to the case of con- 
densed bodies has not been established either 
theoretically or experimentally. This procedure 
would be justified only for the unrealizable case of 
two highly rarefied bodies, i.e., gases, separated 
by a gap. For condensed bodies, the atomic and 
molecular constants, in particular « and /, are 
changed from their values for isolated atoms and 
molecules because of the mutual influence of neigh- 
boring particles. Consequently, the contributions 
of individual molecules tothe molecular interaction 
depend on their coordination and concentration, 
and for surface molecules, on the number of neigh- 
bors. Thus if we accept strict additivity we 
should, to be consistent, take for « and / their 


values for isolated molecules, which are known to 
be in error. If, however, we don’t do this, then 


it is difficult to get the “‘true’’ values of a and /, 
since for condensed systmes they are hard to de- 
termine and are frequently altogether unknown. 


Besides the lack of rigor in such an approach, it 
should be remarked that it is always very difficult 


in practice to compute the constants A and A , even 
for isolated atoms and molecules. In most cases 
the calculation does not lead to quantitative re- 
sults, and it remains unclear how this can be done. 


The values of « and/ are not knownfor many atoms. 


In such cases there is nothing one can do except 
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to get the polarizability from refraction data on 
solids, and substitute quantities which are charac- 
teristics of condensed media into the London 
formula which is valid for the interaction of in- 
dividual atoms. 

A completely new and general theory of the 
molecular attraction of condensed bodies has been 
developed by Lifshitz)! on an essentially differ- 
ent basis. Lifshitz’s theory is a macroscopic 
theory, and is characterized by the absence of any 
special assumptions concerning the nature of the 
interactions of individual atoms. The fundamental 
idea of the theory is that the interaction of bodies 
is considered to be established through the medium 
of the fluctuating electromagnetic field, which is 
always present in the interior of any absorbing 
medium and which even extends beyond its 
boundaries . This field does not vanish even at 
absolute zero, where it is related tothe zero-point 
oscillations of the radiation field. Such a method 
possesses complete generality, since it is appli- 
cable to any bodies at any temperature; retardation 
effects are automatically included in it. 

Lifshitz derives a formula for the attractive 
force f acting per cm? of surface of each of two 
bodies separately by a slit of width H. This formula 
simplifies in two limiting cases: 

1. If H is small compared tothe fundamental 
wavelengths in the absorption spectra of the 
material, then 


—— \ (=) dé, (7) 


i.e., the force is proportional to H-3. Here* is 
Planck’s constant, ¢ is the dielectric constant of 
the material and is a function of the frequency a, 
i€ is the imaginary part of «(wm is treated as a 
complex quantity in the theory ); 

2. IfH is large compared to the characteristic 
wavelengths, then it can be shown that 


eS he we es a 
~ F240 a ? (&% 
where c is the velocity of light, ¢, is the static 


value of the dielectric constant, and ( €,) is 
given by the following Table: 


1/e, 0 0.025 0.1 0.25-0.50 1 
9(€) 1 0.53 0.41 0.37 0.35 0.35 


(O} 


3 (8) 


_ Consequently, in this case, the force is propor- 
tional to H-4 and depends only one... 

However, as already noted, precise quantitative 
computations according to Lifshitz’s theory, over 
the whole range of values of H, are impossible be- 
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cause of the lack of knowledge of the necessary op- 
tical constants. 


Ill. METHOD OF MEASUREMENT 


In any method of direct measurement of molecu- 
lar attraction, the experiment always reduces to 
the measurement of two quantities, the force of 
interaction between two neighboring objects and 
the distance between them 

This task is fraught with exceptional experi- 
mental difficulties, which can be overcome suc- 
cessfully by suitable choice of the form and 
material of the specimens to be investigated. 


1. Samples Used in Measurements 


For various reasons it is advantageous to have 
one of the objects flat and the other spherical in 
shape. We therefore measured the attractive 
force between a plate 4 x 7 mm and spherical 
lenses having radii of curvature R = 10 cm and R 
= 25 cm. This choice of sample shape simplifies 
the adjustment of the surfaces, which is more 
complicated if two plates are used, while the 
shortest distance between the bodies can be 
measured sufficiently accurately fromthe diameter 
of Newton’s rings. In addition, such samples en- 
able one to study the dependence of the forces on 
the radius of curvature of the spherical surface, 
and thus to separate the molecular forces, which 
are proportional to the radius of the spherical 
surface, from various masking effects which are 
apparently associated with surface electrification. 


The relation which expresses the proportionality 
of the molecular attraction to the sphere radius 
was obtained in the form 


F (H) = 2nRu(H), ” 
where F'(//) is the attractive force between the 
sphere and flat plate, R is the radius of the sphere 
and u(//) is the interaction energy per cm? for 

a pair of infinite plates of the same material in the 
same medium, H the minimum distance between the 
surfaces. Using this formula we can, from measure- 
ments of the attractive force between a sphere and 
a flat plate, calculate the energy of interaction be- 
tween two infinite flat plates, a quantity which is 
independent of the radius of curvature R. 

As basic material for preparation of specimens 
we chose quartz glass and K-8 glass, since their 
transparency makes possible the use of the most 
accurate optical methods for determining the size 
of the gap between the surfaces, the surfaces of 
these materials can be easily given a high polish, 
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and finally their surfaces are not damaged by the 
various cleaning methods which must be used. All 
these features of the selected surfaces make it 
possible to obtain and measure very small gaps 
between the surfaces. 

The measurement of the attractive force between 
selected samples was carried out in air and in 
vacuum. The interaction of the two bodies should 
depend in no way on whether there is air or vacuum 
in the gap between them. But each case has its 
advantages and drawbacks from the point of view 
of experimental technique, and the comparison of 
results of the two types of measurements serves as 
an important method for checking the validity of 
the measurements. Carrying out experiments in 
vacuo proved to be more accurate and convenient. 
The reason for this was that viscous forces in the 
air in the gap, which arise when the gap width is 
changed, can become comparable tothe molecular 
forces even for slow changes in gap width, so that 
measurements in air had to be done by waiting be- 
fore taking a reading for some time while the 
gap was kept fixed. This slowed down the measure- 
ments, and it was often not possible to manage to 
take a reading at a moment when it was free of 
fluctuations. In addition, in the experiments, we 
did not succeed completely in avoiding vibration 
of the beam (of the balance ) caused by convection 
currents. 

Our experiments in vacuum were carried out at 
a residual pressure between 0.1 mm and several 
millimeters of Hg. 


2. Method of Measurement of Force of Interaction. 


The Feed-back Balance. 


The basic difficulty in the measurement of the 
force of molecular attraction between bodies is that 
these forces F are perceptible only for very small 
separations, and increase very rapidly with further 
increase in the distance H, so that (dF/dH) is 
negative and large in absolute value. Therefore, if 
we bring the two surfaces sufficiently close to 
one another, they will adhere to one another. Ob- 
viously, to solve this problem we need a balance 
which, on the one hand, has a high restoring 
torque, but on the other hand must have high sensi- 
tivity, i.e., we must satisfy requirements which 
are incompatible for ordinary balances. 

We succeeded in finding a way out of these diffi- 
culties by applying to the balance a method analo- 
gous to negative feedback!*, The idea of the 
method is that a displacement x of the balance 
beam (or a rotation through angle « ) by some 
means produces an electrical current i which gives 
rise to an electromagnetic reaction M, which in 
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turn acts on the beam balance and tends to restore 
it to its equilibrium positions. In the ordinary 
sense the balance is thus made less sensitive, 
since the same overloads produce smaller devia- 
tions of the bean: from its equilibrium position, 

but since in a balance with negative feedback the 
overload is estimated not from the displacement or 
the angle of rotation, of the beam but rather from the 
strength of the current as measured by a microan-, 
meter or galvanometer, the sensitivity can actually 
be greatly increased. At the same time, the feed- 
back reduces the period of vibration of the balance, 
and makes feasible practically instantaneous estab- 
lishment of equilibrium. 

It is easy to realize the simplest and most con- 
venient case where the torque M determined by the 
feedback is many times greater than the parallel 
torque which is caused by the shift of the center 
of gravity of the beam from its lowest position. It 
is this latter torque which ordinarily determines the 
sensitivity, the period and other meteorological 
characteristics of the balance. Thus the device 
which we simply cail a feedback radically changes 
all the characteristics of the balance, so that in- 
ee of considering the torque due to the gravity 

orce 


nh = es 


acting on the-beam balance, we need to consider 
the torque M which is produced by forces of elec- 
tromagnetic origin which act on the balance and 
depend on the angle of rotation. This torque is 
M =l«a, where the constant / (1 >> Ly) depends on 
the beam tracking device used with the balance 
and on the coefficient of proportionality between 
the current i and the torque M, but not on the 
weight of the balance. For a given overload in 
one pan of the balance relative to the other, the 
deflection angle of the balance will be ///, times 
smaller than for the same balance without feed- 
back; at the same time the period will be reduced 


by a factor of V1/l, } 

One can easily contro] the feedback parameters 
and, consequently, the characteristics of the 
balance. This flexibility of the method is especi- 
ally important for the solution of our problem, 


first because the force and its gradient change 
markedly with gap size, and secondly because of 
the possible presence of various extraneous ef- 
fects whose magnitude and variation With distance 
are very difficult, and sometimes impossible, to 
estimate in advance. 
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3. Plan and Principle of Operation of the 


Apparatus rat. 


a) The Balance. The force of interaction between 
the flat surface of the plate P and the convex 
surface of the spherical lens L was measured by 
means of a special beam balance (Fig. 1). The 
length of the beam K was 35 mn, its weight 0.1 gm. 
The plate P was placed on the end of the beam and 
the lens L on a support which was idependent of the 
beam, so that the gap // between the convex under- 
side of the lens and the upper surface of the plate 
was sufficiently small. A small mirror S was at- 
tached to the other end of the beam. Attached to 
the beam was an agate prism a riding on an agate 
fulcrum 6. Rough balancing was done with a glass 
rod c, weighing 10-50 mg, which could be shifted 
along the beam as arider. The beam was rigidly 
attached to a coil frame RX (with 15-20 turns of 
wire ), placed in the field of a permanent magnet 
(cf. Fig. 2). The magnetic field B was ~ 850 


gauss, 


Fic. 2. Electrical circuit of the balance 


b) Photoelectric Beam Tracker. The feedback 
was accomplished by sending through the coil R 
the current from a high sensitivity photoelectric 
beam tracker, which followed the rotation of the 
beam. The current was carried to the coil by 
Wollaston wires of diameter 6-10 and length 


~ 30 mm. 


The servo system for the rotation of the beam 
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balance consisted of a raster-type photocell relay 
and a single stage amplifier. The relay was 
placed at a distance of 35 mm above the beam so 
that its optical axis OO (Fig. 3) was parallel to 
the axis of rotation of the beam. The circuit of 
the photocell relay is shown in Figs. 2 and 3. 


N Y, 
eae 


Fic. 3. Raster photorelay. 


Ths light source L was a 50 watt incandescent 
lamp with a short thin filament. By means of the 
condenser K the light from the source was shone 
on the linear (typographic ) raster R, (a glass 
plate with alternating transparent and opaque 
bands of equal width), and after passing through 
the objective O, was focussed on the mirror S 
(the corresponding light paths are shown by the 
solid lines). By means of the objective O,, 
> of the same 
focal length (7.5 cm), a real image of the raster 
R 1 
raster R, 
(the corresponding light paths are shown by 
the dotted lines). The size of the image of raster 
R. corresponded with the size of R,, since they 
were situated inthe focal planes of two identical 
objectives (the very slight difference in focal 
lengths of the objectives O, and O, was easily 
compensated by a small displacement of the rasters 
out of the focal planes of their objectives. 

The planes of the rasters were perpendicular to 
the plane containing the beam and its axis of rotation, 
while the lines of the rasters were perpendicular 
to the beam and its axis of rotation. The slight- 
est rotation of the mirror changed the position of the 
image of the first raster relative to the second 
raster, thus increasing or decreasing the size of 
the openings. Figure 4 shows schematically how 
the size of the light-transmitting surface changes 
as a function of the relative position of the image 
of raster R, (the grey bands) and raster R, (the 
black bands). After passing through the second 
raster, the light fell on an antimony-cesium vacuum 
photocell (ACV-3 ) which controlled the erid of an 
amplifier tube. 

The photocell current was amplified using the 
simple circuit shown in Fig. 2. A battery con-— 
nected through a potentiometer in the grid circuit 


mirror S, and a second objective O 


was produced in the plane of the second 
having the same ruling of 60 lines-cm 


Fic. 4. Relative position of the rasters. 


of the 6AC7 applied a negative potential to it. The 
load resistor R_ was 11 megohms. The negative 


feedback in the amplifier (by means of the resistor 
R_, in the cathode circuit) assured good stability. 


The anode current i, partially compensated by the 
current i. (from a 1.5 volt dry battery ) flowed 
through ‘the balance coil R. By changing the 
current 7, by means of a resistance box K, the 
current in the coil could be regulated without 
leaving the steep part of the tube characteristic. 

c) Principle of Operation of the Apparatus. At 
a definite null position of the balance beam the 
current Z, in the coil was zero. Rotation of the 
beam through a small angle changed the light 
transmission through the second raster and the 
illumination of the photocell, producing a current 
uA =ko., where the output current k is a constant 
of the tracking device. By sending the current i 
through the balance coil in the required direction, 
we produced a feedback; the coil was in the field 
of a magnet, so that the beam balance was sub- 
jected to a torque 


M = ni =nke =a, 


where n and / are constants, with n depending only 
on the number and shape of the turns of wire and 
on the magnetic field strength. 

By bringing the convex surface of the lens, 
which was set on a platform having a very fine 
screw mechanism, closer to the surface of the 
plate, we could decrease the gap H between them 
until the attractive force F made its appearance. 
When this occurred, the beam deflected to an angle 
(which was extremely small for high output current 
from the servo, i.e., for ‘‘tight’’ feedback ) at 
which the torque Fr, where r is the moment arm of 
force F', was balanced by the feedback torque M. 
The force was calculated from the formula 


F=ni/r, (10) 
where i is the current recorded by a microammeter 
connected in the plate circuit (yA in Fig. 2), r is 
the distance from the knife edge of the prism a to 
that point on the surface of the plate P which cor- 
responds to the shortest distance between the 
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surfaces (cf. Fig. 1); the method of determining 
the constant n is described below. 

Thus, by means of the feedback, the molecular 
attraction was automatically balanced by a torque, 
acting on the coil in the magnetic field, which was 
proportional to the current strength, The molecular 
attractive force could be determined by measuring 
the current. 

Since we could achieve only a rough balancing 
of the beam by means of the glass rider c (Fig. 1), 
the current i, was actually not equal to zero, but 
corresponds to some zero value of the torque V 
which maintained equilibrium of the balance for 
gaps H where there was still no attractive force 
between the surfaces. Upon the appearance of the 
attractive force, the current i_ increased by an 
amount Ai,, and the force wa$ computed from the 


0’ 
formula 


| eA (11) 

If any distrubances produced repulsive forces, 
these resulted in a decrease of the current ty Az, 
<0). 


4. Method for Adjusting the Gap. 


One of the most difficult points in our work was 
that of obtaining a stable gap size of a fraction of 
a micron between the surfaces, and of achieving 
smooth moti of one body relative to the other. 

Of all the methods triedby us for adjusting the 
gap H, the best was one using the same negative 
feedback. A sufficiently small adjustment of the 
gap (downto 0.1) was produced by a micrometer 
displacement of the raster R , (Fig. 3) in a direc- 
tion perpendicular to its lines. This produced an 
electromagnetic torque which was not balanced by 
gravity and which shifted the beam until it 
reached the angle corresponding to the new equilib- 
rium position. By moving the raster R, to one side 
or the other, weraised or loweredthe end of the 
beam, thus increasing or decreasing the gap be- 
tween the surfaces, the current i_ in the coil mean- 
time remaining constant until the gap H become so 
small that the molecular interaction between the 
bodies could be detected. 

The null current i, remains constant and the 
relations (10) and a) are valid only if the in- 
trinsic restoring torque of the balance in the ab- 
sence of feedback is negligibly small compared to 
the torque M. It is clear that the gravity torque 
will be completely absent when the distance d from 
the centerof gravity to the point of support ( the 
knife edge) is zero. By using the feedback, which 
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reduces the oscillation period and can make it suf- 

ficiently small, it is possible (contrary to the case 
for an ordinary balance ) to go arbitrarily far in the 

direction of decreasing d, down to d = 0. 

In our balance, the center of gravity was located 
practically on the knife edge of the prism. We used 
as criterion for sufficiently small distance d, the 
requirement of constancy of the current i, in the 
coil for a wide range of positions of the beam when, 
of course, the gap H was so large that there was 
still no force between the plate P and lens L (Fig. 
1). We found that the current /, remained constant 
to within an accuracy sufficient for our experi- 
ments (+0.1 pA and less) for d < 0.025 em=d). 
The distance d is related to the period 7, in the 
absence of the feedback. We adjusted d by de- 
termining experimentally the period if corre- 
sponding to d,; T) was approximately 6-8 sec. if 
and d are very sensitive to the slightest changes 
in balance, so that before each experiment we had 
to set the required values of T > ey (ord<d) i 
This was done by using a glass rider c (Fig. 1) of 
approximate weight. 

Coincidence of the center of gravity with the 
knife edge greatly reduces the sensitivity of the 
apparatus to vibrations of the support, since the 
vibrations are mainly transmitted through the point 
of support. However, turning of the base can be 
transmitted to the balance beam through the medium 
of the viscous layer between the lens and plate. 


5. Adaptability of the Method 


Since the current strength and the torque of the 
interaction between the coil and the magnet are 
proportional ( with coefficient n), the sensitivity 
of the feedback balance is independent of the sensi- 
tivity and other characteristics of the servo; the 
balance gives a linear relation between the force 
acting between the bodies (the ‘‘load’’) and the 
current in the coil, independently of whether the 
amplifier characteristic is linear or not. Such a 
balance allows sensitivity adjustments by chang ing 
the number of windings in the soil and the intensity 
of the magnetic field, or by simply shunting the 
coil. The possibility of changing the sensitivity 
of the balance by simple ‘‘electrical ’’ means is 
especially valuable. 

At constant sensitivity the value of the coeffi- 
cient of feedback / depends on the current output 
k, which we should vary over a wide range by using 
various parameters on the amplifier circuit: by 
changing the cathode resistor KP ig.2 hy 
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operating on different parts of the plate character- 
istic, or finally by using the amplifier with a tube 
having a flatter characteristic and less noise. 

Evaluation of the current output in amps/radian 
was done in the following way. The frame coil R 
(Fig. 2) was short -circuited. A special locking 
device 5 (Fig. 5) in the beam was held fixed so 
that there was a small gap between lens and plate. 
The change in plate current, corresponding to a 
small deflection of the beam which was set by us- 
ing the locking device, was measured with a micro- 
ammeter. The deflection angle wastaken to be 
equal to theratio of the change in the gap to the 
length of the beam arm. (The method for determin- 
ing the gap is describedin a later paper.) When 
investigating interactions which did not require 
very high values.of the coefficient 1, we reduced 
the output current from the servo, since this de- 
creased the effect of vibrations on the balance 
beam and consequently reduced the readings on the 
microammeter. 


Fic. 5. Overall view of the equipment for measuring 


molecular forces. 


In applying the negative feedback method to an 
ordinary balance, slow changes of the output cur- 
rent coefficient, in contrast to short period fluctua- 
tions, are not harmful since the equilibrium of the 
balance is maintained by a gradual deflection of the 
beam, while the plate current by means of which the 
load is determined remains constant. In our 
apparatus, both rapid and slow changes in the servo 
are dangerous. We requirea stable position of 
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equilibrium of the beam for a time long enough for 
measurement of the gap between the surfaces and 
the corresponding current. This is especially 
true for measurements in air, since in that case 
motion of the beam gives rise to resistive forces, 
caused by the viscosity of the air, which distort 
the forces measured. 

To assure stable conditions, we used only stor- 
age and dry batteries as voltage sources; the 
amplifier circuit was shielded by placing it inside 
a wire screen, and the platform on which the bal- 
ance was mounted was grounded. 

Using the method described, one can measure 
forces of interaction between bodies within the 
limits of 1-2 x 10°* dyne to ~ 20 dynes, even when 
the force decreases rapidly with separation. Thus, 
one can measure a force, whose gradient is 10° 
dynes/cm to an accuracy of 0.02 dyne. The vibra- 
tion period of the beam was approximately 5x 10-3 


sec when such tight feedback (servo output cur- 
rent about 500 amps/radian ) was used. 

These features of the balance enabled us to over- 
come the considerable and special difficulties of 
our problem. 


6. Auto-oscillations. 


It should be noted that auto-oscillations of large 
amplitudes can develop in a feedback circuit. This 
phenomenon is associated with inertia of the servo, 
i.e., with the fact that the current output of the 
servo lags the deflection of the beam. 

This phenomenon can be eliminated by simply 
including a phase-shifting network in the amplifier 
circuit. [n measuring molecular forces, oscillations 
are generated only at large separations of the 
surfaces, when the damping effect of a thin air 
layer is no longer present. Even for measurements 
in vacuum (1 x 10°? mm Hg) this damping effect 
was sufficient, and we did not have to introduce any 
phase-shifting network. 


7. Lay out of the Apparatus , 


The arrangement of our apparatus 1s shown in 
Fig. 5. A massive brass plate /, for bracing all 
the parts of the apparatus, rests on three supports 
which are tall enough to give access to the con- 
trol screws under the platform. On the platform 
are: the plate 1” supporting the beam 2, the lens 
support 3, a mechanism 4 for moving the glass 
fiber, the lock stop 5, the magnet 6 with core 7, 
and the supports 8 for the raster relay. The plate 
1’ rests on three supports. The heights of two of 
them can be changed by means of differential micro- 
meter screws located under the platform 1. The 
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purpose of this arrangement wil! be explained be- 
low. The agate fulcrum 6 (Fig. 1) is cemented to 
the plate, and serves as the support for the agate 
prism a of the balance beam. 

The beam was U-shaped and made of 0.16 mm 
thickness of aluminum. Three notches were made in 
the beam: the agate prism was cemented in the 
central notch with shellac, the feedback coil 
frame was cemented into the other two notches. The 
rectangular base of the coil frame is made of 0.06 
mm aluminum and has ribs for stiffening it. The 
ends of the enamelled copper wire, having a di- 
ameter 40, of which 15-20 turns are wound on the 
frame, are soldered to thin Wollaston wires (6p 
diameter ) and led out below the mechanism for 
moving the glass rider, to the terminals 13. The 
frame is 20 x 40 x 2 mm. The mirror S and a quartz, 
or glass, plate P are attached to the ends of the 
beam by means of aluminum couplings. Figure 6 
shows the appearance of the plate andthe lens. 

There is a hole in plate 1’ (Fig. 5) through 
which the lens and its support pass freely. The 
screws through this plate, which were mentioned 
earlier, serve to tilt the beam and the plate to 
various angles relative to the lens, which is neces- 
sary for shifting the point of contact of the surfaces 
under investigation. 


ouisned 


Fic. 6. Test specimens, 


The glass rider 9 (Fig. 5), which is used for 
rough balancing and for calibration of the balance, 
rests in the U-groove of the beam and is moved 
along it by the slider 10. The slider is shifted by 
means of a screw under the platform, whichsets 
the horizontal carriage 4 in motion. To prevent 
contact between the lens and plate, and to separate 
them in case of an intentional or accidental con- 
tact, the special lock-stop 5 was provided. Con- 
tact of the stop with the beam is made through the 
crossed edges of two corundum crystals (in order 
to reduce the adhesive forces ), one of which is 
cemented tothe coupling at the left end, the other 
to the plate of the stop. Vertical displacement of 
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the stop is done by means of adifferential screw 
brought out under the platform. The magnet 6 and 
the coil 7 rest freely on the platform. All the parts 
of the apparatus which are located between the 
supports of the photorelay are enclosed by a squat 
brass housing. Small glass windows are cut in the 
housing at the positions of the lens and the mirror 
cemented tothe beam. 

In the apparatus for vacuum work, the housing 
was sealed tothe platform by means of a rubber 
gasket, and all the micrometer screws transmitted 
their motion through sylphons soldered to the bot- 
tom side of the platform. 

The supports 8 hold the raster photorelay (cf. 
the diagram in Fig. 5) which is mounted inside a 
brass tube 40 mm in diameter and 300 mm long. 


8. Calibration of the Balance 


The force of interaction between the lens and 
plate is found fromthe relation 


F=ni/r=yi. 


The methods for measuring the, current i and the 
distance r were described above; we must now ex- 
plain how the coefficient n was determined. 

The calibration of the balance (i.e., the de- 
termination of n) was done by using the glass rider 
c (Fig. 1), which could be moved along the beam. 
With a large gap between the surfaces (when no 
molecular attractive forces are present), the cur- 
rent i, in the coil was measured with a micro- 
ammeter for various positions of the glass rider, 
which were read on the ocular scale of a micro- 
scope. The coefficient n was calculated by using 
a graph of the coordinate y of the end of the glass 
rider rod versus current 7), using the formula 


n= PAy/ Ais, 


where P is the weight of the glass rod. 

Figure 7 shows one of the calibration curves; in 
this case n was 2.51 mg/mA. In our experiments 
the lever arm r was 1.9 cm on the average, which 
corresponded to a balance sensitivity of 


vY==/f = |,o2-mMasmaA.. 


The measured coefficient n was in good agree- 
ment with the value 2.55 mg/mA calculated using 
Ampere’s alw. Moreover, the accuracy of this 
computation is undoubtedly lower than the accuracy 
of determination of n from the calibration curve, so 
that the computation can serve only as a check on 
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the absence of gross errors in the calibration. 


Y(cMm) 
G2 
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Fic. 7. Calibration curve. Weight P = 46.60 mg, 
Number of Turns N = 15, 


10 i, (mA) 


The calibration of the balance was done in the 
circuit prepared for the experiment, immediately 
before and after the measurement, and the current 
was always measured with the same instrument. 
Thus all the factors which might effect the gradua- 
tion of the instrument and its sensitivity during 
measurements, were also present during calibration 
and were automatically taken into account. 

The small spread of the points on the calibration 
curve (Fig. 7) guaranteed determination of n to 
an accuracy of 0.4%. The value of r was 19 + 0.5 
mm. The resulting inaccuracy in determining y was 
+3% (y = 1.32 +0.04). The precision of measure- 
ment of the force F was almost entirely dependent 
on the error in measuring the current whose value, 
because of vibrations of the support, fluctuated by 
+0.1yA in the most favorable case, while the 
absolute value of the current was in the range 0.2- 
2uA. The lower limit of measurability of forces 
was set by these parasitic vibrations, which gave 
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rise to an error of 0.13 y = +0.13 microgram 


~ 0.13 x 10°? dyne. 
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Equations for the equilibrium distribution functions are obtained from the general dynamic 
equations, without making the assumption of the canonical character of the initial equilibrium 
distribution. In place of this a series of physical conditions are imposed of the type of the 
condition of diminishing correlations with increase of the distances between the particles. 


| for systems consisting of NV similar interacting 


particles occupying a volume V, we postulate the 
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existence of a class of distribution functions 
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particles, y’ a velocity vector of the particles, z 
an acceleration vector, etc. ), and if we subject 
these-distribution functions to the conditims 
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and of anologous equations for the other distribu- 
tion functions*, then it is possible to obtain a 


* In the work of Born and Green? and in our previous 


article’ this condition is inaccurately written. The 
correct expression is the one presented above. 


system of basic equations ‘of the kinetic theory 
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in the absence of external forces, for an interaction 
law given by a mutual potential ®. | 

As we demonstrated”, N. N. Bogoliubov’s equa- 
tions for the system under consideration, the Max- 
well distribution, and (fors=V) the Gibbs distri- 
bution all follow from Eq. (5), in the determination 
of the equilibrium state as well as of the stationary 
state of a system in which the distribution func- 
tion f, factors into the product of two independent 
functions giving, respectively, the distributions 
of the velocities and of the coordinates [ if 
= v. (x) ®, (y)]. A generalization of the results” 
in the case of complex systems, consisting of 
particles of different kinds, has also been de- 
rived °, 

In constructing’a kinetic theory independent, in 
a certain sense, of the results of statistical mech- 
anics, the theorem proved in Refs. 2 and 3 should 
be considered asa sufficient condition for obtaining 
an equilibrium solution. It is necessary to prove 
the necessity of the above-indicated properties of 
the equilibrium distribution functions for the 
dynamic states of complex particles. It is desir- 
able to derive this proof with the least possible use 
of special assumptions about the character of the 
law of interaction be tween the particles. 

Let us write Eq. (5) in the form?’4 
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where F , represents the function f, normalized in 
the manner of Bogoliubov, and where the momenta 
appear in place of the velocities. 

Let us assume that the density of our system is 
small enough that the expansion 


fois te Feo tre (7) 
is meaningful. Considering henceforth a system in 
the absence of external forces, for the sake of 
simplicity, we shall look for solutions of the equa- 
tions 


Eee) (8) 


for the poke state, subject to the conditions 
(7), assuming central forces of interaction. Be- 
sides the conditions enumerated in Eqs. (2)-(4), the 
equilibrium distribution functions must satisfy 


boundryconditions for relaxation of the correlations, 


having the form 


PAG 62.5) 11 Filas, pi) (9) 
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for all | q; — q, | > 0, 

Let us substitute the expansion (7) into Eq. (8) 
and consider the corresponding systems of equa- 
tions. For the zero-order approximation of the 
unary function ( single-particle distribution) we 
obtain 


m*(p, grad F{) = 0, (10) 


from which it follows that ae can depend only on 


1 : . . 

For the zero-order approximation to the s-dimen- 
sional distribution function, we ‘have the following 
equation 
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and conditions on the relaxation of the correlations 
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for all | q, — q, | ~oo. The equations of the char- 


acteristics 
dqy sp 
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possess 6s - 1 integrals of the motion: J Bieay ee 
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Te. ES assume that the transitionto the limit 
lq, - q, | + is “‘ adiabatic’’ 
that in the passage to the limit to be considered 
the limiting functions F° depends on the eae in- 
tegrals a the motion as the initial function Fe 
Since ee is an implicit function of q and p, 
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If we set lim UP = It then, from the condition on 


the relaxation of the correlations, we obtain 


Felt, a) — Fy (Dyer Pe een 
or 
In Foi, . ..) =D Fy (pi). (13) 


Because of the fact that the F° are functions of the 


‘ 


“s-body’ problem, while the i are functims of 
the “‘single-body’’ problem, it follows from (13) that 
in the limit In F° depends only on additive in- 
tegrals of the motion and is made up of a linear 
combination of them. Not considering the uniform 
translational and rotational motion of the system as 
a whole, we obtain 


In F9 (J, +. .) = % —8Ws, 


where ue = lim Hf 


(14) 


In this way the solution sought 


for will have the form 


Foo exp(— 8a) (15) 


in connection with the ‘‘ adiabatic’’ character of 
the limiting transition being considered; in par- 
ticular 


Fy = ¢, exp (— Spi / 2m). 


In agreement with the conditions on the relaxation 
of the carelations, c =(c,)*, 


ization conditions it follows that 


and from the normal- 
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able function 


=e (p; grad i) + \( Pee Fe sida; dpa—e (16) 
and since 


\ [Pa F3|dqadp. 


v 


_ >) 6 [\exe(— se ) dp. = Pr ex xp(— Ha 


a=] 


x — \exp (— £®5) dqp 
0qy 


= exp (— oe )\ a exp (—8,,) dq, 


Ps Bps \ 

x\2 Wee (— Tan) 2| iat 
we deduce that Ee can depend only on Pp): From 
the normalization condition it further follows that 
Fy = 0. Analogously, we find that all the higher 
euocions for the single-variable functions 
vanish. 

Passing to the binary functions ( joint distribu- 
tions ), let us examine the equation 
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Using (15) we can write 
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for the particular solution of the inhomogeneous 


Eq. (17), we get 
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Noting that 
cs exp (— Bo*/ 2m) dp = Co, 
we find a particular solution in the form 
8G = sash) \ exp [— 8 (Dy3 + Dy3)] dqs. (21) 


The general solution of Eq. (17) is represented by 
the expression 

F3 = Fo¢2 + bs, (22) 
where the constant b} must be chosen so that F'} 


satisfies the condition on the relaxation of the 


: 1 
correlations: F, > 0 for | q, Ciel >oo, Corre- 


spondingly b; is given by 


1 
i \ (1 + fis + fos) das, 
where f,, = exp (-B oH) - 1, and i can be repre- 
sented in the form 


Jee) Br \ hisfesdqz. (23) 


For F; we obtain in an analogous manner 
F3 == F3 \\exp hess 6 (Diy os A Des + Ds;,)] dq, (24) 
+ b3 F3, 


where 


B= —\ (+ fret faa + fea) dae. 


Let us further consider the equations 


+\ 3) (x: 


1<i<2 


[H2; Fa] F3]dq3dp; =0. (25) 


Substituting Be from (24) we obtain 
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aye ea 


m oqr 


xX exp [— 8 (MD 3 + D,3)| o,dqy 
pts A : 
oF a \ age exp [— 8 (D3 + Dy3)] das] 


1 0 De te cO c 
+ SF] TS exp (Ou + Dad] day 


x 


P» (6) 
an \ Gaz CP LB (Dp + yy) dqy] = 0. 


Seeking a particular solution of the inhomogeneous 
0 2 ** 


equation in the form Ee = Lae ~.» where Po does 

not depend on the momenta, we obtain 

de, ¢ a y 
- \ —, exp[— § (is + D,5)] 

0q, 


x {lexp[—8 (Pig + Pa + Oas)] Aga} das 


oqy 


++ bs ae \exp [— 8 (Mi3 + Des)] dqs, 
q 


if 


from which we find for the desired solution 
ae (26) 
hc, = F2\ exp [— 8 (Dis + Dy, 
+ Dy, + Dy, + D3,)] dq;dq, 
+ 5 F3\\ exp [— 6 (Dis + Prs)] das. 
We can then write the general solution in the form 


Fi = Fug, + O3F 3 (27) 


and from our boundary conditions we obtain for the 
constant b? the expression 


b= 5) + hat fou + faa + fn (28) 
+ feat fasfia + frsfea + frafes 

+ fes fea — fisfsafia — Fosfsafea) 44244a- 
Finally, F2 is represented by the product 


F? = FOL (29) 


12) 


where the symbol ine designates a collection of 


integral terms determining all possible correla- 
tionalrelations between a fixed group of particles 


(1, 2) and the “running”’ group of particles (3, 4). 
In this fashion we have for the binary functions 


0 1 «078 2 07 34 
2> 5 Folia ie od Coles Le 
and for the ternary functions 
2 107 45 
3 = FyLios, .. - 


0 1 074 
3> FP; = FL ios, 


In connection with the fact that we are at the 
moment interested only in the question of the 


general structure of the solution (in the sense of 


its multiplicity with respect to the dependence on 
coordinates and momenta ) and not in the problem 
of the exact construction of all the higher approxi- 
mations, we shall examine only the “ principal’”’ 
parts of the particular solutions of the correspond- 
ing inhomogeneous equations, i.e,, expressions of 
the form 

= F° 

Fe = Gr \felista---Hopiaddess. -dde4i, (80) 


Ss 
us = exp (— BS), s42)) 
j=l 
where the superscript 7 indicates the order of the 
—i-l 
approximation. Postulating for F s+1 the form 


(30), let us consider the equation 
Ss 


Lass Fi] =e \ BS D;, s-+15 Foi dqs4i4ps41- (31) 


gu 


= 

—i_ Oe ! L : 
Substituting Fs — (Fost !)y {, we obtain 
rae cman 
i = s m aq? Seed a aq? | 


0 
8 Stl Soll aa 
: | ist q.4P, wey 
Ps 


Comparing corresponding terms, we can write: 


a : 
\ a (tes) \ Psti-.- Msti-g dds 44 dqs+s oe Gag 
0q; 


Set dy) 
t qe 
and since 
Ou. ; 
a testis st i—1dQsti - : asi 
0g, 
Lo) 
al og; Yat - + Pstin ddsti..- qs yi, 
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we arrive at the result 


v6 = \ Pststi-. > 54 jy dQs41 tee dqs+i: (32) 


The above reasoning serves as a proof by induc- 
tion of the correctness of the expression (30) for 
the ‘‘principal’’ parts of the particular solutions 


F i F i differs from the exact solution F! only 
Ss 
that in the latter additional terms are contained, 


while the structure of the solution F ! coincides 
with the structure of Ei in the Sense which we 
are interested. To determine the exact solution 

Pa it is always necessary to operate not with the 


“*principal’’ parts of the particular solutions, but 
with the complete solutions, i.e., with expressions 
of the type of Eq. (27), in which the constants Be 
are chosen with reference to the boundary condi- 
tions on the relaxation of the correlations, as was 
done in obtaining Eq. (28). Use of the general solu- 
tions does not essentially complicate the proof of 


the stated theorem and leads only to more cumber- 
some expressions. We note, by the way, that the 


procedure considered by us also gives another 
method for the construction of the results of the 
theory of Ursell and Maier for the coordinate part 
of the distribution function. All the reasoning pre- 
sented above holds also in the presence of ex- 
ternal cmservative forces; in this case one must 
understand H_ the energy of the corresponding 
group of particles including these external forces. 

We shall make a few remarks regarding the de- 
pendenceof theapplicability of the above considera- 
tions on the character of the interaction law ®(r) 
between the particles and on the density of the 
system. If the interaction potential falls off with 
increasing r faster than r-3_ and if the density of 
the system is sufficiently small, the multiplicative 
structure of the equilibrium solution is that de- 
rived above, where in the second part of the 
theorem an essential role is played by the assump- 
tion of the adiabatic character of the transition to 
the limit in the condition of the relaxation of the 
correlations, in the sense indicated earlier. 

But if the potential ® falls offwith increasing r 
as r? or more slowly, then the series representing 
the part of the solution depending on the coordin- 
ates diverges, and an additional investigation is 
necessary. For a potential of the form 


@ (1) = — ar" + br-", 


(m > n) or O(r) = —ar-* Ae-*" 


the reasoning presented is correct for 2 > 3, ies, 


uC ? of the intermolecular 


for a ‘“‘sphere of influence 
forces which is finite, but not necessarily infin- 
itely small (small on the microscopic scale ). 
Consequently, while in the considerations of 
Green! the smallness of the density of the system 
is not used, but rather the microscopic smallness 
of the “‘ 


a mechanism of instantaneous collisions is as- 
sumed ), in the theorem presented above the oppo- 


sphere of influence’”’ is used (in essence 


site situation obtains: the smallness of the density 
of the system is explicitly used, while the micro- 
scopic smallness of the sphere of influence of 
intermolecular forces is not required; the size of 
the sphere of influence is limited simply by the 
formal requirement of convergence of the integrals 
appearing as coefficients of a series in powers of 
the density. In order to relax the requirements re- 
ferring to the density of the system and to the 
character of the interaction, as mentioned above, 
an additional investigation is necessary. 

Incamclusion, let us consider the example of a 
system on which, besides the conservative internal 
forces, external forces depending only on the 
velocities of the particles are also acting. 

The basic equation for the distribution function 
f , in the most general case of arbitrary forces has 


ae oy 


bel ae x m 


ial 


<3 ay; ~ (fsFi) + = ele 
Bre 


i=1 


(33) 


y, (is Fei) 
a 
ie (Fi, stafsti) €Xsyi1dysti = 9, 


where we have used the same notation as in Ref. 
3 and in kgs. (1)-(5) of this article. Setting 


Of, (0t =O, f,== 9393 (9); 


for the equilibrium solution, we obtain 


~, (Ov, 1 99, 
Sie PsYi ty Oy; 


t==1 


(34) 


(y UsFi; +{9 boii F ip 10X44] 


j=1 


v, , 09, OF, 
Tm Vay, Fit oy, 


A necessary condition for the realization of an 


-e)}=0 
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equilibrium solution, existing in the absence of 
external forces of the type considered above, is 
the simultaneous fulfillment of the following equa- 
tions 


09, a Og, OF; 
ee ag aye 


and, consequently, the forces F_ must satisfy the 
condition 


(m /«) (yiFi) + OF; / oy: = 0. (36) 


In particular it follows from (36) that gyroscopic 
forces will not disturb the equilibrium condition 
of the system. In an analogous way one Can treat 
the more general conditions mentioned in Ref. 2. 
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Electron Energy Spectrum in a Crystal Located in a Magnetic Field 


G. E. ZIL’BERMAN 
(Submitted to JETP editor April 7, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1092-1097 (June, 1956) 


It is shown that the discrete energy levels of an electron in a crystal are widened into 
narrow bands in strong magnetic fields. The structure of the energy zone in a crystal lo- 
cated in a magnetic field is studied. The possible influence of the broadening on the 


de Haas-van Alphen effect is discussed. 


A FREE electron in a uniform magnetic field 

performs a finite motion! which corresponds 
to a classical revolution (at least in the direction 
perpendicular to the magnetic field H). The mini- 
mum gquantum-mechanical “‘radius”’ of this revolu- 
tion is 


% = Vhe/eH. (1) 


In addition to the magnetic field the electron is 
acted upon in the crystal by a periodic electric 
field (the lattice constant will be designated by 
a), and for all real fields H. 


cag] a << | (2) 


(thus, for example, with H ~ 10* oersteds and a 
= 2.5 x 10°8 cm we have € = 10°”). 

In the theory of electron motion in a crystal 
placed in a magnetic field the only terms that are 
retained (except in Ref. 2) are those which remain 
finite when e > 0. As a result, the energy levels 


of the electron in a magnetic field are degenerate 
and depend, just as in the case of free electrons, 
on only two quantum numbers (see; for example, 
Refs. 3 and 4). If terms that vanish together with 
€ are retained the degeneracy is removed and the 
character of the spectrum is changed. 

1. In the absence of the periodic field the 
energy levels of the motion of a free electron in the 
plane LH are expressed by the equation E 
= p(n + 1/2) and the eigenfunctions are 

Up, r= eb hx, es 
%9 
where the y, are Chebyshev-Hermite functions. The 
energy is independent of the quantum number k, 
which determines the position of the ‘‘ center of 
” of the electrons y, = — a0 k 


oscillation’ since 


l , 
all y, are equivalent in free space. In a periodic- 
field this equivalence disappears and the de- 
generacy is removed. In the approximation of 
weakly bound electrons (when the periodic field 
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can be considered a small perturbation ) the fol- 
lowing dispersion law holds for small n (at the 


bottom of the energy zone ): 


Ean = wH (n -- 5) (3) 


foro) 4 2 
to) Ata) cos ( a, 
p=1 


where A, (n, H) =(-1)"n(yH)?V7E3 4; E° 


= */ma* and V isa quantity of the order of the 
first Fourier coefficients of the potential. 

For large n (close to the middle of the energy 
zone ) the ordinary perturbation theory of a de- 
generate state can be used, resulting in the dis- 


persion law 


Ean = pH (n+ 1/2) (4) 


+ Van = : =) (cos = ory + cos —5 Feo m), 
1s 


Jnm( =| = \ On (X) Om (x) er#/€ dx, 


in (4) p designates the rank of the secular de- 
terminant and m is any integer m< p. As poo 
the argument 7m/(p + 1) changes continuously 
from 0 to 7. The integral pe 2n/e) is always 
small for small n(N = \/ 2n + 1<<a/e). There- 
fore, for small n a second-order correction of the 


energy must be made (which is given by (3)]. For 
N>afeleN—v=eN, << 7), 


in (Qn /) a = Leoni pti (eN,)7 


X sin [2ne~? (c N,)" —3/, 7] 
and thus Lie. WE 


It can be seen from (3) and (4) that to each n 
there corresponds not a level but a narrow zone or 
band, whereas for free electrons the levels are 
very sharp. 

The relative level width (the width compared 
with the distance pH between levels ) is for 
small n: 


3 (n,H) = onde VES”, (5) 


and for large n: 


8 (0, H) = 8V Jn (2/2) (WH), (6) 


The level width vanishes when a> 0 or V > 0. 


From (5) and (6) it can be seen that in the ap- 
proximation of weakly bound electrons the relative 
level width at the bottom of the zone is ~€? and 
close to the middle of the zone it is ve. The 
levels broaden towards the middle of the zone. 

2. The broadening of discrete levels into 
narrow bands also occurs in the approximation of 
strongly bound electrons. In this approximation 
and in the absence of a magnetic field the electron 
energy spectrum is known to be composed of al- 


lowed and forbidden zones. We shall examine the 
structure of an allowed energy zone in a magnetic 


field (the edges of the zone are almost unshifted). 
The problem consists of the approximate solu- 
tion of the equation 


sa (P— = AJY+Vob = EY, @ 


(A, = — Hy, Agi A; =O} 


For our approximation we represent w by the 
series 


» = Dyanexp (— ingx/o2)e,(r—n), (8) 


where 7 is the radius-vector of a lattice site, the 
functions in the sum satisfy the equation 


A A 2 
m(P—SA)Y4+V0C—m =F, ©) 


and V (r) is the potential function in an atom at 
the point n= 0. 

A difference equation is obtained for the coeffi- 
cients a. Separating the variables which refer to 
motion along the magnetic field, we obtain for the 
motion in a plane perpendicular to H 


h1Q(Ny,N2) = a (1, + 1,1) (10) 


aig a (ny ae Me Ng) ate a (ny, Ny + 1) e~tens 


+ @ (fy, Ng — 1) ets, 
where | is the energy of motion in this plane. 
This equation also follows from the polar model 
of a metal®, where it determines the enegy of 
motion of a quasi-particle (an excitation of the 
crystal, bearing an electric charge). In this 
paper it is shown that from (10) under the most 
general assumptions, there follows the functional 
equation 


(EA, — 2 cos ex) 9 (x) (11) 


= 9(%+- 8) -- @(x am 
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The signs + and — correspond to the lower and 
upper halves of the energy zone, while Ay = 0 
corresponds to the middle of the zone ( + will 
be omitted hereafter ). 


Introducing the operator ie i0/dx we can write 
(11) as 


(2 cos eK + 2cos ex) ¢ (x) =A, (x). 


Since the operator in the left-hand side of the 
equation is invariant with respect to the substitu- 
tion €x > ex + 27, the solution of this equation by 


the Flock-Bloch theorem is 
¢ (x) = ethex Up (x) 


and can be written as 
--o0 
\) . 
(x) ma > G (me — kz) ef (me+ke) x 


m=—oco 


(12) 


We expand the coefficients C in a series of 
Chebyshev-Hermite functions: 


r=0 
Substituting this in (12) and, furthermore, em- 
ploying Poisson’s sum formula and a Fourier in- 
tegral for the Chebyshev-Hermite functions: 


—+o0 
4h a 
eA — : itx 
¢, (x) Fe a og, (t) e' dx, 
we write the solution as 
+00 2 
’ ; 2 
are 
pro f==0 


Substituting (13) in (11) and multiplying by 

Pp, et 27q/¢€), we integrate along the entire axis 
Ox and, using the relationships which exist for 
the functions ¢, 


-+-00 
Dian (ot) = \ eo (X) Gin (x) dx 
+90 
\ Gm (X — %) Gn (x) dx 


—27 


= e! (n—m) 7/2 


+. 
= etimmtt | om (x +4) n(x) de, 


—70 


we obtain 


(14) 
b,A — 4 Dnt Di ntag (s) 
+ Ss {fn (oh [e27ik + (— 0 ie eran) 
r=0 
a mee) 
e 27 . 
x { AD,.,, (=) on \ Z COS ex Gy (x — =) oO, (x) dx 
-+20 : 
ea a Mess sii aa oe 
| r(x — 2 4 2) gs (x) dy 


20 


nen Hh $, (« es - — e| Gy (x) dx| = 0. 


Here we have dropped terms containing ®_(47/e), 
etc., which are of an order degree of exponential 
aaeLe than those which have been retained in 
14). 

In order to solve (14) in first approximation we 
also neglect these terms (i.e., the second summa- 
tion). The coefficients Dee ce) diminish 


rapidly with increasing g ( as 1/(4q)!J. It can 


be assumed that the coefficients b change 
nt+4q 


much more slowly (as will be confirmed later ). 
Then we obtain 


A = 4 Dan saa (2), (15) 
q 

where the summation actually extends only to 

|q| ~~ 2—3. This assumption can be checked by 


setting b = b A= 1)? in a definite small inter- 


n+2q 
val of change of q and writing (13) with these 
b 


m2q 

The function which results agrees with the 
fundamental Eq. (11), where Ay agrees with (15). 
For small n, Eq. (15) or (16) gives Ay = 4—e7N2, 
(N? = 2n +1), which is a solution that was ob- 
tained earlier®. 


The integrals 


¢) are expressed in 
eet ) P 


terms of the Chebyshev-Laguerre polynomials 
EE @ Cet), By using the asymptotic expression 
for these polynomials in terms of Bessel func- 
°, we obtain ® | Page Ne) = J gbNo . From the 


theory of Bessel functions it is known that 
co 


Die) 24) Jag (2) — 1 cos, 


te 


tions 


whence we obtain for Ay 


838 


h, =+2(1 + coseN). (16) 


This equation determines the energy levels of the 
particle as a function of the level number n. The 
width of the zone is 8 as in the absence of a mag- 
netic field when Ay is expressed by Ay = 2 

x (cos k,a + cos kya). 


In second approximation we take the neglected 
terms into consideration, using for 6 the values 
obtained in first approximation [ for the integrals 
® (27/e), q <<n it is possible to use other 

»ntp 


" 
asymptotic representations of the Chebyshev- 
Laguerre polynomials which fit the case N<z/e], 
We then obtain instead of (16) 


‘a (17) 


= +2(1+coseN)/[1 + J, (20/2) cos 2x], 


f 
I 


JIn(Z) =Ve(— 1)" ven{(=) 


= 


xeun|-4.0¢( —1)" 


[ (17) is valid when 1a Dae) << 1}. 

Thus even in the approximation of strongly 
bound electrons each n corresponds to a narrow 
band rather than to a single level. The width of 
this band, as can be seen from (18), depends 
strongly on n in the present approximaion. Below 
and above the zone (for eV << 1) the levels are 
actually quite sharp; in the middle of the zone 
(eN < 7) the levels broaden to distinct even though 
narrow bands. 

Since se 27/e€) is small, (17) can be written as 
(19) 


hy = £2(1 + cose) 


x[1 — J, (20 / 2) cos 2nk]. 


Band widths in the approximation of weakly 
bound electrons are greater than in the strong 
binding approximation, but the general character- 
istics of the bands are identical. Thus, in both 
approximations if ¢N (i.e., the energy ) is fixed 
and ¢ is decreased the width of the bands is 
dminished. If ¢ is fixed and N is increased (i.e., 
for levels closer to the middle of a zone) the band 
width increases. 

It is seen from (16) that the structure of a zone 
is preserved in a magnetic field and that its edge 
is not shifted. For H > 0, € + 0 the number of 
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levels within a zone increases and the width of 
each zone approaches the vanishing point. In the 
limit all levels fuse into a continuous zone. 

3. If the broadening of levels is sufficiently 
large it must influence the de Haas-van Alphen 
effect. That is, the oscillations of magnetic sus- — 
ceptibility and of other physical quantities can in 
some cases possess the character of more or less 
strongly marked beats. In order to prove this let 
us assume that 


Enny (Ri) = F(t, Rs) + A (Ra, 1s 4s) 


[ky is understood to stand for two continuously 
changing quantum numbers in (4)]. The number of 
electron states 


Z(E, H)~\dky Syhs(% E) 


\ 
A co 


=\dk, >} 


p=—o 


exrinnp, (n, E) dn. 


The integrals in the summation can be calculated 
bythe method of steepest descents, after which 
for the oscillating terms that enter into the thermo- 
dynamical potential we obtain the following ex- 
pression: 


{ 2ape r 
cos \nlelk le | 77 Smax - 1) \ dey 


x exp {2 


(20) 


CO) espace 
c Cc max 

TL p aAle|H aCe max (Ry, } 
instead of the cosine which is obtained when the 
broadening is neglected. Here S_ |. is the ex- 


tremal area of the section of the surface E=const 
cut off by the plane perpendicular to H *, and ¢ 
is the Fermi energy. 

The effect of the additional fagtor in (20) can be 
studied by using the example of almost-free elec- 
trons, for which the integral in (20) is calculated 
as 


us (2epAmax/ pH), 


UR is the zero-order Bessel function). Here the 
quantity A. /pH=6_ | in (6) oscillates as H 


changes [ with considerably lower frequency than 
the cosine in (20)]. This leads to small fluctua- 
tions of J, without a change of sign (when the 
width of the levels is not large). Such modulated 
oscillations (beats) of magnetic susceptibility 
have actually been observed’ in some metals. 


From the form of the argument of J, it can be seen 
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that beats in small fields must be clearer 
than in Later fields, as is fully confirmed for 
beryllium’, in oes the beats were investigated in 
the range 3 x 10° - 2 x 104 oersteds. 

We note in conclusion that the broadening of the 
levels is strongly dependent on the approximation 


that is assumed and the the broadening must there- 
fore be calculated outside the framework of the 


approximations for weakly or strongly bound elec- 
trons. It is easily shown that broadening occurs 
in the general case. In any periodic field V_ the 

3 P 
state of an electron is described by the same 
quantum numbers k n, k by which we describe 
a free electron in a magnetic field. In fact, if in 
the Schrodinger equation’ we put A_=—Hy, A 

y 

=A_=0, then because of the symmetry of the 
Pe iltonian (which remains periodic in the Ox 
and Oz directions ) the general solution must be 
of the form 


Up,nk, = ef Taal 1 oe (2; Yy, 2). (21) 


where the functions Uy, 


with the period of the ints along Ox and Oz and 
decreases as exp(-y */20,d)at infinity. We see 
that the energy of the 


,_ (% Y¥, 2) is periodic 


from the equation for Ur ap 


electron E , (k, ) is a periodic function of k, 


with the period a/ a3. 


The author wishes to express his gratitude to 


I. M, Lifshitz for discussions of the present arti- 
cle. 


Note added in proof: Attention has recently® been 
called to the broadening of levels and, in part, to the 
influence which this broadening has on the de Haas- 
van Alphen effect. The author is apparently unfamiliar 
with Ref. 2, which was published in 1952. 
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Possible States of a Two-Graviton System 


V. A. ZHIRNOV AND Iv. M. SHIROKOV 
Moscow State University 
(Submitted to JETP editor April 18, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1098-1103 ( June, 1956) 


Eigenfunctions are obtained for the angular momentum operator of one and two gravitons. 
The states of a single graviton are separated, according to their parity, into quasielectric 
and quasimagnetic states. The possible states of a two-graviton system are investigated. 
The Clebsch-Gordan coefficients are calculated for S=3 and S=4. 


A N investigation by Landau! concerning the 
angular momentum of a system of two photons 
led to the discovery of certain general selection 
rules limiting the possible values of angular mo- 
mentum and parity forsucha system. These rules 
appear asthe consequence of specific character- 
istics of photons, associated with their zero rest 
mass. 

Since gravitons, like photons, have zero rest 
mass, it would be of interest to look into the 
analogous problem of determining the limitations on 
the possible values of angular momentum and parity 
foratwo-graviton system. By using generalized 
spherical vectors, as in earlier work, it is possible 
to obtain eigenfunctions of the angular momentum 
operator for one and two gravitons. The rules pro- 
hibiting certain states, characterized by definite 
values of total angular momentum and parity, follow 
from the apparent form of these functions. 

In the linear approximation of the general theory 
of relativity, the tensor of the gravitational field 
ee coincident with the metric tensor, departs 
little from its Galilean values oy Buy = Oy 
= hay: Investigating this equation for a particle 


with zero rest mass and spin 2, Fierz” showed that 
in a gauge transformation of the field 


fy = Nyy + OA, / AXy + OAy/ OX, 


where Ay, is an arbitray vector, only two components 
of the tensor huy can remain different from zero, 


in accordance with the two possible values of polari- 
zation. Thus a weak graviational field is de- 
scribed by a three-dimensional tensor of second 
rank, satisfying the condition of orthogonality, with 
a trace equal to zero. mn 

The operator of the total angular momentum M;, 
of a single graviton is defined as a transformation 
of the tensor function by an infinitesimal three- 
dimensional rotation 


From the equations 


i (1) 
(kl | Mi; | rs) 


pike eke eae a Ae aera 
aoe Ors (pi ap, Li ar Seer (8;29:7915 


Q cS) in} d Q a ny 
— 9;29jr015 + 6j18;s9xr — 9319;s9pr) 


= (kl | Li; + Si; | rs), 
where p, is the momentum of a graviton, and él, rs 


are tensor indices taking the values 1, 2, 3. In 
configuration space the angular momentum operator 
(1) operates on the single-graviton wave function 


W,56P)s 


The division,of the total angular monientum into 
an orbital part . and a spin part Si has limited 
physical Meaning: since there is no rest system for 
a graviton, and therefore the usual definition of 

spin is not applicable. Furthermore, a state with a 
definite value of orbital and spin angular momentum 
does not satisfy the condition of orthogonality, so 
that only certain superpositions of these states have 
physical meaning. However, this separation enables 
us to construct eigenfunctions of the total angular 
momentum from more simple eigenfunctions of the 
orbital and spin angular momenta. The spherical 
harmonics ® = aY (n) are eigenfunctions of 


L L 
the operators i and je where L is the value of 


the orbital angular momentum, m is its projection 
on the _, axis, and n = ARIE 


\ On? dies 


—oo 


* 
\ Yin aa dQ == Onn Onan s 


(Al | 1, Si, | rs) 1G, RS = S (S a 1) Xe, kt = 6Xn, RI). (2) 


(Al | S,| rs) 1,18 PIG, Rl> w= 0, sa oe ee 


(where pz is the projection of the spin S = 2 on the 
z-axis ) the following eigenfunctions of the spin 
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operators are obtained: 


pone (3) 
Lom = Te Oude 1G ) 
Mees 
sat} 
et mies 0 0 +i ; 
l1+i 0 
; 1 +i 0 
fan — (es —] | 
O20) <0 


normalized so that Xp SP Ge hee 6... We write 
9 ’ 


be 


the wave function of a single graviton in compli- 
ance with the Clebsch-Gordan formula for the 
separation of the direct product of the representa- 
tions D, x D, into irreducible parts: 


JLM je ERR OY, 
Ui =a >; Cym bliss M—p. Xp, kl (4) 
v 


where J is the value of the total angular momentum, 
M is its projection on the z-axis, L is the value of 
the orbital angular momentum and the C a eel 


are the Clebsch-Gordan coefficients, given, for 
example, in Ref. 3. 

Taking advantage of the definition of the 
generalized spherical S-vectors of type A* 


Ss 
(V5. s42, ae 2 
a se 4 ise) : 
Ss A eee Nee 5 ES; p- r 
( 1) E ae DN ai i| Cis, M--p. 04 J+i, M-+-p > 
we rewrite the eigenfunction of a single graviton 
in the form 
JLM 


by =a > (Yim) Xv. pt 6) 
4 2 v. 
Wir = (1) (Yorn) 2 


From the functions Vaae it is possible to con- 


struct two linearly independent combinations, satis- 
fying the orthogonality condition 


JM vp. 5 
= 0) te = a Da (7) 
JM ‘i 
y= es Giale 


ib 
(1) JM Jeli. 
% = (3-4 | Yas: J—-1,M 


A fe WE 
+(554] Vey a, ats 


OMT | OS) a2): 
yom [Cree n eG, 
6(J—1) (J+ 2) 1/5 
pnt) lee 
VG) 
+ loreneres 


The two solutions (7) differ in parity. For tensor 
fields the inversion operator / is defined in the 


Te 2 
Ys, tem: 


following way: 
Fir (n) = bar (—n). 


Noting the relationship Y, ,(—-a)=(- Dee (n), 
we obtain ‘i 


py JM - = 1 yo IM 


By analogy with the solutions for a single pho- 
ton® we call Y‘!) J™ a state of quasimagnetic type, 
y‘2)JM 2 state of quasielectric type. 


As was to be expected, both solutions (7) are 
meaningful only for values of J > 2, that is, the 


total angular momentum carried away by a graviton 
cannot be less than two. This follows from the 
quadrupole character of graviton emission. 


Two free gravitons are desribed by a tensor of 
fourth rank 
Patmn (PiP2) = Vmnki (PoP)- 


In the center-of-mass system P, +Po= 0 the wave 


function will depend only on the relative momentum 
P| — P, = 2p, and the orbital angular momentum can 


be represented in the form 


iS ; 0 0 
Bie ee A ve et Sr i 8 
We obtain the following expression for the spin 
operator of two gravitons: 


(klmn | Si; | pq rs) (9) 


= (RL | Si; | Pq) ®mr Bus + (mn| Si; | rs) bap 81g 
j p 
= (Ojp Oik 841 ac Oip Ojr Sgt 
— 0ig Spr Ojt + Bjq Spx Sit) 8rm Osn 


oy N 9 
ay (jr Opi osn — Orr Ofm Dea Os orm Ojn, 


a bjs 86m Sin) Opk Ogt- 

Taking advantage of the fact that the eigenfunc- 
tions of the orbital angular momentum are the 
spherical harmonics Y,_, and that those of the 
spin angular momentum are the quadratic combina- 
tions x we construct solutions for 

Piyki 
two gravitons from the Clebsch-Gordan formula: 


? 


X ps, mn 


JLMS L, M—»; S, p. +S 
Vetmn =a 2 Cim ae M—p- Xn, kimny, (10) 
Pp 


Ss 2, U—Me; Ze ° 
Xv, klmn = > Cs. v. ‘ | fee kL Xue, mit: 


Ve 
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Here J is the total angular momentum of the two 
gravitons, L is the orbital angular momentum, M is 
the projection of J on the z-axis, S is the spin of 
the two-graviton system and p is the projection of 
S on the z-axis. In view of the normalization 


properties 


aS: Sf N 
Rie klmn Lap kimn = dss Ou’, 


*S iS: ~ ™ a 
\ (Yoim)” (VY jm)* do = byy 821 Baa, 


it can be shown that the functions (10) are normal- 
ized in the following way: 


eae Sa 


*JLMS 
\ Virmn 


Vrimn dp = os7 811 8mm Oss’. 


If we take into account the orthogonality re quire- 
ment 


AnVaimn == 0; (11) 


7 JLMS 
Virimn = >) Pr S Viimn 
LS 
= JIMS\p. yS >J MS 7S 
=a yy Cie NAR Trin Y = pa e, 5 (Y 7M) 
pS L 


we can determine the apparent form of all 25 coeffi- 
cients p at for the five possible values of L: J, 


J+1,J+ 2, and the five values of S: 0, 1, 2, 3, 
4. It should be pointed out that for two identical 
particles, the parity of the orbital angular momentum 
conforms with that of the tota] spin. 

For determining the coefficients p L,s We te 


quire the Clebsch-Gordan coefficients for S = 3, cal- 
culated in Ref. 6 for S = 4, which can be calculated 
by the usual methods from the formulas (3,110) and 
(3.111) in Ref. 3. By comparing the coefficients 

of identical spherical harmonics with zero, we ob- 
tain from the requirement (11) the result that, for 
odd states with L = 2k + 1, and for odd total angu- 
lar momenta J, 


0. 
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Thus the state L = 2k +1, J = 2n + 1 is forbidden 
for any J. 

In an anlogous manner we obtain the coeffi- 
cients py s for odd states with even total angular 
momentum, that is, we determine the following func- 
tions, normalized to unity: 
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yi: M, 3 (12) 
30 (J —1) (J++ 1) Tas 
_ wy a+ Has Yo, J-1, M 
SIFY +2) Nhe ys 
’ Femsencrsiieeso) Yo, 4a, M 


5S (J —1) (I —2) P 
—lra 3) QJ 1) Os 1) 


3 
<5, Fo 


5 (J + 1) (J + 2) (J + 3) ik y3 
4 (2) 1-1) (2J-+ 3) (27 + 5) J, J+3, M- 
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This solution admits odd states with even angular 
momentum for any J. 

Even states with odd total angular momentum can 
be described by the following functions, normalized 
to unity: 


yi. Ma =[ T(J 3) (S23 \ GSD avian 
ee el 


7 (J —3) (J—2)(J +4) Je ya 
ie geese Yo, J+, M 


(J +4) (J+3)(J+2) Js 
te E (25 = A) OJ 3) (2h = 


4 
x yo J—3, M 


(13) 


(PES) (Te = eae 
i E (20-+5) (2 -+ 3) (27+ 5 | Ys, i483, M- 
There will be no state here with S = 2, since ee 


= 0. For J = 1 the rules for the addition of angular 
momentum admit L = 4, but for J = 1, p = 0; 
Similarly, for J = 3 


PJ—-1,4 = PJ41,4 = Ps434 = 0, 


Tass 2 


that is, even states of two gravitons with J = 1 and 
J =3 are forbidden. 

For even states with even total angular momenta 
th i = =01 ined: 

e solition Py oP tons 0 is obtained: 


YUL J,M,4 (14) 
= (J+ 1)J+ 2) 4+3)JS +4) Playa 
4(2J + 1) (2J—1) (2 — 3) (23 | ie Sis) 
7 —3) (J +2) J +3) (.+4) Pa, 
(2J 4-3) (2/ +- 1) (2 —1) (ai —5)| YsJ—2, m 
35 (J -- 3) (J — 2) J43)(U 44) Ws 
+ sata rao V2.0 


7 (J —3) J—2)(J—1) 0 4+ 4 Playig 

CES ICE SIEM TCryh Yo,J4+2,M 
J (J — 1) J — 2) (J —3) ls, 

abies (2J + 5) (27 4-3) aaa Yo.J+ aoe 
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For the case under discussion S = 4: for J = 0, L 
can be equal only to 4, and the corresponding 


is found to be equal to zero; for J = 2, 


0. 


Py+as4 


Bea Pahoa Pyg at 
It can be easily verified that even states with 
even total angular momentum can be described by 
the following equation, which satisfies the ortho- 

gonality condition (11): 


IVIM 1 , 0 0 
klmn = VE Y JM (Nkatm a8 Mewels (15) 
— v7 eet 0 — 
Leper ) = OLE tan a Oe ina? 


where 
Nhimn = (8x1 — PrPt/ p*) (8ma— PmPn | P?)- 


Substituting ¢, Be be into the equation for the 


eigenfunction of the square of the angular momentum 
operator: 


M?Yitmn = (*/s Me > 8) UR tmn (16 ) 


+ 2 Ci ee “t Migdramn 
+ Komp Unirn ae Ans DRims) 
2 (20 i tem 1 20. ne 2 Vb Imn 
=< Sam) pipn = Sanplmp — 8im'Phppn 


> 0 2 0 > 0 
== Og Uk pmp — OmnVripp —— Ont Yppmn), 


we obtain an equation for y,, 


MP4? = "fy Mii, oo 


that is, M2 =J(J + 1); = pyyee Fa Yom? : 


sphericalharmonic. From the symmetry condition 
for the two-graviton solution 


Vaimn (p) = Vinnkl (— P)s 


s 0 0 : 
noting that x, ).,=Xmnku We obtain 


Y sm (p) = Yom (— P) = (— 1)/Y sm (P): 
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that is, J = 2n. 
All results concerning the number of states are 
brought together in the following table: 


J Even Qdd 
States States 

0 1 1 

1 0 0 

74 1 4 

3 0 (9) 

2n 2 1 
2n-+1 4 0 


Here it is obvious that for two gravitons, the ap- 
pearance of states with total angular momentum 
J =1 and J =3, as well as the appearance of odd 
states with oddtotal angular momentum, is strictly 
forbidden. 

These results are in complete agreement with 
the rules ascertained by Shapiro’, by which it is 
forbidden for a particle to disintegrate into two 
identical bosons of zero rest mass and spin S if 
1) the spin of the disintegrating particle is odd 
and less than 2S, or if 2) the spin of the disinte- 


grating particle is odd and its wave function is 
Oo 


The method used here makes it possible to de- 
termine the number of states with predetermined 
angular momentum and parity, and also to obtain 
eigenfunctions for one and two gravitons. 
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A detailed investigation is carried out of the properties of the energy surface of heavy 


nuclei for each of the four types of nuclear parity. Along with a more precise formulation 
of known empirical laws and parameters of the energy surface, it is shown that for given 
mass numbers A, the masses of the nuclei reach a minimum value for several different 
values of Z depending on the parity of Z. The curvature of the isobar paabolas does not 
depend on the parity of Z and is apparently several times larger for nuclei with even A. 
The character of the shell N = 126 and Z =82 is made clear. The results are compared 
with the usual formulas for the binding energy. 


1. INFRODUCTION 


js eens to statistical theory, the masses 
of the nuclear isobars M( A, Z) reach a mini- 
mum value M* for certain values Z = Z* for which 
OM(A, Z)/AZ=0'. This conclusion is found in 
qualitative agreement with the empirical rule of 
Mattauch-Shchukarev, according to which there is 
only one B-stable nucleus among isobaric nuclei 
of odd mass. The staistical theory also points to 
the parabolic character of the cross section of the 
energy surface, at least in the neighborhood of 
L= a As the systematics of nuclear mass show 
(which have been given in a number of works _ ) 
the parabolic character of the isobaric energy 
cross sections in generalagrees with experiment. 
There is also established empirically the depend- 
ence of the energy of the nucleus on the type of 
parity. Under otherwise equal conditions (one and 
the same A and Z) the masses of even-even 
nuclei CZ), Ne) are less than the masses of 

nuclei with odd mass numbers, which in turn have 
smaller masses than the odd-odd nuclei CZENe): 
This difference of nuclear masses, which is con- 
nected with their parity, is taken into account by 
the well-known correction to the parity |. There is 
also evidence on the existence of small differ- 
ences in the mass of nuclei with odd mass numb- 
ers, depending on the parity of Z°-11, Finally, a 
sharp change has been discovered in the energy 

of nuclei in the neighborhood of places of filling 

of the neutron and proton shells?-8, 

Thus, the principal properties of the energy 
surface of nuclei are sufficiently well understood 
at the present time. However, many details still 
need to be made more exact. In particular, it would 
be desirable to determine whether the real isobaric 
curves are exactly quadratic parabolas or, whether 
one can consider the parabolas to be some sort of 
approximation. Moreover, there is interest in mak- 


2 
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ing more precise the parameters of the energy 
surfaces, especially taking into account all possi- 
ble corrections to the parity, the role of the shells, 
and other possible individual peculiarities of the 
nuclei. Here there is known a significant number 
of total energies of isobaric transitions, in part 
measured experimentally, in part calculated from 
the energy ofa - 8 cycles’»8, At present, in the 
interval 210 < A < 240, significant appearances of 
any shells or subshells?*8+!9+19>23 which would 
alter the general regularities have-not been dis- 
covered. 

In the present vork the energies of B-transitions 
of heavy nuclei (A > 210) have been used for pur- 
poses of empiricd malysis. Here no previous as- 
sumptions are made on the character of the mutual 
position of the energy surfaces in dependence on 
the parity of A or Z. It is only noted that there 
axist no more than 4 different types of nuclez, 
connected with the parity of A and Z, the masses 


of which, under otherwise equal conditions, can 
be different. 


i 
2. SYSTEMATICS OF THE ENERGY OF } 
{- TRANSITIONS 

j 


The necessary energies of B-transitions Q | 
were taken from tables!* which contain, along 
with the experimental values, values computed 
from the energetics of a- B cycles. We also have | 
used the data on the systematics of the energy of 
a.-decay?*'?+13 which permit us to calculate a 
certain number of energies Qa in addition. For 
confirmation, the latter values were computed in 
independent fashion from nB- and na-cycles. For 
this purpose, the ne cessary experimental values 
of the binding energy of the neutrons were taken 
from Refs. 15-17. | 

For convenience in the subsequent analysis, we | 
systematized the energies of the 6-transitions in 
a fashion somewhat different than was done in 
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Refs. 3, 7 and 8. In the graph of the dependence 
of the energy on Z,the energies Ep for B - 


transitions and the energies Eg+ for B*-transitions 


(K capture ) of isobars (A = const ) of a given 
parity (for example, odd-odd) are plotted in 


Fig. 1. For convenience, we used for the energies 


of the 8 ~- and 8 *-transitions, not the quantities 


Qg- and Qgt, but 


Ep- = Qg- + 0.51 mevand 


Eg+= Q:+— 0.51 mev. 


Eg- (and also Eg+) represent the differences of 


masses of nuclear isobars between which $7 (8*) 
transitions occur (in contrast to Og - and 28 + 


which correspond to mass differences of the neu- 
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tral atoms). In those cases, when the isobar Ae 
was shown to be stable, for example, in the be- 
havior of B~-decay, the energy Egt with negative 


sign is plotted on the graph for a given Z. This 
energy is that withwhich the nucleus Lome is con- 


verted into the given nucleus ne, The same was 
achieved when the given isobar Le was shown to 
be stable relative to conversion into the isobar 

a The points of 8 -transitions and those of 


6 *-transitions (for A = const ) are separately 
joined together on the graph. As is seen from Fig. 
1, the lines of the §”- and § t-transitions for 
each of the values of A represent very nearly 
straight lines, which intersect crosswise (at a 
point which we shall denote by Z°). The slopes 
of each of the branches are independent of the 
mass numbers A within the limits of experimental 
error. 


Fic. 1. Energies of B-transitions of odd-odd nuclei. @--experimental values also 
obtained from a- cycles, x—values found with the help of extrapolated values of 


EB 


a? 


. . _ + 
o--points of intersection of B~ and B* branches. 
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Fic. la. Energies of 8 -transitions of nuclei with A odd. e--experimental values also 
found from «- B cycles, x--values in the finding of which the data of a-decay were used, 
o--intersection points of B~ and B* branches, 


In order to establish this, we combine in one 


graph the curves which pertain to different A, by TABLE I 
means of a plane parallel shift such that the points Type of Parity Tangentof the 
iy aeons : : 
Z* coincide. As isseen from Fig. 2, where such jen | Right Branch | angle of slope 
a shifting has been carried out, all the points lie $$ 
on two crosswise intersecting straight lines. 
If, in place of the odd-odd nuclei considered Z,+N,» (45) ZerNq; (Ao) 1.18 
here, one chooses a nucleus of different parity Leg Nes (4. ) Loy Nas (A.) 4.14 
(oes Fig. 1a), then ananalogous picture is ob- Zia Nes (40) ZN (A, ) 4.08 
tained. We note one special circumstance, which ZA Nes (A eee N., (A ) 4.06 
was discovered upon consideration of Fig. 2 (and ee se ae = 


others analogous to it for other types of parity), 


5 eke a soba 2 nent oad Neu Esai fixed value of A (Fig. 3). The equation of the 
of the “‘cross’’ are different according to the Kaeetpicclihe 


following Table I. 


Eg (Ae; Zo) = Doo — 12 Loe (Zi Sra) an Ad) 
3. ANALYSIS OF THE EMPIRICAL DATA 
Making use of the results of the preceding sec- 
tion, we can draw concrete conclusions about the 
property of the energy surface in the region of 


(the subscripts nn are inserted to show that in the 

given case we are considering 8 decay of nuclei 

ae ei oie hs Z, oat : Similarly, es the branch 
Let us consider a typical case of the intersec- De ae ie erEIO RI. ate. Ne 

tion of the branches of 8 = and Bt- decay for any (the line CD in Fig. 3): 
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FIG. 2. Reduced energies of f - transitions. 
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ee Ae) = eg ee (2 Pon ee Zeya) 
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Moreover, the following relations are valid: 


Eg- (Ae, Z,) = —Ept (Je: Zo + 1)5 


fA ear Aa ee on PL 9, eae a) 


On the other hand, E (A, 2) must be equal 
to the difference of the masses of the initial 


M(A, Z) ad the final M(A,, Z, +1) of the nu- 


Plea 


Ep- (Ae, Zc) = M (Ae; Zo) —M (Aw Zo + 1) 


= Doo— tga(Z—Zo0)- (2) 


Further, in similar fashion, 


M (Ae, Zo +1) —M (As, Z, +2) (2a) 


Se eae aa tg Boo (Z + 2— Z3,). 


Combining (2) and (2a), we find 
M (Ae, Zo)-— M (Ae, Zo + 2) 


a (tg Boo tg Boo) (Z = Zb0)— 2 tg Boo- 


Since Le = f(A), then wecan write in place of 
the foregoing: 
M (Ae, Xo) —M (Ac, Xo +2) 8) 
SS hooX o Pao» 


where 
X,=2—Loas 
hoo = tE Mo + tg Boo: 
oo = 2 tg Boo 
The functional Eq. (3) has the following solution: 


M (Ae, Zo) = &3o (A) = Ve pO WE 1 Bee, (4) 


where v|, =tan8,,—tana,,.. Thus, 
M (A-,; Z,) 
= o00(A) + Yahoo (Z — Zo0)? + 200 (Z — Ze0)- 
Consequently, 
M (A,, Z.) 
= @30(A) + Yghoo (Z — Zo0)® — Doo— */ahooe 


From the condition ( OM (A, Z)/ AZ) 
find 


47 O we 


> 


0 
Zoo = Zoo os Yoo/* oo? 


(23 = Votan : 


Therefore, M(A,, Z ) can be written in the form 


M (Az, Z,) | 


= Goo (A) Se aS (Z nn Z,.) =- 


where k= 1/44 > represents the curvature of 

the isobar parabo as. One can determine the cor- 
rection to the parity 25°° between nuclei of the 
type Z,, NV, and nuclei of the type Z,, V, as the 
fee of the energy between the minimum corre- | 
sponding parabolas. In such a case, 


Boe = Ya {M (Ae, 2252 (Ae, Zee)} 


Gigs P/l 6Roo : 


| 


== Ts 1D + Ros oe. 30/16 Roo} = (5) 


Since v. <k_ , then 
oo oo 


me AY PD met ay ee 


Thus we can write 
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M (A, Zo) = boo (A) + Roo (Z — Zoo)? — 82°, (6) 


OOo» 


M (Ae, Ze) ~ boo (A) + Roo (Z — Zoo)? + BS 


where 


O55 = oo i (30/160) — 6°°. 


oo 


Completely analogous to the foregoing, for the 
case of odd mass numbers 4_ we get the follow- 
ing dependencies of the masses of the nuclei 


M(A, Z) on Z and A: 


M (Ao, Zo) = Boe (A) + Roe(Z — Zoe)? + Soe, 


M (Ao, Ze) = boe(A) + Roe (Z — Zoe)? — doe (7) 


(oe denotes an odd number of protons, even number 
of neutrons; eo, an even number of protons, odd 


(mev) 
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number of neutrons ). We note that in Eq. (7) the 
correction 5°° appears, which takes into account 
the dependence of the mass of odd nuclei (A-odd) 
on the parity of Z. The mean value of such a 
correction in the interval of mass numbers under 
consideration is about 0.15 mev, in agreement 
withthe estimates given in Refs. 9-11 and 19. This 
fact shows that the coupling energy of the protons 
is somewhat larger than the coupling energy of the 
neutrons. An analogous correction 5°° between 
even-even and odd-odd Z and Nis shown to be 
equal in mean to 0.75 mev. The dependence of 
56° and 5°° on A, obtained from Eq. (5a) upon 


consideration of values of D and & found empiri- 
cally (see Fig. 1), is plotted in Fig. 4. There 
is also shown the dependence of the radius of 
curvature of the isobar parabolas / on the mass 
number A for the case of even and odd values of 


A. 
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Fic. 4. Corrections to the parity 6 and coefficient k as functions of A. 


k, are the curvatures of the isobar parabolas for A even, ky for A odd. 


As Figs. 4 and 1 show, & does not change with 
increase in A, even though it does experience 
sndl fluctuations. The mean vdues of k are 
equal to 0.56 and 0.54 for the case of even and 
odd mass numbers, respectively, and do not de- 
pend on the parity of A. 

In accord with the above, the values of Z* de- 
termined from the condition 0M/dZ = 0 are equal 
for all four types of parity, and thus, instead of 
one curve Z* = f(A), we have in fact a curve for 
nuclei of each of the four types (4 curvesin all ). 
However,these curves are very close together. One 
can mo Ece ret approximately the curve for 
Z*11,19,22,23 (not taking into. account the small 
deviations from this curve resulting from the in- 
dividual properties of the nuclei: parity, etc.) in 
the range of mass numbers under consideration 
(214 < A <244) by the following empirical 


formula 


Z_, = 0,356 A + 9,0. (8) 


4. THE CHARACTER OF THE NUCLEAR SHELLS 
N = 126 AND Z = 82 


For the calculation of the jumps or ‘‘anomal- 
ies’’ in theenergies of [-decay, associated with 
nuclear shells, one must determine the difference 
between the experimental energies of (-transitions, 
Eg and the values of Eg which do not take into 
consideration the effect of the shells, and which 
can be calculated by Eqs. (1) and (2). Equal 
energy differences, E 9 — are different from zero 
in the following cases (all values in mev): 
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T1220(41,5), Ti2°9(+ 1.6), T2°°(+ 2.1), TI? (-- 0.5), 
THs (—1.2), Pb (— 0.4), Pb% (—0.7), Pb™*(—0.5), 
Pb?! (— 0.6), Pb29(— 0.6), Pb®°(— 0.3), Bi?8 (+ 2.2), 
Bi245 (— 0.3), Bi%#(—0.4), Bi%*(—0.2), Bi#?(— 0.4), 
Bi2tt (— 0.5), Bi2#9(—0.5), Po? (+ 2,3?). 


In order to make it clear whether these peculi- 
arities are connected with the relative increase 
in the binding energy of the initial nucleus, or 
with the decrease in the binding energy of the 
final nucleus, between which nuclei §-transitions 
Occur, it is quite proper to use the energy of addi- 
tion of neutrons and protons, as was done in Refs. 
4-6. However, such energies are rather difficult 
to compare amongst themselves, and it is most 
difficult to make a reliable separation of the 
effect of the shells. Using the results of the 
previous investigation, we can, however, bring 
all the isobaric nuclei to a homogeneous condi- 
tion. For this purpose, we calculate the addition 
energy of the neutron Ey which the nucleus with 


(A; Zz) ought to have, i.e., the nucleus located on 
the stability curve of Z*. 
It follows from the energy cycle that 


Ey ae Eny i E,—E;, 


where EF, isthe mass difference for nuclei of like 
parity (4, Z) and (A, Ze E, is the mass differ- 
ence for nuclei (A + 1, Z) and (A +1, 2% Dad Bay 
and E, can be calculated easily if we make use 
of the empirical smoothed values of Z* and k. 

The reduced energies Evy found for isobars of 


one type of parity ought to coincide exactly if 
only the masses of the nuclei are given by Eqs. 
(6 )and (7). Deviations ought to appear only in 
places of anandously high or low binding ener- 
gies upon filling of the nuclear shells. If 5, (A) 
and b, (A) [see Eqs. (6) and (7)] are smooth 
functions of A (and do not, in particular, depend 


on the parity of A) and 6, (A) = bo fA) , then 


all the reduced energies E*,, ought to be dis- 


Y 


tributed along two smooth curves. The distance 
between these curves must, in accordance with 


Eqs. (6) ad (7), be equal to 
NB Doe oes 


As is seen from Fig. 5, where the dependence 
of Evy on A is shown, the laws referred to are 


actually demonstrated. Moreover, the anomalously 
high addition energies of neutrons, if their number 
is less than 126 (in comparison with the addition 
energy in the region N > 126) are also shown . 
For a complete analysis from p-n — B-cycles, 


the binding energies of protons Evy were also cal- 


culated. The values of the deviation of E* and 


Y 


Ey from the mean values (from the curves in 


Fig. 5) are plotted in Fig. 6. 

Consideration of this scheme of ‘‘anomalies”’ 
shows that (a) the binding @mergies of neutrons in 
the region N < 126 are raised on the average by 
1.5 mev (in comparison with the mean values ) and 
by ~ 2.1 mev relative to nuclei with N = 127, 128; 
(b) the binding energies of protons in the region 
Z < 82 are higher, relative to the mean, by ~1.4 
mev, and the nuclei with Z = 83, 84 have energies 
ECy that are lower by ~0.5 mev!9>4 . The charac- 


ter of the neutron shell N = 126 agrees well with 
the assumptions made on it from its spin-orbit 
behavior. Actually, the conclusions drawn above, 
from the point of view of the one particle model, 
can be interpreted in the following way. For 

N < 126, the neutron single particle levels are 
placed comparatively close to one another, with 
approximately equal spacing. The level which 
corresponds to N = 127 and the neutron one-parti- 
cle levels following it are greatly increased rela- 
tive to the preceding levels. The separation of 
the levels N = 126 and 127 is larger by ~ 2.1 mev 
than that between neighboring levels. The char- 


acter of the proton levels of Z = 82 is quite 
similar. 


5. COMPARISON WITH THE BETHE-WEIZSACKER 
FORMULA 


For a comparison of the results of our analysis 
with the Bethe-Weizsdcker formula, we rewrite the 
latter in the form 19 


BE, 0A — As — ad (4) (9) 
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FIG. 5. Reduced energies of addition of neutrons. @--even A, o—odd A. The numbers 


by each of the points denote the number of protons. 


where the first term characterizes the volume 
energy, the second the surface, the third the 
symmetric, the fourth the Coulomb; «, y, 6, aare 
numerical coefficients. The term 6 characterizes 
the correction to the parity, which, in accord with 
the foregoing analysis, can be written for the 
given mass number interval in the following form: 


485e = +01 for Ay, Zz, 


| (10) 
esi On) foros Zo; 
— 
| 
( 


ao = 1 (2.77 — 0.0088 A) for Ac; Ze, 
a — (2.97 — 0.0088'A) for As, Ze 


Equation (9) can be rewritten in the form! 


a eA — yA*ls —al 4 — ky (J — Ia)? +8,(11) 


where /, is determined by the condition 
(OE, 4/1) 4 =0, whence 1, =A/(1+BA™™3), in 


which , is related to Z* by the following: 
I, =I° + 0.78/k = A -- 22* + 0.78/b, (12) 

ky = b/4 = — "fo (PE ce /O1) 
=«/A(1 + Atls/g), (13) 


Comparing the empirical values of Z* and k 
with Eqs. (12) and (13), we find the following de- 


pendence of the coefficients « and B on A: 


az0.1 A+ 2.32, (14) 
a/8 ~ 0.03 + 0.00067 A, 


i.e., the coefficients a for the term of symmetric 
energy, and a/f for the Coulomb energy term, do 
not remain constant, but increase with increase 
in the mass number A. One can undertake to con- 
nect this fact with the fact that in the range con- 
sidered the effective radii increase somewhat more 
slowly than according to the law 43, Actually, 
a decrease in the radius leads to an increase in 
the coefficient f or the Coulomb energy term, and 
also for the symmetric energy term, inasmuch as 
the kinetic energy which makes the essential 
contribution to the term increases upon compres- 
sion of the nucleus. The mean values of the co- 
efficients for Coulomb and symmetric terms are 
close to the mean values of the Same quantities 


? 


found by other methods ’”’ : 


CONCLUSION 


The study of the properties of the energy 
surface in the region of heavy nuclei 210 <A<244 
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Fc. 6. Scheme of ‘‘anomalies’’ in addition energies of neutrons and protons. 


permits us to make the following conclusions: 

l. The isobaric cross sections of the surface of 
the masses are, with sufficient accuracy, para- 
bolas of second order for the nuclei of each of the 
types of parity [at least, for the values 
|Z - Z*| < (4-5) ]. Their curvatures are not de- 
pendent on the parity of Z, ad evidently depend 
only slightly on the parity of A (k = 0.56 for 
A, and 0.54 for As); 

2. Minimal isobaric cross sections are 
achieved for nuclei of different parities for par- 
ticular (distinct) values Z = Z*. In this case the 
curves Z* = f(A) are higher for nuclei of the 
type Z|, N, and Z,, N , (which possibly coincide ) 
and are lower (by ~ 0.1 in units of Z) for nuclei 
of the type Z,, NV, or Z,, N, (which may also co- 
incide ); 

3. The correction to the parity 6 for even- 
even nuclei is equal in mean to +0.75 mev, for 
odd-odd, to -0.75 mev, for even-odd, +0.1 mev, for 
odd-even, -0.1 mev; 

4. The character of the shells N = 126 and Z 
= 82 agrees with the hypothesis of spin-orbit 
interaction. The effect of both shells reaches a 
maximum at the nucleus P2°8, 

5. Comparison of the empirical data with the 
customary formula for the binding energy shows 


that in the mass interval under consideration its 
coefficients do not remain constant, but change 
somewhat; the character of their change agrees 
with the assumption on the certain volume (in 
comparison with the law 43) of the decrease of 
the effective radii of heavy nuclei. 

In conclusion, I take this opportunity to thank 
Professor D. D. Ivanenko for his constant interest 
in the work, and also S. I. Larin and N. A. 


Bekeshko for a series of valued suggestions. 
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Further development of the zone theory of liquids of the aithor is given by the ries 
of the motion of electrons in a liquid in terms of cartesian coordinates. The assume: ak 
approximation wave functions are similar to the Bloch functions for crystals and ot y equa- 
tions which differ from the Schrédinger equation by small terms. Scattering of the electrons 
in a liquid due to violation of long range order in the atomic arrangement has caren 
and the dependence of the corresponding electron mean free pah on wave number has been 


determined for small values of the wave number. 


1, INTRODUCTION 


ik earlier papers of the author!»2it was shown 
theoretically that, for slight violation of local 
order in a crystal and disappearance of long range 
order, i.e., upon melting of the crystal, the energy 


spectrum of the electrons possesses a @ne structure. 


The calculation was carried out in a distorted co- 
ordinae system €), &, € such tha in it the self- 
consistent potential of the electron in the liquid 
Le ag ee ey) is a periodic function of the car- 
tesian coordinates x), %), x3. It was shown that, 
in the system of coordinates & the solution of the 
wave equation could be constructed from Bloch 
wave functions of the type 


vy, = Gu, (1, bo, €3) exp f >> ate (1) 


where u.,( ae ane é,) is a function of the same 
periodicity as V bess ee & ). The factor G7?/2 
appears because, for conveneince in later calcula- 
tions, the functions W, are normalized for the base 
region, which consists of G* elementary cells, and 
the function uw, is normalized for a single ele- 
mentary cell. 

The stationary solution is a wave packet which 
condsts of functions (1) and which moves pro- 
gressively. Thus the disappearance of long range 
order has an unimportant effect on the energy spec- 
trum of the electrons in the body and on the char- 
acter of their motion. However, the disappearance 
of strict periodicity in the position of the atoms 
ought to lead to additional scattering of electrons, 
to a decrease in their mean free path, and to an in- 
crease in resistance. As was noted by Wilson’, 
the resistance of a liquid with electronic conduc- 
tivity will be determined in part by the disorder of 
the regular positions of the atoms and in part from 
the thermal vibrations of the lattice. 


We call the first component of resistance the 
“‘liquid’’ resistance, and the second component 
the ‘‘phonon”’ resistance. 

Wilson® obtained the ratio for the conductivity 
in the solid and liquid phases close to the melt- 
ing point for a series of metals, and tried to ex- 
plain the higher resistance upon liquefaction by 
a chage in the Debye temperature 0 which enters 
into the expression for the mean free path, assuming 
that the other quantities do not change appreciably 
during the melting process. For several metals, 
the agreement between the ratio of conductivites 
calculated by such a method and those obtained ex- 
perimentally were satisfactory. However, for mer- 
cury the experimentally measured ratio was 4.1, the 
computed value, 2.23. Consequently, there is 
here an appreciable amount of an additional mechan- 
ism for the scattering of the electrons--the 
“‘liqid’’ resistance. It is not accidental that this 
resistance was specifically observed in mercury; 
actually, mercury liquefies at a low temperature, at 
which point the lattice vibrations are not very in- 
tense. One can assume that in other metals, which 
liquefy at much higher temperature, the ‘‘liquid”’ 
resistance is masked by the phonon resistance. 

In the present work it is proposed to estimate 
the length of the mean free path of the electron in 
aliquid which is characterized by violations of 
long range order, i.e., by the “‘liquid’’ scattering 
of the electrons. The value of this length of mean 
free path allows us to compute, as is customary in 
atheory of electrical conductivity, the ‘‘liquid”’ 
resistance which ought to play a fundamental role 
at low temperatures in liquids with electronic con- 
ductivity. At high temperatures, this resistance 
is perhaps only a small correction to the ordinary 
phonon resistance; nevertheless, the existence of 
“‘liquid’’ resistance has a value in principle. 

In carrying out the calculation, we do not take 
into account the thermal vibrations of the lattice 
ad its local distortions, assuming that the length 
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of the free path is determined only by the violation 
of long range order. 

Computation of the mean path length encounters 
the difficulty that in cartesian coordinaes x the 
deviation from a periodic, potential is large, and 
it is therefore not possible to use perturbation 
theory, employing the ordinary Bloch functions for 
the zeroth approximation. In the system of co- 
ordinaes € where, as was shown in Refs.1 and 2, 
the perturbation is small, it is difficult to describe 
the motion of the electron in the external field, 
since the homogeneous electrical field in the sys- 
tem €has varying components. Therefore, we solve 
the problem of the motion of the electron in the 
liquid, i.e., in a quasi-periodic potential, in rec- 
tangular coordinates, but as a zeroth approximation, 
we use, not the ordinary Bloch functions, but the 
quasi-Bloch functions of the form 


ve = Guy (&1, 2, &3) eS, (2) 


whereu, is a quasi-periodic function of the deformed 
coordinates , Se ee We note that the functions 
(2) are essentially different from (1) since 


Shacks + kr, 


Cb 
because the coordinates a are not cartesian. 


2. CONSIDERATION OF THE MOTION OF AN 
ELECTRON IN A LIQUID IN CARTESIAN 
COORDINATES 


We shall show that the quasi-Bloch functions (2) 
satisfy an equation which differs from the 
Schrédinger equation only in small terms of order 
€--the degree of violation of local order in the 
melting of the crystal. For simplicity we first 
turn to the one-dimensional case, where the 
quasi-Bloch function has the form 


>, = Gu, (ee, (3) 


where, in the one-dimensional case, the modulating 
function u, is a strictly periodic function of & 

Substitution of the ordinary Bloch function yw, 
=u, (x) e*** in the Schrédinger equation for the 
crystal, i.e., for periodic V(x), gives the follow- 
ing equation for the function u;, (x) which is 
periodic in x: 


d?u, | dx? + 2ik dup / dx (4) 
(241) —Daq=0, 
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where, for brevity, we write 


V =2mvV / i: 


E=2mE/h®; (5) 
E is the total energy of the electron. It can be 


shown that for a periodic V( €), the periodic func- 
tion u, ( €) satisfies the equation 


d?u,, / dé? + Qik dup | dé (6) 
— (+V—E)u,=0. 


Howeve, since is not a cartesian coordinae, iq. 
(6), in contrast to (4), is not an exact conse quence 
of the Schrédinger equation. 


We transform in Eq. (6) from €to x, setting, as 
in Ref. 1, 


dx /d§=1+ ey, (7) 


where € is a small quantity (the degree of violation 
of local order ), and y is an arbitrary function of 
the coordinates, of order of magnitude unity. Asa 
result, we obtain 


d? du 
(teat te(zet+eZ)e ® 
—(#@ +V—E)u,=0. 


Multiplying Eqs. (4) and (8) by (?/2m)Gr4et**, 
we get the expressions vy, = E,W, and HOY, 


=E,,W,, respectively. Here, comparing (4) and (8), 
one can be convinced that 


Ab, = Ako, + eW"d, + ew" d,; (9) 


h2 


d*u 
ave te ae oi 


er 
Ay %p =o 


d 17 ikx 
+(1 +e) (2ik +e) Fe (P+) ule : 


Wd, (11) 
> h2 au, : dy\ Up) inx 
=~ savGl2t ae + (Bier + Ft) ay |e 

A h? dup dy 4p) inx (12) 

CH= — yal a teal? 


We see that the actual functions (3) satisfy 
equations which differ from the eee equa- 


tion only by small terms. The equation 5, 


= E,W, can be considered as the equation of 
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zeroth approximation, and the operators eW* and 
e*0* as the perturbation. Integrating by parts the 
products (d7u, /dx*) e*** and (du, /dx Jere in 
Eqs. (10)- (12), we can obtain pe oeiene for the 
same operators; however, in what follows the ex- 
pressions (10)-(12) are required directly. 

The three-dimensional case can be similarly 
treated. The following equation for the periodic 
function u(x, Xo, Xs ) can be obtained from the 
ae ae 


Se 42k. Deas ae 


a=] xy 


— (e+ V —E)u, = 0/13) 


where i, is the position of the coordinate axis x,. 
Substituting x, for & here, we get an eqiaion which 
is entirely analogous to the one-dimensional case 


Eq. (6): 


, uy, ; = Ou, (14) 
2 Ob ae ae 


—(P+V—E)u, =0, 


where e, is the site tangent to the coordinate line 
€. But, in contrast to the one-dimensional case, 
the solutions of Eq. (14) will not be strictly peri- 
odic functions of €. Actually, while the vector k 
has a constant direction, the vectors e, have dif- 
ferent directions in the various elementary cells. 
However, the direction of e, changes slowly from 
cell to cell; therefore, the Uy, will be quasi- 
periodic functions of & in the sense that the 
values of u, at corresponding points of neighbor- 
ing cells will be equal to one another with accur- 
acy to small order of «. But even in cells that are 
distant from one another, the values of u, will 
differ only slightly. It follows from Eq. ty) that 
they are as much different as the u, in the ordinary 
Bloch functions, which correspond to identical ab- 
solute values, but to different directions of the 
vector k. This difference is usually neglected in 
the theory of metals (see, for example, Bethe and 
Sommerfeld, Ref. 4, p .188). 

We transform in Eq. (14) from the coordinates 
€to the coordinates x; after simple calculdion, we 
obtain 


OX. Ox, OU, ae 0°X., 
of at Ox, Le oa ey | Se 
G=1 Y=1 a=] a 
Ox, "2 Ax, Ox 

+i de y [ 3Ge ma ze x | (15) 
any zl a a 
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If we neglect quantities of order ¢, then in the 
limits of each elementary cell we can regard the 
system of coordinates & as a cartesian system, ro- 
tated relative to the system x. But then 


Ox, / Oba = COS (Xp, be); 02x /0B = 
Ox, Ox 3 Ax \2 
Sac res ee Mg ae 
» 5E. aE, — 008 (Xa, Xx) = Bays > (= ) = 
a=] x=1 


Taking into account terms of order €, we can set 


DE xn 


270% ey 
ee eS a) Hy 


==] 


2 id Ox,\? —l2 ax, Ax 
>| 3G) ] ezt= 


Ce—a | I! 


AIG) 


? 


Wie 
Say <b el py. 


Here YBy YB and Vey are arbitrary functions of the 


coordinates, which have order unity. They are de- 
termined somewhat differently than the functions 
YBy in Ref. 2, but possess the same properties, 
with the exception that here the mean vdues of 
YBy and ey cannot be simultaneously equated to 


zero; dis the lattice constant. 
Substitution of Eq. (16) in Eq. (15) allows us to 


obtain our equation in the form 


Aeby = ExY, (17) 
Ho (18) 
#2 z Ory ee 
wate Ham 2) 0 
33 3 
+ey > (535 = Vecteeas Toy) 
(CeSah yes! 


a se ax =e 


B=1 


Comparing this with the actual expression for 
H Wwe conclude that 


(19) 
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3 3 O2u 


we cevlctey ies x k 4. ip OuK Fe = ikr 
. 2mG'lt > O \dx, dx, Tey aE sate Oa a 23x, 10 on 


=1 Y=1 


In contrast to the one-dimensional case, the opera- 
tor proportional to e? is absent here. It is included 
as a factor in the operator eW* and is obtained ex- 

plicitly if we express Vey by YBy which would 


appear to be an unnecessary complication. As in 
the one-dimensional case, we can, upon integrating 
by parts, obtain an expression for the operators 

r and WE, but we shall notdo this, inasmuch as 
the expressions H* y, and Wey, are used directly 


in what follows. We note only that the operators 
H* and W* depend on k. 

Tt is important to note that the functions (2) de- 
scribe the motion of quasi-free electrons in a 
liquid in entirely the same way as the Bloch func- 
tions describe the quasi-free electrons in the crys- 
tal. The acceleration of the wave packet in an ex- 
ternal field is computed in the same way, and one 
can use the method of the effective mass Actually, 
the relation between the velocity and the energy 
of the electron, and also between the acceleration 
and the actual force, can be obtained without us- 
ing the periodic function u,, but only its property 
that they change slowly in their dependence on k 
(Seitz®, pp. 332-336). But, by virtue of the 
identity of the Eqs. (13) and (14), the dependence 
on k of the quasi-periodic functions u, that we 
have introduced is the same as for ohlney periodic 
functions. Consequently, all the positions of the 
Bloch scheme are used in the case under considera- 
tion. 4 

Since the operators Hk are not self-adjoint and 
depend on k, the problem of the orthogonality of 
their eigenfunctions Y, must be considered. For 
this purpose, as usual, we write down Eq. (17) for 
the functions y, and wis multiplying the first of 
these equations by {and the second by w,, carry 
out integration over afl space and subtract one from 
the other. As aresult, we obtain 


\ (Yi Akby — dll by) de (21) 


= (Ex — Ew) | deduce. 


Substituting ik = p= cWe here, and making use of 
the self-adjoint property of the operator H, we get 
(Ex — Ex) \ dirbads (22) 
= — 2h (YW de — We ae 
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Ou, (20) 


B=1 


In view of the presence of the multipliers YBy and 
gy in W and the factor e# (k-k’) "T the expression 


under the integral sign on the right side of Eq. (22) 
is an arbitrary sign-varying function of the coordin- 
ates. Integrals of such a type were estimated in 
Refs. 1 and 2,/their mean square values being 
proportional to G-/2, where G® is the number of 
elementary cells in the base region. In this way, 
the right side of Eq. (22) has the order «G72, i.e., 
it is practically equal to zero. This means that if 


EY # Ey-, then 


(23) 


> 


dubadt ~ eG"? = 0 
i.e., the functions y, are practically orthogonal. 


3. SOLUTION OF THE KINETIC EQUATION FOR THE 
ELECTRON IN THE LIQUID 


In view of the fact that the operators H* depend 
on k, the derivation of the equation must be carried 
out anew from the theory of quantum processes. In 
particular, there remains an open question of the 
completeness of the set of functions ¥,. Neverthe- 
less, based on the analogy between y, and the 
usual Bloch functions, and taking into account the 
large number G? of the functions wy, we make the 
assumption that the solution of the time dependent 
Schrodinger equation 


hidv /dt = HAY (24) 
can, with a sufficient degree of accuracy, be repre- 
sented in the form of a series 


b(r, 2) = Siex (t) Yu (r) eH ™, 
k 
Substituting Eq. (25) in Oe) OPO ae term 
ofthe sum on the right side of Hy, into ov: and 
eWky, , integrating over the entire volume and taking 
into accout (17) and (23), we arrive at the usual 
equation of the theory of quantum processes: 


(25) 


the (k’) = Wy eXp i {(Ex = E,)t/h}, (26) 
where 
2 A h2 
Wr = \ Vy W*dyde = mG? la? lek, (27) 


ie es, 
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3 3 , Qty ou 
a? * k a . ° ak 
team Si ub 3) (seth to + 2h get h) 
pete pe Ae. 
3 Ou i(k—k’ 28 
4 AY rte WE te (28) 
B=1 : 


Subsequent calculation differs little from the 
usual theory of electrical conductivity (see, for 
example, Ref. 4, Sec. 34-35). Integration of Eq. 
(26) over the time gives 


| c (k’) |? = e? | Wael? 2 (Ex — Ex) (29) 
2 
= S| wu)? Q (Ex — En), 
Q(n) = 2 1 — cos (nt / ) ; (30) 


(4/%)? 

In order to obtain the total change of the distribu- 
tion function f(k%4 t) as a result of liquid scatter- 
ing, we must multiply Eq. (29) by the probability of 
the initial state f(k), sum over all possible values 
of k, multiply (taking account of the Pauli princi- 
ple) by the probability of nonoccupation of the 
state k’-- by 1- f(k’), and consider the inverse 


transitions from state k’to state k. As a result, 
we obtain 


f (k’, t) — f (k’, 9) (31) 


= (e?h*/ 4m?G2a?‘) ~ Q (Ex — Ex) 


x {[Je«\? §(K) OL — PK) 


— | Tic? f (k’) [1 — F (k)D- 


We note that here the usual relations between the 
matrix elements of the forward and reverse processes 
of the transitions Wy = Why’ does not occur. How- 


ever, if we limit ourselves to the isotropic approxi- 
mation, employed in the classical theory of electrical 
conduction, then, as we shall see below,in Fq. 


(31) 


[ Ler? | Late. (32) 
Taking (32) into account, making appropriate re- 
ductions and differentiating (31) with respect to 


time, we get the change in the distribution function 
as aresult of the “‘liquid’’ scattering: 


diy obs Ree 
(3) = 4m?G3at (33) 
xs “Sy | Tin |? Q (Ex: — Ex) [fF (k) — f (k’)]. 
k 
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We consider that the energy of the electron de- 
pends only m k, but not on the direction of k. We 
introduce in k-space the spherical system of co- 
ordinates k, 0, ~, the axis of which has the direc- 
tion k*~ In place of the sum over k we can write the 
integral 


SF (k) = 2, (Sy \ RF (k) sin @ded6dk; (34) 
k 


Q,, is the volume of the elementary cell. The func- 
tion 2 (7) has a sharp maximum for 7 = 0; therefore, 
upon integration over & on the right side of (33) over 
all factors except 2, we can set k =k’ and carry 
out these multiplications under the integral sign 
over k. The remaining integral is equal to 


Cc 


4 (35) 
(2 (Ex — Ex) dk = 1 hae 
0 
2rkt 
> \ Q (4) dy = FEvak 
and, consequently, 
afy ea (36) 
(5) a= 16m®a*x® (dE / dk) 
ri or 
x (48 (del Tenl? sin 817 (k) —F (KD, 
0 0 


The kinetic equation for the electrons in the 
liquid in the stationary case has the form 


Of / Ot = (Of / Ot) + (Of / Ot) ve. vu. yr = 0; (37) 


where the last term describes the change in the 
distribution function because of the presence of a 
potential gradient of the concentration or tempera- 
ture. For simplicity, we shall consider that the 
concentrations of electrons and the temperature in 
the liquid are constants and that a homogeneous 
field E, is placed along the x-axis. In this case, 
as is well known [Ref. 4, Eq. (33.18) ], 

(Of / Ot)yg= — (eEx/h) Of / Ox (38) 
and if the field is not too large, the distribution 
function is sought in the form 

f = fo(E) + fi (ED Re, (39) 

where the second term is a small correction. 

We now substitute Eqs. (36) and (38) in (37); in 
Eq. (36 we put f,k, in place of f, since the terms 
with f, are eliminated, and we can replace f with 
f, in Eq (38), neglecting the small correction. In 
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total, we get 


e*h3Q, hk \ 
I6m®a*n? (dE/ dk) dé (40) 
or 
263 ec of, 
\ de | Zoe sin Of, (Rx ree 


0 


Let dor 3’be, respectively, the angles between 
x and k or k’. i oneauanotle, k =kcos i; k, 


=k’cosv’%, whence cos J= cos 3 “cos 0 +sin Pain 7 


sin 9. cae (within the framework of the iso- 
tropic approximation ) /,-, does not depend on 9, 
then, on integration over ¢, the second term of this 
expression vanishes. For the remaining terms, in- 
tegration over ¢ gives the factor 27. On the other 


hand, 
Of, af, dE Ry 


Sk’x dE dk’ (41) 


therefore, the factor ke =k’cos J “vanishes on the 
left and right sides of Eq. (40). Solving this equa- 
tion with respect to f,, denoting by / 


= \ Turn|2 (1 —cos6)sinéd6 (42) 
0 
and dropping the prime from k, we obtain 
Sxmat CL, df, 
h=— SR081 & dE te = 148) 


Canparing this expression with the distribution 
function for free electrons: 


f = fo — (fo /dE) eExlx/¥ (44) 


and assuming 


0,/0= kk, eS al 


we get the free path length of the electron in the 
liquid: 


eS (45) 


8m? 1 /dE\2 a 
h4l k? ) a 


If we represent the energy of the electron inthe 
form E=%2k2 /2m*, which can be done in each 
case for electrons in the conduction zones of a 
semiconductor, Eq (45) is simplified and yields 


[= (8n/1)(a/2*)(m/m yp, 48) 


where m* is the effective mass of the electron in 
the zone. 


4. CALCULATION OF THE MATRIX ELEMENTS AND 
ESTIMATE OF THE ELECTRON MEAN FREE PATH 


In order to estimate the mean free path J and to 
establish its dependence on k, i.e., on the energy 
of the dectron, we must compute the coefficient 
i , in the expression for the matrix element of 


transition. 

In analogy to what was done in the estimation of 
the matrix elements in Refs. 1 and 2, we decom- 
pose the integral in (28) into a set of integals over 
the elementary cells. The factors YBy Mgy and 


YB remain nearly constant in the limits of each 


elementary cell and can be taken outside the in- 
tegration over the cell. These quantities are ar- 
bitrary functions of the coordinates; therefore, 
summation of both the separated terms of Eq. (28) 
in theintegral over a single elementary cell, as 
well as of the integrals over all G? elementary 
cells,are carried out according to the law of summa- 
tion of random quantities, i.e., the squares are 
summed. Since the various cells are oriented in 
all possible ways with respect to the direction of 
k, integrals over the individual cells, which are 
obtained after removing the factors YBy> lg and 


YB from under the integral sign, are also random 


quantities, ad therefore independent of the re- 
moved factors. But the average of the product of 
two independent random variables is equal to the 
product of the mean . Therefore, summation over 
G? elementary cells in the expression for the 

of the square modulus / .’; Bives the product of the mean 
values of the squares of YBy Ig, and YB the mean 


square of the integral over one cell and by the 
factor G°[which reduces to the factor (G~*/2) * 
which follows from Eq. (28) ].As a result, we ob- 
tain 


SPS ee 

Tel = SG lee (47) 

p=1 Y=1 
=O i ek 2 2) kK 
+ 4k,a°T ay |x8 |?) + 4 tel xe [? 
B=1 

Here, 

Xer =@ \ Ux’ 5 x erate, (48) 
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The bars over the symbols indicate averaging over 


all elementary cells, the integrals (48) extend over 


a single elementary cell. 
In the isotropic approximation, and for cubic 


crystals, 
SEs pe a eee Ie 49 
Ge vs Yo2 baa (33° e 


Ua aah a eral ee 
an ke a lees ie = Bates , etc. 


Similar conditions exist for I. Consequently, 
Eq. (47) can be rewritten in the form 


Pore, (nee Ove, ee GO 


+ Aha? CB, + 28) LXE RP + Sig lxgel 


where the indices B and y are not equal. Since k 
=k’, then u,’=u, in the isotropic approximation, 
and condition (39) 

To estimate the order of the quantities, we set 


came (cae cee ey ele (51) 
and then 
Ht eos p23 | ele +6| Mee 2 (52) 


+ 3] xk? + 12k?a? | yk *P. 


The integrals y are of the order unity but de- 
pend on k and on the angle @ between k and k*. To 
explain this dependence, we expand the functions 
u, in a triple Fourier series in the limits of one 
Biemcntay cell: 


(53) 


foo) co co Oni 3 
te > ee Aveo exp Le > ral 
Vu CO Vg==—0O a=1 J 


==— 00 Vo- 


It is assumed here that the elementary cell is 
a cube of edge a and the coordinates & which are 
cartesian within the cell, are laid out along the 
edges of the cube. All this is valid, of course, to 
accuracy d a small order of «. We neglect the dif- 
ference in u, in the various elementary cells. 

Substituting (53) in (48) and carrying out the in- 
tegration, we get 

' > sin (aq, /2 Some aay 
ix | = Sr] ie + Bix [] sin gt 4) 


Ct 


follows from Eqs. (48) and (50). 


; k’k 
and similar expressions for | x B |. Here 


ber = 4n%a® SS S)| Ativan [96 v4 (55) 


vy Vo Vg 


k* k 
ae) 1 Avion Aiwa Up By (56) 
oy eS > > e 
Vi V2Vg Hy Y-oeg My (7 / @)(hg—Vq) 


a1 


q,. is the component of the vector q along the axis 
é. The prime on the summation sign signifies 
that the summation over 11, Hy, Hs is carried out 
for 2, = v,.--~ Inthe denominator of (56) we 


have neglected the term q,, in comparison with 
(7/a)(p,—v,,). The coefficients b5 and Bk 


- 
in the expressions for | *| are obtained simil- 


arly. We note that, if (53) converges sufficiently 
rapidly, then the coefficients Boy are smal in 


° A k 
comparison with bB. ; 


Investigation of Eq. (54) in the general form is 
difficult; we therefore assume that aq,/2 <1. 
This is undoubtedly valid for electrons in the con- 
duction band of a semiconductor, but can also be 
assumed for a metal, since there is little proba- 
bility that all three numbers q,, q2, and q, have 
values close to the maximum. But in this approxi- 
mation, terms of second order can be neglected in 
Eq. (54). Expanding the sine terms in series and 
neglecting terms of second order with respect to 
aq... We get 


, a? é 
| Le |= Oy ( ax iy > a) (57) 
a=1 


\ a? k? 


= 4 (1— SF) = bi [1 — “= (I—cos 6). 


Substitution of Eq. (57) in Eq. (50) gives, after 
we neglect fourth degree terms in ak, 


Similar expressions can be obtained for vie x 


[Tex = O"[1— SE (1 cos6)] + 6h a®, (58) 
where 
or sa? ic 
OY = 372, (bGe)" + 673, (O4,)? + 372 (68)*; (59) 
by = 41 Gg (b5)” + ST Sy (65). (60) 


The coefficients b* and oF depend very weakly 
on k (only through the dependence of u, on k)and 
in the first approximation, we can neglect this de- 
pendence. Substituting (58) in (42), and carrying 
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out the integration, we get 


= C Ci0ek?. (61) 


c= 26", c= 206 — 4), oF. (62) 


In accord with (46), the dependence of the length 


of the mean free path on the wave number has the 
form 


pa 8r a/f/m\2 
= aaa a) (63) 


The coefficients c and c are best obtained from ex- 
periment, since their calculation from theoretical 
formulas requires the knowledge of the coeffi- 
cients of the expansion of the functions u, in 
Fourier series and these theoretical formulas are 
very approximate. 

It is evident that these calculations are appli- 
cable not only to liquids but also to amorphous 
solids, in particular, to amorphous semiconduc- 


tors. In contrast to the liquids, solid amorphous 
bodies cm exist at low temperatures, when ‘‘liquid” 
scattering exists; therefore, the theoretical laws 
obtained for the length of the mean free path 


of the electron are best compared with experimental 
data for amorphous semiconductors. 
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It is shown that the convergence of a pseudoscalar pas with pseudovector coupling 


is not improved even when corrections for the propagation function for the mesons 


which 


are connected with the vacuum polarization) are taken into account. 


S is well known, the program of renormaliza- 

tion, which has been successfully applied in 
quantum electrodynamics, is not sufficient to ob- 
tain convergent results that have physical meaning 
in most types of meson theories.’ The hypothesis 
has been alvanced (Ref. 2,* see also Ref. 3 ) that 
part of the divergences which take place in meson 
theories results only from the inapplicability of 
perturbation theory and that the convergence of 
pseudoscalar meson theory with pseudovector 
coupling can be improved if one were to use a true 
propagation function for the meson (i.e., to con- 
sider for the propagation function the energy cor- 
rections connected with the polarization of the 
nucleonic vacuum). Calculation of this function 
reduces to the calculation of the ‘‘polarization 
operator.’’ 

The authors of the works mentioned above make 
use of the method suggested by Feynman for 
consideration of the vacuum polarization in 
quantum electrodynamics, which is practically 
identical with the regularization of Pauli-Villars. 
In momentum representation, the propagation 
function of the free meson is,as is known, equal 
to (kh? +p? )-! (k is the external momentum). Im- 
provement of the convergence of the theory is 
obtained as a consequence of the fact that the 
polarization operator computed by the authors 
mentioned varies as k* for k -®, Making use of 
several general properties of the theory, it is 
possible to show that the polarization operator 
varies as k? as k ~®, Consequently, the result 
obtained in Refs. 2, 3 is based on a loose appli- 
cation of the Feynman method to the problem 
under consideration. 

Thus, use of a true propagation function does 
not improve the convergence of the given theory. 
This is in agreement with the general results 
obtained in Ref. 5; weighty objections against 
the work of Ref. 2 were also put forward by 
Feldman.” Thus there is left in principle only the 
possibility of improvement of the convergence of 
the theory by use of a true “‘vertex part’’ (see 


*It should be noted that charge renormalization is 
carried out incorrectly in Ref. 2. 


Ref. 7). 

1. We shall show that for the pseudoscalar 
mesonfield with pseudovector coupling, a certain 
relation is valid which we shall for brevity call 
the ‘‘theorem of equivalence’’, in a certain sense 
analogous to the law of continuity in quantum 
electrodynamics.** 

Following Schwinger,” we define the Green’s 
function of the spinor field: 


Gap (x, M) SECT (Sate) User). 


Making use of the equations for w and wy, we ob- 
tain the following equation for G (x,x “) ; 


0 . 0 
Nowe 12 Tete <=> it 
¥ w (1) 
0 5 


— Si ste dz, 3J H\..+¢ (4) tae 
Ce Ba) pars’ ae io 99° 
’ Yu Be a lg oy > {e's + m 
Ue p- 


0 ) 5 / 
+8 [5¢, 7G)|,.¢ 118) 20") 


where J is the external source of the meson field. 
Making obvious transformations, we get 


Sp {iste = G(x, x)| (2) 


Y 


+ 2m Sp {7G (x, x)} = 0. 


In the momentum representation this relation 
has the form 


Sp {y;¢kG (p, p— 
| (dp) Sp {istkG (p, p — &)} 


+ 2m\ (dp) Sp 166 (p, p — k)} =0, 


gare < Mae : : 
This relaion is an immediate generalization of a 


similar relation obtained by Schwinger” without account 
of the proper radiation field. 
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where 
(dp) = (2n)* d4p; G(p, p’) Gy 
4 
= \ Co iia ee’ (dx) (ax’). 


The equation for the Green’s function of the 
meson field has the form: 


ORO ' 
(aa ees (5) 
Es 8G (x, x) 
v8 og Sp {rst SJ (x’) p=), 
where 
D (x, x') = 8 (x) /8J (x’) |,_,. 


Pay (X, ') = —ig?\ dty dy’ Sp (ist.G 
— ity (0 / Oxy) Ts (t,x, y) = 8G7(L, y) /Bge (x). 


Taking the equivalence relation (2) into account, 
we find that P (x,x *) is 


\y — Le ; 2 4 44)/ 
ope Sb |2img \dty d'y (8) 
x Sp [1sG (xy) ws (ys x’) G(Y, x)If. 


2. Inthe first approximation of perturbation 
theory, 


ls (tsy) = 756 (£ — s) 6 (¢ — y). 


In accord with Eqs. (7) and (7a), 


P(R 
(A) (9) 
pee SE a pice at saat tp 1) 
Qnyi tea fe eee oe. 
— 8im? g? Pee Ee See eS 
= sare \atp (p? + m?) (p — k)? + m* 
ha ip ae ae See nr 2 
a ane \ 4 ty {é ip-+m i rtp 
It follows from Eq. (8) that (9a) 
Simp (a MP 
Pi) =— "Gee \ @aa@ laa 


Comparing Eqs. (9) and (9a), we find, in the 
first approximation of perturbation theory, the 
following consequence of the theorem of ‘‘equiva- 
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lence; 
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The polarization operator is defined by the 
following relation: 
\ P(x, y) D(y, x’) dty 6 
= 0 8G (x, x) 
Ee ek Glee 
8 ox, OP {ter SACU er | 
From this it follows that 
ee ei ae, ; 
Ae Rar ragrene ss: (7) 
where 
(xy) WP's (yx VG (y's XD}; (7a) 


> ip—m > i(p—k)—m 
\atpSp [kame parm} =O 00) 
This integral also figures in quantum electro~ 
dynamics, where it is equal to zero because of 
the law of continuity. 

However, one can verify this fact by direct 
calculations only with the aid of artificial pro- 
cedures (the regulators of Pauli-Villars, the 
“* s-parametization’’ of Schwinger® ). This is 
connected with the fact that all methods of 
calculating divergent integrals that are applied 
in quantum field theory (introduction of a shape 
factor, integration over an invariant finite 
region ) are not invariant to a change of variable, 
or more precisely, to its “‘displacement’’, since 
(f(p—k) d*p and {f(p)d‘ p differ by some 
finite quantity in the case when the integrals are 
quadratic. Meanwhile, repeating the argument of 
the “‘theorem of equivalence’’ in momentum space, 
it is easy to convince oneself that the possi- 
bility of such a displacement of variable of in- 
tegration is substantial.* 

*The necessity of a displacement of the variable 


to reduce the integral of Eq. (10) to zero is also 
seen from the following: 


4 A 
Sp tr Beni 


: 4 
= 1\Op ee, 


[ip + m—i(p—k)— m] 
m 


1 
oC Ae aN Ee heer d 
=D Eat . 


A \ 
So aa Cae ae da‘ 
Gps By seme) 


: 1 
=~i\sp aes Pe 


if we replace p by p +k in the first term of thedifference. 


: d*p =0, 
pane i 
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We shall start out from Eq. (9a) for the polari- 
zation operator. We subtract from the integral in 
this expression its value for & = 0: 


=== eS BS an le Qh 
\ pr 1p— yew] Gia we 

“ 4 (2pk — k?) 

=\a'p (p+ mA [(p— bee my 


= 2n°i {1 — Octg 6}, 


P’(k) = P(k) — P() [yoy 


gem’ (k? + w?) 


ame \{ede/[m +> 


I 
| 


= seas \e (85 ctg 995 8 ctg 6) 


where 2 =4m? sin? 6 
3. Upon calculation of the polarization opera- 
tor by Feynman’s method, 


P(k)="— 81 (25) 4g? kh? 207 
x {1 —Setg 8 + k/ 12m} + RC, 


we get 


where C is a logarithmically diverging constant. 
The difference from our result (lla) is associated 
with the fact that in the Feynman method * 


\ m?f (p) dp + m*\ f(p) dtp 


In electrodynamics, this does not lead to non- 
single-valuedness in the calculation of the finite 
part of the polarization operator, since it mani- 
fests itself only in the change of the renormali- 
zation constant. In our case also, because of 
the fact that P (& ) has a positive factor k? in 
comparison with electrodynamics, thisnon- single- 
valuedness is not removed by the renormalization. 

The usual program of renormalization consists 
of the separation from the divergent expression 
of the part which contains some first powers 
of the external momentum, while the remainder no 
longer contains divergences, and the diverging 


*Our result corresponds to the fact that the regulari- 
zation of Feynman is applied to 


\ = 
(p=. mm) [(p—k)? + my 
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and not to Ve ray LA 


n*) [(p — k)? + m*] ° 
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where we have set k? =-4m? sin? 0. Conse- 
quently, 


P(k) = 16n? (2n)4 m2g?h? 


(lla) 
x (1 — Octg 6) + FA, 


where 4 = —8i (2n)4 m2g? | (p? + m2)? d4p 


is a logarithmically diverging constant. 
After renormalization, (9k) takes the form: 


(12) 


2———— the 


= (1 —v%)][m?—E (1 


-«] 


& \ 
sin 20)/) 


parts are removed as a consequence of the re- 
normalization of mass and charge. For an ex- 
pression which diverges logarithmically, this 
program can be carried out effectively. But in 
the case of the proper mass of the photon or 
meson, the initial expression diverges quadrati- 
cally. A stronger divergence leads to an im- 
possibility of separating the divergent part 
without introduction or artificial procedure, and 
the available natural methods violate the general 
properties of the theory (such as the law of 
continuity in quantum electrodynamics, orthe 
‘theorem of equivalence’’ in the case of pseudo- 
scalar meson theory with pseudovector coupling ). 

We have shown that, using the ““theorem of 
equivalence’’, it is possible to represent the 
polarization operator in the form of an expression 
which diverges logarithmically, for which the 
program of renormalization can be effectively 
carried out without use of any artificial prodedures 

The reason for the difficulty in the calculation 
of the vacuum polarization both in quantum elec- 
trodynamics and in our case lies in the fact that, 
in the determination of the polarization operators 
(see Ref. 5), there enters G (x,x), understood 
as the limit 


E(B) (5 


CCE = ee {G(x,x +8) +G(x«+é, x)}. 


However, this limit is insufficiently defined, since 
the direction has not been indicated along which 

€ approaches zero. As a unique method of defi- 
nition of this process (& — 0 ) there is the 
requirement that the limit process not violate 

the general properties which follow from the 

basic equation of the theory. The condition of 
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gauge-invariance in quantum electrodynamics and 
the “‘theorem of equivalence’’ in our case will, 
as we shall show, be satisfied if the limit 


process satisfies the condition & &= 0, where 
k is the external momentum of the photon or 
meson. 

In fact, let us consider the polarization opera- 
tor which corresponds to an ‘‘open loop”’ of the 
meson eigen energy: 


re (, OG(«+ 6/2, x«— €/ 2) 
= (5 oreo re meee 


P, (k, §) = ae: \ pei” Sp {i 


In the momentum representation, 


P (be,§) = 72 | ev dtp 


7) 4 


Sia ae 
eaP ys ee ee 


Here the polarization operator of interest to us, 
P (k), is the limit of P(k, €)as 70. Just as 
in iq. (9) we divide P(k, &) into two parts: 


P (hk, &) = Py (R,®) + Pe (h, 5); 


aoa eee) 
i(p+k/2)+m i(p—k/2)4+m)’ 


Sim? gk? 1 
es ae Rey C0 a sees. = ne 2 eS 
wae *) po Oe aes 


The integral which enters into P,(k, €) is computed 
in Ref. 10 and leads to 


P, (k, §) = — 4ig? 
1 


x {hy x, A+ (6) \ dv (k, ®) e” eral 


— 


ee 


4 —- 
6 eS SSeS 


If we superimpose on the limiting process € > 0 
the condition k € = 0, then P, (k, & ) reduces 
to zero in correspondence with the theorem of 


equivalence.* 
In analogy with (11), we remove from the in- 


tegral entering into P, (k, &) its value for 
k =0: 


( di eiP& 
PPE mr 


=| e!P® (k2/ 2) (p? — m? — k?/8) 
PT +R] 22 +m ((p—k] 2)? + my (p? +m)" 


This integral has no singularities for = 0 and is 
equal to 277i (1 — @ctg @ ) in this case. 
After renormalization, we again obtain the value 


(12) for P(&). 
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if k € = 0. The validity of the change of variable here 


is not called into question since all the integrals 


converge. 
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Apparatus for observing the correlation of polarization and directions of propagation of 
successive gamma-ray quanta is described. The polarization sensitivity of this apparatus 
was determined experimentally and measurements were carried out for gamma-ray quanta of 


Co® and Na24, The first two excited states of Ni°° and Me"4 are shown to have even parity. 


INTRODUCTION 


BY measurements of the correlation of polariza- 
tion and directions of propagation of gamma- 
ray quanta emitted by atomic nuclei in successive 
radiative transitions, it is possible to determine the 
multipolarity of the corresponding transitions and 
also to separate electric transitions from mag- 
netic!. As aresult, one succeeds in obtaining both 
the spins of the nuclei in the excited states and 
the parity of the wave function in those states. 
The dependence of the magnitude of polarization 
of the gamma-rays emitted in a cascade on the 
angle between their propagation directions was 
calculated by Falkoff? and Hamilton3. 

The first measurements of correlation of the 
polarization and the propagation direction of gamma- 
rays were made in 1950 by Metzger and Deutsch* 
and Williams and Wiedenbeck®, In recent years 
still several other experiments were reported®-8 in 
which a similar method was used. 

It should be noted that the multipolarity of radia- 
tive transitions can be determined from measure- 
ments of the angular correlation of gamma-rays 
emitted in cascade’. Furthermore, the theory of 
angular correlation of nuclear radiation is worked 
out satisfactorily ®, and the technique of measur- 
ing angular correlation of gamma-rays is consider- 
ably simpler than the technique for measuring 
polarization-direction correlation of gamma-rays. In 
those cases where the multipole order of radiative 
transitions has been determined from the measure- 
ments of angular correlation of gamma-rays, as for 
the transitions considered in the present work, it 
only remains to determine the parity of the corre- 
sponding excited states by a measurement of 
polarization-direction correlation. To this end it 
is not necessary, as in the initial experiments of 
Metzger and Deutsch*, to measure the degree of 
polarization for various angles 6 between the di- 
rections of propagation of the emitted gamma-rays. 
Sufficiently complete data on the parity of the ex- 
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cited states are obtained by measurements of the 
degree of polarization for a given angle 0. For 
this purpose the selected angle 6 should be the 


one exhibiting the maximum degree of polarization 
of the gamma-rays. 


DESCRIPTION OF APPARATUS 


The apparatus used in the present work consis- 
ted of gamma-ray detectors insensitive to the direc- 
tion of polarization and a detector ( polarimeter ) 
sensitive to the degree of polarization of gamma- 
rays. As gamma-ray detectors insensitive to the 
degree of polarization we used two scintillation 
counters with stilbene crystals. These counters 


(A and A’ in Fig. 1) were 22 mm thick and placed 


Or : 
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Fic. 1. Principal view of the apparatus: SS’ — 
Symmetry axis of the instrument, S - the source, A and 
A” -- scintillation crystals of detectors insensitive to 
the polarization of photons, B -- the central crystal of 


polarimeter, C and C” -- side crystals of polarimeter, 
D-- the shield. 


symmetrically about the central axis of the appa- 
ratus SS” passing through the source S. The 
polarimeter consisted of three scintillation crystal 
counters: the central counter B was used as a 
scatterer and the side counters C and C’ registered 
the radiation scattered from B. Tolane crystals 
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28 mm thick were used in the scintillation counters 
C and C’, stilbene crystals were used in the counter 
B. The crystals C and C’ were shielded by lead 
from the direct beam of gamma-rays emitted by the 
source. 

The action of the polarimeter is based on the 
dependence of the differential cross section for 
Compton scattering on the angle 5 between the di- 
rection of polarization of the incident photon and 
the plane of scattering. In that respect the de- 
scribed polarimeter is similar to others described 
previously*’®, The polarimeter can be rotated 
about the symmetry axis SS’, which allows placing 
of crystals C and C’ at any angle 6 to the scatter- 
ing plane of gamma-rays (see Fig. 1). Simul- 
taneously, the counter B rotates about the axis of 
the apparatus. The ratio of the coincidence count- 
ing rates in crystals B and C at the position 6=0 
to the coincidence counting rates for 6 = 7/2 de- 
pends on the degree of polarization of gamma-rays 
incident on the counter B. The mean angle 0 
at which the photons were scattered from crystal 
B to crystals C or C’ was equal to 80° (see Fig. 
a). 

Photomultiplier tubes FEU-19 were used in the 
scintillation counters. The selection of nonuniform 
distribution of potertials on the multiplier dynodes 
allowed an increase of the total potential supplied 
to the divider of the multiplier tube to 2200- 

2500 v. With this arrangement the positive pulses 
due to the gamma-rays emitted by Zn°° taken off 
the multiplier collector were of the order of 40-50 v 
and the noise level less than 1 v. The efficiency 
of detection of 1 mev gamma radiation was of the 
order of 25%, of 0.3 mev gamma-rays of the order 
of 50%. 

The 0.5 sec long pulses from FEU-19 were fed 
by means of a cascade cathode follower intothe co- 
incidence circuits (Fig. 2). In each channel of 
the coincidence circuits the noise was chopped off 
and the pulses wee formed in a univibrator in a 
6HI5P tube with inductance L ~ 100, henries, 
shunted by DGC-4 as a plate load. The pulses at 
the output of the univibrator had the form of a 
half of a sine wave with amplitude 12 v and dura- 
tion of base 0.3psec. These pulses were fed into 
double coincidence channels through 6Zh2P mixing 
tubes with resolving time T4¢ = 2.8 x 10-8 sec, 


Tao= 3.6 x 107° sec and 1 5.6 x 10°8 sec. 


The triple coincidence of pulses in channels A,B 
and C were selected by counting the coincidences 
AC and BC. The resolving time of the triple co- 
incidence counters was determined by the resolu- 
tion of the double coincidence stagesAC and BC. 
The pulse rates of the photomultiplier tubes and 
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the double coincidence rates must be known to take 
into account the accidental triple coincidences. 

In our measurements of the correlation of polari- 
zation and directions of propagation of gamma-rays 


: : Cera acc 
the accidental triple coincidences Noe 


an important part of the total number of triple co- 


composed 


incidences. N was computed from the measured 


acc 
ABC 
photomultiplier pulse rate, double coincidence rate 
and 7 ofthedouble coincidence circuits. There- 
fore, the stability of the resolving time of the 
double coincidence circuits was very important. 
Experiments showed that variations in 7 of the 
circuits used in the present work did not exceed 
+5% during a day of experiments. 


POLARIZATION SENSITIVITY OF POLARIMETER 


The polarization sensitivity R is determined by 
the ratio of the effective cross sections of the 
Compton scattering in the plane 6 = 0 and the 
plane 6=7/2. Thus R depends on the photon 
energy according to the Klein-Nishina formula. Be- 
cause of the finite dimensions of the gamma-ray de- 
tectors, the measurements are made in several 
angular intervals Ad and A@ and R then depends on 
the geometry of measurements and is determined 
experimentally. 

For a known degree of polarization p of gamma- 
rays the ratio of the coincidence rates q’ in chan- 


nels B and C for 6 = 0 and 6 = 7/2 is equal to 
gq’ =(p + R)M(oR + 1). (1) 


In the measurements of R we used a lead target in- 
stead of a radiation source S. A Co°? gamma- 
ray source of an approximate intensity 500 milli- 
curies was placed in the plane 6=0. A narrow 
beam of gamma-rays was directed on the target so 
that the gamma-rays scattered at an angle « (in 
the experiments « was chosen to be 90° or 60°) 
fell on the central crystal B of the polarimeter. 
Under these conditions the energy and polarization 
intensity of the gamma-rays incident on the polari- 
meter are well known (Table I). 

In the described experiments we measured a 
ratio of the double coincidence rates n, ,. for 


BC 
6=0 andd=17/2;q°= n(0) / n(n/2). The 
insertion of a target reduced the double coinci- 
dence counting rate to about 15% of the full rate 
at « = 90° and to 90% at a= 60°. The counting 
rate in these experiments was 1 to 2 coincidences 
per second. In measurements of the soft gamma- 
rays in the scintillation counters C and C’’ the 
amplification of FEU-19 was changed somewhat be- 
cause of the change in the magnetic fields (namely 
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triple coincidences 


double coincidences 


Fic. 2. Block diagram of the detection system: A, A’, B, C and C’-- 
scintillation counters (same symbols as in Fig. 1); CCF -- cascade 
cathode follower; S-- pulse shaping circuit; AB, AC and BC -- double 
coincidence circuits, ABC--triple coincidence circuit. 


earth magnetic field) due to the rotation of the 
polarimeter. A check of the dependence of the 
double coincidence counting rate on the rotation of 
the polarimeter (asymmetry of double coincidences) 
was made with sources of unpolarized gamma-rays 

> rae Cs}37 and Co®® placed at the target loca- 
tion. The measured ratio of the double coincidence 
rates n(0) / n(7/2) was different from unity 
only for the soft gamma-rays for Sn‘ 43 (1.08 +0.015). 
The value of g’ obtained in the experiments with 


polarized gamma-rays, corrected for the asymmetry 
effect in the double coincidence counting rates, 
are given in T'able J. The values of polarization 
sensitivity computed from Eq. (1) are also given in 
Table I. The most accurate measurements were 
made with scattering angle « = 60° because of a 
larger coincidence rate. It is evident from Table 

I that the polarization sensitivity of the above- 
described polarimeter is not in any way inferior to 
the polarimeters used in other experiments. 


TABLE I. Measurements of the polarization sensitivity of polarimeter. 


Ratio of Sensitivity 
Scattering | Energy of Degree of oer, A 
Angle the scattering coe RS, eee ny of polarimeter 
o photon, kev Pp e 
i 
g0° 360 0.46 1.44+0.08 3,1+0.6 
60° 060 0.44 1.45-+0.02 2,8-+0.1 
| 


The experimental values of R allow for a cal- 
culation of the unknown geometrical factors Ad 
and A@ which are sufficient for calculation of the 
sensitivity of the polarimeter for gamma-rays of 
any energy. These calculations are used further 
in measurements of the polarization-direction 
correlation of Co®® and Na24 gamma radiation. Un- 


certainty in the choice Ad and A@ results in an 
error smaller than the error due to the experimental 
calibration of the polarization sensitivity of the 
polarimeter. 


MEASUREMENTS ON Co®° AND Na24 


The gamma radiation accompanying disintegra- 


tions of Co®® and Na?* nuclei is well known. The 
sequence of emission of the cascade gamma-rays 
has been established. The measurements of angular 
correlation of gamma-rays emitted in the studied 
transitions!°-!?, established with certainty the 
following sequence of spins of the ground state 

and the two excited states: 0; 2; 4, where both 
gamma-rays are quadrupoles. Consideration of the 
various combinations of parities of the excited 
levels leads to four possible transitions: £2E2, 
E2M2, M2E2, M2M2. The past measurements of the 
polarization direction correlation of Co®° gamma- 
rays selected one of these transitions as the actual 
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one*»®, Therefore, the measurements on Co®? dis- 


cussed below should be considered only as control 
measurements verifying the entire decay scheme. 
Using the detailed measurements of the pair con- 
version coefficients of Na?* gamma-rays of 
Bloom’? we obtain data on the character of radia- 
tive transitions. Measurenents of polarization- 
direction correlation were not made for Na?4 
gamma-rays. In the present work the data on parity 
of the excited levels of Mg?* are obtained by 
measuring polarization-direction correlation of 
gamma-rays. 

To determine the correlation of polarization and 
propagation direction of gamma-rays we measured 


(/ | J, Ay, Py, + I yy Py, FRAT | a2, Py, ai Ry (7 
11 )y, 2x Py FU | )y2y by, + RC yy, Ay 


where a is the polarimeter efficiency, 5 is the de- 
tection efficiency of gamma-rays by channel A and 
R is the polarimeter sensitivity. The quantities 


li), ie a, b and R are different for the photons V1 


and Yo: 
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the ratio q of triple coincidence rates in channels 
A, B and C when crystals C and C’ of the polari- 
meter (cf. Fig. 1) were placed in the plane of 
scattering of gamma-rays (6 = 0) to the triple 
coincidence rate then the polarimeter was rotated 
into the plane d=7/2;q= N(O) / N(n/2). 


In a general case both gamma-rays y, and y, 


entering the polarimeter can have various degrees 
of polarization and also different energy. We shall 
denote by (1\)) and (1) the intensity of radiation 


polarized in the plane of scattering of gamma-rays 
and in the plane perpendicular to the plane of 
scattering, respectively. Then we shall have for 
the ratio of the triple coincidence rates 


Riana 


7 


yu wack (2) 
or, + RoI i de GO 


fo cend 


The quantities R, and Ry can be calculated from 


the measurements of polarization sensitivity of the 
polarimeter as explained in the preceding section. 


The results of these calculations for gamma-rays 
of Co®® and Na?4 are given in Table II. The dis- 


TABLE II. The relative efficiency of photon detection. 


EEUU EEE EEE SIE ce 


Photon Polatimeter Polarimeter Detection 
Isotope energy See N te, Detection Efficiency 
mev 
| 
Tbe den, — il 1 
Cos V1 ASAT 1,70 0,97 0,98 
1.33 1,64 0,87 0.90 
Na** y eit | 1,67 0,84 0.88 
- 2°75 1,33 0.52 0.54 
tance of crystal A from the source was taken into where 


account in the calculations of KS and R,. It 
slightly changed Ad. 


For the quadrupole transitions that are of inter- 
est to us Kg. (2) simplifies into a form similar to 


Eq. (1), 


q =(p+R)/(pR + 1). (3) 


For E2E2 orM2M2 transitions the polarization in- 
tensity is the same for both cascade gamma-rays, 
P=P,=P. and the average value of the sensitivity 


R is equal to 


R= (Ri +7R)[(1 +4); (4) 


ee (ay,/@y,) by,/O,. (5) 


For E2M2 or M2E2 transitions p = p, = Vip and 
R= (Ri + 7)/(Rot + 1). (6) 


The polarization intensity p of gamma-rays de- 
pends on the angle between the photons ey and Yo: 


For quadrupole transitions the maximum polariza- 
tion intensity is at 90° angle between y, and y,. 


In our measurements this angle was 100° and p 
was calculated for this angle. 

If the multiplier 7 = 1, then Eq. (3) does not de- 
pend on the efficiency of the gamma detectors. For 
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TABLE III. Calculated and experimental ratios of triple coincidences g= N(0)/N(7/2). 


eee 


Co®? Na2* 
Degree q 

Type of transition a ae a q . = os F 

ie R exp eri- 

p R calculated cae calculated me caral 
EZ ZR Ae eee 3 oe 1,67 0,92 1,90 0,94 

OM ar? in Si 136 4,02 1,00 |0,91+0,03] 0,87 1,02 |0,94+0,03 

IPA DS a ee ere 0,73 102: 1,00 0,87 0,98 
DVD V2 wae a oe ORS: LG, 4,08 1,50 4,06 


gamma-rays of different energies R may depend on 
the detection efficiency of gamma-rays. Therefore 
we also measured the relative detection efficiencies 
b and a of gamma-rays by the channel A and the 
polarimeter respectively. The efficiency of the 


polarimeter (of double coincidence cone rate 
Bae) and the counter (pulse rate of channel A ) 


was compared with a known efficiency of a Geiger 
counter previously calibrated using an ionization 
chamber!4, The comparative data obtained with 
gamma radiation of isotopes Zn®°, Co®° and Na4 
allow us to obtain by means of successive extra- 
polation the relative detection efficiency of mono- 
chromatic gamma-rays a and 6 (cf. Table II). The 
errors in these measurements are of the order +0.02. 
From the data of Table II we obtain the experi- 
mental value 7 for Co®° gamma-rays: 7 = 0.98 £0.04; 
for Na?* gamma-rays: 7 = 0.99 + 0.04. Thus n=l 
within the experimental error. This fact was evi- 
dent for Co®° gamma-rays. but not clear for Na”*. 


The calculations of p, R and q for cascade gamma- 


rays Co®° and Na?4 are given in Table III. In 1 
min long measurements of the polarization-direction 
correlation of gamma-rays from Co°° and Na?4 ap- 
proximately 10 triple coincidences ABC were ob- 
served, of which 1/3 was accidental. The experi- 
mentally determined values of g (Table III) show 
that the transitions in Co®°® and Na®* are E2E2 
transitions. Parity and spin of the ground and the 
first two excited levels of Ni®® and Mg are then: 
0*, 2°, 4*. For Co®®, these results agree with 

the data obtained previously. Our conclusions 


about the parity of the excited states of Mg24 
verify the results of Bloom!3, 
In conclusion, the authors express gratitude to 


I. S. Shapiro for discussions of the results of this 
work. 
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The yields of photoneutrons were measured for various maximum -bremsstrahlung energies 


lying between the threshold of the (y, n) reactions up to E 


cross section was determined by the ‘‘ 


= 27 mev. The photoneutron 


max 


photon difference method’’ as a function of the photon 


energy fromthe yield curves for ten elements (copper, zinc, cadmium, iodine, tantalum, gold, 


thallium, bismuth, thorium and uranium), 


CC 


N the irradiation of nuclei with atomic number 

Z x 50 by y-quanta with energies 10-30 mev, re- 
actions with emission of neutrons [(y, 7), (y, 2n), 
(y, 3n), . . . | are practically the only reactions as- 
sociated with photodisintegration of the nuclei. The 
yield of protons relative to neutrons for nuclei with 
Z = 50 does not exceed 3-4%1 and falls to a frac- 
tion of one percent for lead and bismuth?, The 
probability of the reaction (y, y’) ought not to 
exceed several percent of the probability of emis- 
sion of photoneutrons*. Thus the total cross 
section of these photoneutron reactions, with accur- 
acy to within several percent, is equal to the cross 
section of absorption of y-quanta, a ,,, and the radia 
tion yield of photoneutrons gives a Series which is 
characteristic of the nuclear interaction of y- 
quanta of the given energy. 

In the present work, the yields of photoneutrons 
were measured for different maximum energies of 
y-bremsstrahlung from the threshold of the reaction 
y=, up to £ = 27 mev for the following 

n max 


ten elements: Cu, Zn, Cd, I, Ta, Au, Tl, Bi, Th 
and U. 


MEASUREMENT OF THE YIELD OF PHOTONEUTRONS 
AND THE NEUTRON CROSS SECTION 


The measurements were carried out on the syn- 
chrotron of the Physical Institute of the Academy 
of Sciences at 20 mev, which gives 150 y-pulses 
per sec, each of about 20sec duration. 

The irradiated samples were placed in the cen- 
ter of a paraffin block and delayed photoneutrons 
were recorded in the time intervals between the 
y-pulses by an ionization chamber filled with BF. 
The absolute yield of the neutrons was calibrated 
by a standard source (Ra, + Be). For all maxi- 
mum energies, a Correction was introduced for the 
different spatial distribution of neutrons in the 
paraffin and the absorption of y-rays in the samples. 

The number of photons incident per unit time on 
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the irradiated specimen was measured by the ioni- 
zation in the air space of a thickwalled aluminum 
dosimeter chamber (the thickness of the front wall 
was 7.5 cm)*, The method of measurement has 
been suitably described in the literature®, 

The yield curves of photoneutrons have been 
plotted in Fig. 1. The maximum energy of the 
y-bremsstrahlung, E ax: is plotted along the ab- 


scissa; the ordinate gives the number of neutrons 
emitted per gram-molecule of sample per sec, for 
a flux of y-radiation that gives rise to a current 
equal to 1A in the air space of the dosimeter 
chamber. Each experimental point on the yield 
curves represents the mean of five individual ser- 
ies of measurements. The mean square errors are 
shown (the statistical accuracy was appreciably 
higher ). 

The measured integral curves of the neutron 
yields permitted us to calculate the photoneutron 
cross section o_ for different energies of the y- 
quanta. The curves of the differential cross sec- 


tions o (E) computed by the “photon difference 


method’’®, are plotted in Fig. 2. A Schiff spec- 
trum was obtained for the y-bremsstrahlung’, The 


curves have the typical shape of all photonuclear 
reactions-the resonance shape associated with 
the resonant character of the absorption of the y- 
quanta by the nuclei. 

The basic characteristics of the cross section 
curves are given in Table I: the cross section 
> the energy corresponding to the 


; the half width of 


nmax 
the curve, and the integral cross section 


maximum 0 
nma 


maximum cross section, E 


Eo 
| ondE (Ey= 27 mev). 
Br, 
The cross section curves plotted in Fig. 2 were 
obtained from the continuous spectrum of y-radia- 
tion as aresult of a complicated calculation and 
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Fic. 1. Yield curves of photoneutrons, 


TABLE |. Fundamental characteristics of photoneutron cross sections. 


Ey IB. 
Element Ga heae °n max Half width lon (E) dE \on, (E) dE|on max 
7 sniteaeue in mev f EB 
In Mev in mev-barns 
C 172 0.126 4.3 0,93 7.4 
ae 16.3 0.082 6,3 0.66 a) 
; 16.0 0.270 6.4 2,28 

See 15.5 0.288 6.0 2°35 8.2 
at alen 14.5 0.452 6.8 3,87 8.6 
Gold 14.2 0.571 6 0 4 37 7,6 
Thallium 14.6 0.655 5.4 4,99 7.6 
Bismuth 13.9 0.537 5,9 3.96 7.4 
Thorium 14.5 0.796 5.6 6.33 8.0 
Uranium 14.9 4.48 6.8 42.5 10.6 


—. 


the accuracy of these curves is much less than the 


accuracy of the measured curves of neutron yields 
(see Fig. 1). The position of the maximum of the 
curves is determined with accuracy +5 mey. For 
the cross section maximum and the internal cross 
section, the errors amount to about 10%. With in- 
crease in energy, the error in the determination of 
the cross section increases, reaching 20-25% at 
the end of the curves. 

The resultant integral cross sections for the 
photoneutron yields are given in Fig. 3 as a func- 
tion of the atomic number of the nucleus. We have 
shown the corresponding maximum cross section 
in this same graph. The integral cross 


oO 
nmax 


section and the maximum cross section both in- 
crease with increase in Z (~ Z!-®) In the last 
column of Table I, the ratio 

Ey 
\ on dE } 5, max- 

Ep 
is plotted. 

For all the nuclei investigated, with the excep- 
tion of uranium, for which the relative fission proba- 
bility is about 0.3 °, these ratios ranged from 7.4 to 
8.5. One can thenroughly consider that the integral 
cross section expressed in mev-barns is connected 
with the maximum cross section in barns by the 
following expression (up to 27 mev): 


YIELDS OF PHOTONEUTRONS 


Cross section (barns) 


6) 
Ve QI 


4 at = ut =i =i ba ——-se 4s 01 
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Energy ( mev) 


FIG. 2. Photoneutron cross section 0, computed from the yield curves by the 
‘‘photon difference method’’, +--cross sections obtained in Ref. 8, ®--cross 
sections obtained in Ref. 9, x--cross section measured in Ref. 10 for tantalum, 
(C) --cross section of the reaction (y, n) for copper, obtained by summation of 
the cross sections of the (y, n) reaction for cae and Cae (with account 
taken of isotopic composition), measured in Ref. 6 by the radioactivity of the 
remaining nuclei. For Cd, I, Ta, Au, Tl and Bi, curves are presented for the 


cross sections of y-quanta, computed from the statistical theory of nuclei. 
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( mey-barns) Cia tee ( one ) 


WL 


FIG. 3. Integral cross sections of photoneutron 
yield as functions of atomic numbers. Maximum 


are shown by the crosses. The ex- 


values 0 
de 1.6 


max 
perimental points lie on the curve Z 


\ On CER 86, mare 
En 
Similar results were obtained in the work of 
Montalbetti, Katz and Goldemberg®, for 12 elements 
with Z > 29, and in the work of Nathans and 
Halpern® for 9 elements with Z > 29. In the first 


j QP 
work the neutron yields were measured up to Z 


= 22 mev, in the second, upto | = 25 mev. 


The cross sections a ( E) obtained by these 
authors for Cu, Zn, I, Ta, Au, Bi and U, are plot- 
ted in Fig. 2. For Cd, Tl and Th, the similar 
curves in the literature have not been shown. As 
is evident from the drawing, the cross sections ob- 
tained in Refs. 8 and 9 differ rather widely from 
one another. The curves obtained in the present 
work lie between themas arule. In the region of 
energy above 20 mev, the path of the curves o (E) 
obtained in our research, diverges sharply from 
those obtained in Ref. 9 for Ta, Au, Bi and U. The 
decrease of the cross section, almost to zero, ob- 
served by Nathans and Halpern, is probably con- 
nected with inaccurate consideration of the final 
points which lie close to the sharp fall-off of the 
cross sectioncurves. In our case the accuracy of 
the calculation of these points was controlled by 
the cross sections at the higher energies, which 
took on anomalously large values for a decrease in 
the cross section in the interval 20-30 mev. Dif- 
ferent variants of calculations, carried out for the 
neutron cross section curves, gave appreciable 
values of the cross section a, in all cases ( for 


20 IgZ 


FIG. 4. Dependence of the resonance energy of the 
absorption of y-quanta on the atomic number of nuclei. 
For uranium and thorium, oe. are obtained as the re- 


sults of estimates given in Ref. 5. 


energies of about 30 mev). 


ABSORPTION CROSS SECTION OF y-QUANTA 
As was pointed out above, for nuclei with Z>50, 


in energies of the excitation considered, the yield 
of photoprotons relative to the neutrons was very 


small. For such nuclei the measured photoneutron 
cross section was equal to 


on (E) = 3 (1, n) + 207, 2n) 
+ 39(y, 3n) +... 9, (E) n(E), 


where 7 (EE) is the mean number of neutrons emit- 


ted by the nuclei at the excitation energy E. In 
accord with statistical theory, we consider the 
relative probability of the reactions (y, 7), (y, 2n), 

.., and (E£) for different excitation energies, 
and can then obtain curves for the absorption cross 
section of the y-quanta, o, (E). 

The relative yields of the reaction (y, 2n), 
measured experimentally for several isotopes, agree 
well with the theoretical; therefore, the curves of 
7 6B) computed in this fashion ought to be close 


to the actual ones. Such a calculation was com- 
pleted for Cd, I, Ta, Au, Tl and Bi. In the case of 
U and Th, neutrons are also emitted in the 
photofission of the nuclei; an estimate of 7 (E ) 
was not obtained because of the absence of data 

on the v-physical--the number of neutrons emitted 
immediately in the fission process for various ener- 
gies of excitation. 

In Table II we have plotted the thresholds of 
photoneutron reactions which are energetically 
possible, for energies of excitation of nuclei up 
to 27 mev for the nuclei under consideration. The 
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TABLE [[. Threshold of photoneutron reactions (mev). 


Element (Y, m) | (¥, 2n) | (¥, 3n)} (y, 4n) 
Cadmium Oman 4261923 20) |ss30 
Iodine ORAS Oe2 We eOnO lol. 9 
Tantalum PAGE Oe Ou 20 Onl eee 
Gold Seg 97) 23-97 | =30 
Thallium Tec) L450) 122: 28.8 
Bismuth 7 2 14,2 1295-1206 


binding energies of the neutrons were taken from 
the table prepared by Kravtsov!!, For cadmium 
and thallium, 7 (E ) were computed for each iso- 
tope separately and then averaged by means of the 
percent composition of each isotope. According to 
Weisskopf??, the constant a in the expression for 


the density of levels of the remaining nucleus, 


= CeN re was taken equal to 3.35 (4=40)1/%, 
The resultant curves for o, (£) were plotted in 

Fig. 2, together with the curves of the cross sec- 
tions o (E ). In Table III we have listed the basic 


characteristics of these curves. 

In accordance with the currently available theo- 
retical considerations, for photon energies 10-30 
mev, there appears to be a dipole mecahnism of 


absorption of y-radiation by the nuclei!?-!®, In 


different theoretical works which treat this question, 


the following quantities were computed which 
characterize the cross section for absorption of the 
y-quanta: the resonance energy Be P4538, the in- 


tegral cross section if 
\ oy dE 
0 
(see Ref. 16); the average energy 


ie | Eoydk /\ ode 


(see Ref. 16), and the moments 


\ (0, / E) dE 
(see Ref. 17) re 
| (oy /E%) dE 


0 
(see Ref. 13). The dependence of the resonance 
energy E,., on the atomic number of the nucleus is 


plotted in Fig. 4. The logarithms of the corre- 
sponding quantities are plotted along the coordinate 
axes. Copper and zinc were excluded from considera- 
tion, since, because of the high probability of the 
reaction (y, p), the position of the maximum of the 
cross section a, could not be identified with 

E es: lhe straight line drawn through the experi- 


re 


mental points gives the dependence E 
= 35.9 Z°9-215 op E es 7 380 A-°-188 Consider- 


ing the large errors in the computation of the cross 

section curves, the resultant expressions agree 

very well with the expressions for E ob- 
nmax 

tained in Ref. 8: EO = 37 A-9-186 | and in 


nmax 


Ref. 9: ie = 38.5 A-0-186_ The different 


nmax 
models used in Refs. 14 and 15 give the dependen- 
cies Av!/3 and A-1/6, 
According to Ref. 16, the integral cross section 
is 
foo) 
\ o, dE =0,06 & (1-++0.8.x), 
0 
where x is the exchange part of the potential of the 


TABLE [II]. Characteristics of the cross section of absorption of y-quanta by nuclei. 


a aN I EERE TSS 
| 


= ee ee Nee Ee 2 pF cioe 
oe ee ¢. (E =) = & J 3 ) a, aE /0,06 x fe, [B) dé Nie, /E*)dE “ a 
mene in mev in barns i ZS Ex (ZNIA) |E, E. 
is *=\in mev-bams 
5,4 00745 | 4,26 
“Ge 0.263 1,76 1,06 0,141 | 0,007 
Ge ewes | 010 oak ge || 4488 1.00 0'117 | 0,00768 | 1/46 
eee ta ue) 9028 Pe” 2,74 4105 0,190 | 0,0139 | 4,15 
Gold 14.2 (if 774 | 3,2 4193 0,244 | 0,0182 1,23 
Thallium | 14.0 OOLe el 123,77 1°28 0/266 | 0/020 15 
Bismuth) 143.841, 0,537 8} 342 4°04 0230 | 00178 | 1,46 
we 
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nuclear forces. 
In Table III are plotted the integral cross sec- 
tions obtained from the curves of 


Eo 
oy \ 6, dE 
En 
and the ratio 


Ey 
| o,dE/0,06 =", (E = 27 mev). 
En 
Inasmuch as the Cie not large, even for energy 
E = 27 mev, the integral cross sections shown in 
Table III ought to be less than the integral cross 
sections computed theoretically. The average 
value of x, obtained from our data, and equal to 
0.14, gives a lower limit for the magnitude of the 
exchange forces: Calculation of the cross section 
o. for higher energies ought to give higher values 
tor Ks 

In Refs. 8 and 9, in which the neutron yields 
LoS and 25 mev, re- 


spectively, the authors computed x, improperly 


were measured for E 


settin 
: Emax foe) 
| dE =\ o,dE. 
Se 0 
The value of x = 0.4-0.5 obtained by them for 
heavy nuclei can be shown to be correct only be- 
cause of the accidental compensation of the higher 
cross section by the lower upper limit of integra- 
tion. 
The values of the average energies that we ob- 
tained were not computed, since the cross sections 
for energies higher than 27 mev ought to make a 


relatively large contribution in this case. 
The error due to the finite upper limit of the in- 


tegration is less for the integral | °y dE. Accord- 


E 
ing to the calculations of Khokhlov?’, 


ee dE = 4x2 & 7 a"h (4) 9 (Z) 
0 


The function gn) used in the paper was com- 
puted for finite and infinite depth of the potential 
well. Assuming the experimental values of 
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one can compute the value of the universal radius 
r.. The mean value of r., obtained in this fashion, 
is equal to 1.0 x 107° cm for the finite well and 

1.2 x 10°13 cm for the infinite well. 

The small value of iM obtained for the finite 
well, which is the more realistic case, substanti- 
ates the idea that the cross sections a, have a 
significant value for energies greater than 30 mev. 

The smallest effect for neglect of energies higher than 27 


mev ought to be that for | 2Y dE. It follows from 


E2 
the work of Migdal*? that 


co 
dE ™2 e2 72 e2 5 
pe an Fee sn 2 Is 
\ ore = 99 AR = p0pne oA’, 
0 


where # is a coefficient characterizing the “‘affin- 
ity’’ of neutrons and protons in the Weisskopf 


formula and is approximately 20 mev. The values 
of ry obtained fromthis formula, if we set the ex- 


perimental n 
oo SAP 
(cxf 
En 
equal to © 
dE 
Pg aAe 
0 


are given in the last column of the Table. For 
» is equal to 1.2 x Ore cm, which 
is in excellent agreement with the value given in 
recent researches. 

This comparison shows qualitative agreement 
of the experimental results with the data of theo- 
retical calculations obtained under the assump- 
tion of a dipole absorption mechanism for the y- 
rays. Quantitative comparison with the theoretical 
expressions, with the exception of the final in- 
tegral, requires the measurement of the neutron 
yield at high energies. It is appropriate to carry 
out such researches in monochromatic measure- 
ments. 

In conclusion, we take this opportunity to ex- 
press our gratitude to Iu. K. Khokhlov for fruit- 
ful discussions. 
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A connection is found between the state of a nucleus, which is characterized by the mini- 
mum energy obtained in Ref. 1 and the distribution of the mean square orbital angular momentum 
of the nucleons inthe nucleus. The number of particles in the nucleus for which nucleons in 


the /-state first appear has been determined. 


HE statistical model of a nucleus with non- 

uniform density distribution of nucleons was 
investigated in Ref. 1. The parameters of the 
density function were obtained from the condition 
of saturation of the binding energy and the density. 
In the present work, starting out from the particle 
density obtained in Ref. 1, the distribution of the 
mean square orbital momentum of the nucleons is 
calculated and its relation to the state of the 
nucleus which is characterized by the minimum 
energy is found. In the statistical Thomas-Fermi 
model, the mean square of the orbital momentum 
of the nucleon can be expressed by the following 
equation ( the treatment is carried out only for 
neutrons, since the same formulas are also valid 
for protons ): 


Liev = jy \ Ltny(L) aL. (i) 
0 

Here n(L )dL is the number of neutrons with 

orbital momentum between L and L + dL which, 

according to the Thomas-Fermi model, is equal 

to 


i= =a | VPPi(n—LS. (2) 


N is the total number of neutrons in the nucleus. 
The limits of integration should be so chosen that 
the expression under the integral would be real 
fore rh: 
With the help of (2), Eq. (1) yields? 

8 dr 
winter ® 

0 


(Lip ay = 


The maximum momentum of the neutron P(r), ac- 
cording to Eq. (12) of Ref. 1, is connected with 
the density of neutrons p,\r) by the relation 


Pa (rh (3n")i" hon): (4) 


Taking (4) into consideration, we express the mean 


value of (3) by the neutron density distribution 


function: 
loo) 


\ riots (r)dr. —*() 


0 


2 8 (3n2)°/92 
eerie 


Equation (5), together with the renormalization con- 
dition 


\ Pn (ride aan (6) 


for a known density of particles p gives the dis- 
tribution of the mean square angular momentum of 
the neutrons (or protons ) in the nucleus. On the 
other hand, we have for the mean value (fromthe 
shell model of the nucleus ), 


N 
‘La = Dy In ln, +1), (7) 
Nj=1 


where Ly. is the orbital quantum number of the 


L 

N the neutron. It is clear from this that a defi- 
nite requirement follows fromthe shell model for 
the probable form of the density distribution of 
particles in nuclei, viz: only for a choice of a 
convergent form of the density function of the 
particles can we obtain results from Eq. (5) which 
agree with experimental values of (7). 

For our case of the density of distribution of 


particles, determined by Eq. (42) of Ref. 1, 


Pn (1) = "/op (r) = pone Rola, (8) 


we, making use ofKiqs. (6) and (5), obtain after 
integration 
3 


BES = —2—'/2 (Ox)?/s 52 Ns 
Way = se 2s (nye NY ie 
36 12.97 24-84 243-24 
4 +. 3 = ge 3 4 
T8002 5 Fo te 0 hie On anaes 


x 


(1 + 3e, +4- 65 Je Get )7 


We get precisely the same equation for protons 


if we take Eq. (8) for p(T) and replace N by Z. 


878 


NUCLEAR DENSITY. AND DISTRIBUTION 879 


Choice of the same function for neutrons and for 
protons in the problem under consideration is jus- 
tified by the fact that the experimental data on 
shells indicate an identical distribution of 
angular momenta for neutrons and protons. Thus 
in the case of the density distribution (8), the 
mean square angular momentum of neutrons and 
protons in the nucleus is a function of only the 
single parameter 6 = a/R. One can choose for 
this parameter only such values which, upon 
substitution in (9) give results which agree with 


(7). 


If we choose 
Eo = Os (10) 


we obtain, in the mean, a satisfactory agreement 
with the shell model. The graph of the function 
—L? > ay obtained from Eq. (9), and also from 


the shell model (7), is plotted in Fig. 1. The 
solid line in Fig, 1 corresponds to the value of 
Eq. (10). 

It follows from Eq. (10) that the thickness of 
the surface layer a increases in proportion to the 
radius R. of the rest of the nucleus (with con- 


stant density). Inasmuch as Ry ~ A1/3 [see Ref. 


1, Eq. (47) and Tables 1 and 2], then a ~ vag 
also. 

Consequently, the agreement of the data on the 
mean Square angular momentum of the neutrons 
and protons in the nucleus (according to the 
Thomas-Fermi model ), with the shell model has 
as a consequence that, for A 2 100, the thick- 
ness of the surface layer ought to be proportional 
to 41/3. Therefore, there is no necessity (as 
was done in Ref. 2 for the Born-Yang density) to 
choose the surface layer independent of A. 

We establish the connection between the mini- 
mum energy, obtained in Ref. 1, and the distribu- 
tion of the angular momentum in the nucleus. As 
ean be seen from the data of Tables 1 and 2’, the 
value of the parameter g, which corresponds to the 
value of ee of Eq. (10), is equal to 


q ~ 3.6 for the case of Eq. (61) of Ref. 1 (11) 


qg~3 for the case of Kq. (62) of Ref. 1 (12) 


Substituting Eqs. (10) and (11) into Eq. (63) of 
Ref. 1, we obtain for the parameters RK), @, 7) and 


Po the values: 


R= 004210 - 4"; (13) 
G0 189-10, YA": 


fo = 1A = 1.133-10° A’: 
Po = 0.394 kj = 0.915 / (4x / 3) 163. 


For the pair of values (10 and (12) we get 
Ry = 1.133-10-" A: (14) 
a = 0,227-107% 4's. 
To S,36-10- A: 
Po = 0.228 kj = 0.915 / (40 / 3) rh’. 


The nuclear density (8), with the values of (13) 
and (14) for the parameters R), a and Py gives 

the correct value for the binding energy E/A and 
the distribution of the mean square orbital 
momentum, which agrees with the shell model. 

The values of the parameters (13) which character- 
ize the model of the nucleus (8) are closer to the 
values found from the experimental data relating 
to the nuclear scattering of electrons and nucleons 
of high energy® than those of (14). It was shown 
in Ref. 3 that the theoretically obtained angular 
distribution of the scattering of electrons (with 
energy of 15.7 mev) by nuclei of silver and gold with 
nucleon density distribution of the form (8) agrees with 
the results of experiments if we assume that 


R, = 0.792 r,A"s; a= 0,208 1r,A; (5) 
fo 110? Cm; pp = 087 / (Aes) e 


For the density distribution of nucleons (51)in 
Ref. 1, we obtain the following expression from 


Eq. (5): 
(LY ay = 0.417 R2N?/s, (16) 


For constant particle density of Eq. (58), Ref. 1, 
Eq. (5) gives 


CL ay = 0.885 RNs. (17) 


The graphs of the functions (16) and (17) are 
shown in Fig. 1. It is evident fromthe figure that 
constant nuclear density gives higher values for 
the mean square angular momentum (see also Ref. 
2), but that the nuclear density of the form of Eq. 
(51) in Ref. 1 is too low by comparison with ex- 
perimental data. 

2. Let us find the relation between the density 
distribution (8) and the first appearance of the 
nucleon with high angular momentum in the 
nucleus. Inthe limits of applicability to the 
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FIG. 1. Comparison of the mean square orbital momentum of 
nucleons, computed according to the model of Thomas-Fermi, 
with values computed fromthe shell model. Points are the 
data of the shell model: J--for nonuniform density (8); 2-- 
for constant density; 3-- for density of particles of the form 
of Eq. (51) of Ref. 1. 


nucleus of the statistical model of Thomas-Fermi, Ni = 7 (21 +193 (22) 
the following correlation was established between ote! ye 
the structure of the hols and the density of where + = (1/18n-27) 
particles in the nucleus 
(0) Sep i36e5 Gen rence ats (23) 
N,= 7 (2! + 138, (18) 
The dependence of N, and y on €,, computed by 
where Tee ag Eqs. (22) and (23) are represented in Fig. 2 (for 
1 D438 leave. = | fF,’ (19) each1). It is evident fromthese graphs that for 
€) >> IL, the values of AP for all J are almost in- 
ee d d bee 
oa Sy NL CO ete 
Here NV . is the number of particles which corre- 
spond to nuclei which have no nucleons in the /- &9 = a/ Ry = 0.375 (24) 
state; p(r) is the density distribution of nucleons 
in the nucleus; r_ is the root of Eq. (20). Sub- the neutron (or proton ) critical numbers computed 
stituting the value of (8) in Eq. (20) in place of from Eq. (22) are equal to 
p(r), we find 
r 3a (21) 2 3 4 5 6 
With the help of Eqs. (8), (6) and (21), we obtain oon 1.54 7.12 19.54 41.53 75.83 125.16 
x 
N and the coefficient y from Eqs. (18) and (19) as late oe 9 8 20 42 76 196 


functions of the parameter é6 in the form 
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GOB 160 
QO7-140 


——— hp 
10 Mh I 7 


20. 22 


RTGe N, and y as functions of = a/R .. 


These numbers agree well with the values of N, 
determined in the quantum-mechanical shell 
model; these latter are, respectively, equal 
(square potential well) to 2, 8, 20, 40, 70, 112. 
We find fromthe dependence q = qle,) in Ref. 
1 (see Fig. 2) that the value of the parameter q 
which corresponds to €, = 0.375 is equal to 


gq = 3.935 for case (61) of Ref. 1 (25) 
q = 3.115 for case (62) of Ref. 1. (26) 


Substituting (25) and (24) in Eq. (63) of Ref. 


1, we find the following values for the parameters: 


R, =0:718-10 432A: (27) 
a= 0,269-10 8A: 
ry = 1A = 0.987-10° 7A", 
= 0,514 43 = 0.792 / (42/3) ro’. 


For the values of Eq. (24) and (26), we have 


Ry = 0.907- 10-18 A's: g = 0,340. 107134'/s; (28) 
fo = 1A’? = 1.247-10- 8A"; 
Py = 0.255 kj = 0.792 / (42/3) re’. 


In conclusion, I express my deep gratitude to 
Prof. A. A. Sokolov for the discussion of the re- 
sults, and for his interest inthe work. 
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We consider an extended nucleon strongly interacting with the meson field. The meson field 
is assumed pseudoscalar, and the interaction of pseudovector type. This paper is an immediate 


continuation of the work of the writers”’ 


2 in which the nucleon was assumed infinitely heavy 


(stationary). A method is developed which is based on the expansion of the solution in powers 


of the reciprocal of the nucleon mass, In zeroth approximation the result corresponds to an 
infinitely heavy nucleon and coincides with that previously found!,2, The method is applicable 


only in the case of sufficiently slow (nonrelativistic ) motion of the nucleon. The wave func- 
tion of the system is calculated to the accuracy of terms of first order in the reciprocal] of the 
nucleon mass. The meson-field mass of the nucleon is calculated to the accuracy of terms 


quadratic in the reciprocal of the nucleon mass. 


In the limit of strong coupling of the meson field 


with the nucleon, the nucleon magnetic moment is calculated in terms of an expansion in 


powers of the reciprocal of the nucleon mass. The first term of the series corresponds to the 
approximation of the infinitely heavy nucleon, and the following terms give a correction con- 


nected with the translational mction. 


The results obtained indicate that the difference of the 


magnetic moments of proton and neutron can be explained, not by taking into account the trans- 
lational motion of the nucleon, but by renouncing the assumption of the limit of strong coupling. 


1. INITIAL EQUATIONS; TRANSFORMATION TO NEW 
VARIABLES AND SEPARATION OF TRANSLATIONAL 
MOTION OF SYSTEM 


I N previous papers!>2 we considered an extended 
nucleon strongly interacting with the meson field. 
The latter was assumed to be pseudoscalar and to 
contain charged and neutral mesons symmetrically. 
The interaction of the meson field with the nucleon 
was taken to be of pseudovector type. The nucleon 
was assunied infinitely heavy, i.e., stationary 
(fixed at the origin of coordinates ). The approxi- 
mation method was based on the condition of strong 
coupling 

(Z/na)? > 1, (1) 
where g is a dimensionless constant of interaction 
of the nucleon with the meson field, yz is the re- 
ciprocal of the Compton wavelength of the meson, 
and a is the effective radius of the extended 
nucleon. 

In the present paper we retain all the initial 
assumptions of the earlier papers’ ’”, with the excep- 
tion of the assumption of an infinitely heavy nucleon. 
The mass of the nucleon is here taken as finite, 
andits translational motion is taken into account. 
Thus the Hamiltonian of the system has the form 


H =—(1/2M,) Ag + Ay + A’ (Eq), (2) 
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where 


4 


- 
>) (Is? + (Ve,)? + we] dV (3) 


+ do, (92, — 02/092, ] 


an 


| 


is the energy of the oscillations of the meson 


field, 


H’G,q)=—£ Va a 


x jie \ (2, Vo,)U (r —&) dW 


is the energy of interaction of the nucleon with the 
meson field, U(r) is the form factor of the nucleon, 
go and 7 are the operators of spin and isdopic spin, 
respectively, and € is the coordinate of the nucleon, 
M is the mass of the “‘bare’’ nucleon, not including 
the meson-field part of the mass. 
The normal coordinates ec, of the meson field 

are determined as the coefficients of the expansion 


of the meson field (1) in a Fourier series of the 
form 


Fax 
Pa (r) = ° eee (5) 
DA COSer ston sy 0. (6) 
pe OL) Je Ta 
Xx) Vi | Sif *Y- for %pooS0) 
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L® is the volume of the fundamental region of 
periodicity, and @ =Vur+ vi (o > 0). Here, as 


before!??, the natural system of units is used (*+ 
=c=1). 

It is readily seen that the operator (2) for the 
energy of the system is invariant with respect to 
the translational transformation T ,, which consists 
of the simultaneous displacement of both the nucleon 
and the entire meson field by the vector a: €> € 


a. ¢,, (r) 5 p,. (8 —a). To such atransforniation 
of the field there corresponds the following trans- 
formation of the normal coordinates: 


G ae > V3, COS BA + Ja,—, Sin xa, 


commutes with i, 
and is consequently an integral of the motion. By 
carryingout infinitely small translations in the 
directions of the three axes of the Cartesian co- 
ordinates, one readily convinces onself that the 
vector 


A 


k ——) iV. — i eds ok 0/0 ax 


The translation operator 7’ 


(7) 


is also an integral of the motion. It will be called 
the total momentum of the system. 

In order to separate the translational motion of 
the system, it is expedient to go from the variables 
&, 7 ,, to new variables R, p, by the famulas 


E = Rice — Pax COS xR + Dar sin MARS Uo es, (8) 


= Pa,-~cos% R — pay sin #R. 


The new variables Pay, are the coefficients of the 
expansion of the function g(r) =,(r+ &) ina 
series of the form: (5) 


5 a(t) = DyOx Paxkx (1). (0) 


The transformation from the coordinates q,., 
ecg? the coordinates p,,, Pa, by the formula 


(8) is entirely analogous to the rotation of Cartesian 
coordinates in a plane by the angle xR, and in 
just the same way leaves invariant the expressions 


(eg dan = Pm Pex: 
a? a2 a2 a2 
dG Oh 0d her tO ep, 
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A 
Therefore, in the new variables He retains its 
previous form: 


Hyg =p) = so (Dax —O/Opix). (10) 


an 


Substituting into Eq. (4) the function G(r ~ &) in- 
stead of y(r), one readily obtains 


H'°6,q)=—4 yi (11) 


x Wl (, vee (9) UN) av = 10, p). 


a==] 


In the new variables the operator for the energy of 
the system has the form 


= sy (—iVa +2)? + Alp) + H'(0, p), 02) 


where 


Q = i) > ep ON ODay . 


an 


(13) 


In Eq. (12) the differentiation with respect to R 
is carried out with constant p,. The momentum 
operator (7)has, in the new variables, the simple 
form 

ke (14) 

Since the operators (12) and (14) commute, the 
wave function of the system can be chosen so 
that it is a eigenfunction of both operators. An 
eigenfunction of the operator (12) has the form 

_3/, ikR 
Y= Lee Nip), (15) 
where in the general case Y(p) is an arbitrary 


In order that (15) be at the 


function ofthe p,,, - 
same time also an eigenfunction of the operator 
(12), it is necessary that V(p) satisfy the equa- 
tion 


lax (k +0)? + Ay(p) + H'(0,p) | ¥(p) (6) 
= EY (p). 


In this equation the coordinate R already does not 
appear at all. Thus the translational motion of the 
system separates exactly. 
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2. THE APPROXIMATION METHOD 


In the case of the infinitely heavy nucleon, for 
M7 © the first tern: of the left member of Eq. 
(16) vanishes, and the equation goes over into 
that for a stationary nucleon, which was solved 
in our earlier papers’’”. The difference is only 


that instead of the coordinates Ge - 


used earlier!» 


there now appear the new variables poe In the 


case of finite but sufficiently large M we shall 
treat the term 


(1/2M,) (k + 2)? 


of Eq. (16) as a small perturbation. Then applying 
the ordinary perturbation theory we obtain the ex- 
pansion of the solution of Eq. (16) in powers of 
1/M): 

The solution of the unperturbed equation, found 


s 1 
previously 2 has the form 


(orp): (17) 


P= Vo 
where W © 
the spin and charge motion of the nucleon and v, 
are angle variables. As shown before '’”, the 
angles v, are themselves functions of tire p 


is a four-component function describing 


“yK? SO 


that in its application to functions of the form (17) 
0/Opax = O/0* Dax + > (00: / OPax) 0/00i, 


where 0/0* 


respect to the variable p, 


p,., denotes differentiation only with 
aK 
not occurring in the 


arguments v» According to this, 


a Ov; 9 (18) 
Q=i Dxp.-+| ap 2 ines Opa ma 


vend 


As found before’’? , in the case of strong 
coupling the field Ce (r) in the neighborhood of the 
nucleon remains nearly equal to the self-consistent 
meson field & pe(r), which is determined by Eq. (60) 


of an earlier ere 


ga (1) = — (8, VW), (19) 


pists | 


Ww) =£7(\ ue) Sq (20) 


dV’; 


S. == {05 , tao? | 
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@l(r) in a Fourier series of the form (9) have the 


The coefficients of the expansion of the function 


form 


Pun = (Ba, #) VOW xs 


W.=\W 


(21) 


(T) Xx (r) dV . 


Because of the spherical symnietry of the func- 
tions U(r) and W (r) the coefficients Woo as is 
seen from Eqs. (21) and (6), are different from 
zero only in the half- -space of x in which x, < 0. 
The coefficients p® Sy and also, as is seen eon Eq. 


(66) of Ref. 1, dv,/ Op, 


for % > 0. 
Because of the small difference between the 


functions p,(r) and (r) in the neighborhood of 


are different from zero only 


the nucleon, in the second factor of the operator 


(18) we may replace Peo approximately by Boome It 


can be shown that this introduces into the result a 
fractional error of the order (pa/g)?, which is 
small in the case of strong coupling, when the in- 
equality (1) holds. After this replacement the 
second term of the operator (18) turns out equal to 
zero, since Renate and dv ./ OP 5, are not both dif- 


ferent from zero for any value of x. Thus in the 
further work application of the operator () to func- 
tions of the form (17) will not involve differentiation 
with respect to the arguments v.. 

We now proceed to the calculation of the matrix 
Since Q does not 
contain operators on the spin and charge degrees 
of freedom, and W” does not contain the variables 
Pe», explicitly, in taking the matrix elements of the 


elements of the perturbation. 


operator (2, y* is brought outside the sign of opera- 
tion, formi ee Ow - 
, forming a factor { a w a } B: There 


fore, in the perturbation calculation we can ignore 
all states of the spin-charge motion that are differ- 
ent from the perturbed state s. In what follows it 
is always assumed that the spin-charge motion of 
the nucleon is not excited. 

It is sufficient to carry out the calculation of the 
perturbation matrix elements with functions ®(v, p) 
which, according to Ref. 2, have the form 


@ = Q, (8, 8, 8) 


x exp \—3 =F DY | (Pax — Pox)? + > iki | 


(22) 
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where H are Chebyshev-Hermite polynomials of 


degree Np l are certain of the indices ax (indices 
of free mesons ) and Q_ is the wave function of the 
quasioscillator considered in Ref. 2. Here v is a 
set consisting of the three quantum numbers of the 
above-mentioned oscillator, the half-integral posi- 
tive number j | the square of the angular momentum 
of the rotator is equal to j(j + 1)], the quantum 
number of the nucleon charge ¢ (€ = 0, 1), and the 
integer quantum number of the doubled component 
of the nucleon spin along the axis OZ, o. i the 
ground (nonisobaric ) state of the rotator, i.e., for 
the state with 7 = 4, the functions Q, are presented 
in Table I at the end of Ref. 2(Q, = 2°*2°1C®). 
We agree to denote mesonless states ( free 
mesons are absent) by indices Ov, one-meson 
states by indices a xv, where a x is the index of 
the single free meson. States with two different 


free mesons will be denoted by indices 1%, 


where a, % and a %, are the indices of the free 


1 2 
mesons. If in the function (22) n,=2 for one 1 
=a, and the other n,- are all zero, we call such 
a state also a two-meson state, and give it the 
indices 2axv. 

If the initial state is mesonless, then the matrix 
elements ( are different from zero only for transi- 
tions into one-meson states. These matrix ele- 
ments are equal to 


: fa i (23) 
(axv’ | | Ov) =2-/s in Vo, Wx (%, 8a"); 


gy” = (9 | Bl») = (j'e’o’ | Bx | jes) (24) 


= \ Qh 8. Qudeo do = sind d9dBde . 


The three components of the vector g, will be 
denoted, respectively, by g.,,8,, and g,,- In 


. v'v 
what follows only such matrix elements 8.8 are 


needed in which the final state v’ as well as the 
initial state v is nonisobaric (j°=j = %). The 
values of these matrix elements 8 eo" Gre 
“ 

given below: 


—1/0-1 11/11 
a 


4] 
gen = Sap = ~y Sash pss (25) 


fl 
1 alleen ET 


re 1 9 ; O 
ee peg alk op = (Sa39¢1 ++ i8a30g2); 


4 
day 8a30g3 ; 


—1|1—1 Olives 
do 


(8a15e3 + i6a2%gs); 


H | uohyVs 
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4 A ; 
ae = 3 [5.19¢1 a Oacdge “4 (641962 te 8a25e1)]; 


01/4—1 


4 5 
A tere hare [9215¢1 + Sa2de2 + i (8.28¢1 — Sai5¢9)]. 


The matrix 8p is Hermitian: ane = (era )*, 
ind « 


The nine quantities Buf? 28 is seen from Eq. 


(38) of Ref. 1, can be treated as a rotation matrix 

of a three-dimensional Cartesian coordinate system. 
In this’connection the angles 3, B and 6 appear as 
Kulerian angles. From this there follows the rela- 
tions 

3 


3 
> Lapag’ = O95 >} Gaekaig — Vaart 


a=] Q=1 


(26) 


which considerably simplify the further calcula- 
tions. 

a further on we shall also need matrix elements of 
Q forwhichtheinitial state (right-hand index) is a 
one-meson state. Here, besides the transitions into 
mesonless states, for which the matrix element is 
equal to the complex conjugate of (23), there are 
also the following nonvanishing matrix elements: 


(a, — xy" |Q| anv’) = indy; (27) 


(0% 129%" | © | any’) 
= Q-"s ix, V ox, x, (%1, go) 8 a0, 0x%, 
4 2s ity Von, Wry (har Ba”) Baa d.005 


(Qaxnyv” | Q.| anv’) = ix V oy, We (%, iia): 


A 
The matrix elements of the operator Q? ar 
easily obtained from the matrix elements of () 
iven above. The nonvanishing matrix elements of 
()? for which the initial state is mesonless (right- 
hand index Ov) are of the forms 


(Ov [G2 | Ov) = + Byy Syton Wis (28) 

a ae ays v/v 29 

(any’ | QQ? | Ov) = Vo,/2 MW eae (x, g. 3 ( ) 
(214%, %9%p¥' | (2 | Ov) (30) 


= — V 0y,0y,(%1, %2) We, Wae, [(Sas%1) (Say *2))"%S 
(Qaxv’ {G2 |Ov) = — 27 Foy [(ga*)T”. (3D 


Asiswellknown, in order to make use of the 
ordinary perturbation theory it is further necessary 
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to determine the differences of the energies of the 
system in the various states in zeroth approxima- 
According to Eqs. (12), (17) and (31) of Ref. 
2, the energy differences needed in the calculation 
have the following values: 


Eaxy — Eq =o, + Ay — A;; 


tion. 


(32) 
| SN HORE ae Ey Se i Oy, = Aj aa Lie, 


vu 4 
¥ = 92 [Oy — am» 


ax’ 


“| , 
Se 


L 1K, Xg% ev’ 


(01%, 02% ov" | C2 | Ov) 
Oy, ae re “ts Ay 


Bee Ny ,= =i, , = H The matrix elements of 4 


and ( eee | ok Eqs. (23) and (28)-(31) are 
to be substituted into the expression (33). The 
prime on the second summation of the expression 
(33) indicates that terms are to be omitted in which 


both of the indices aks coincide with the indices 


OL» Hy « It is essential to note that the quantities 
involved in the matrix elements of Q and Q? are 
different from zero only if j°=j-1, j, 7 +1. In 
particular, when the initial state v is nonisobaric 
(j = %), transitions are allowed only to the states 
with j’= 1/2, 3/2. 


To prove the above-mentioned selection rules for 
a) we must start with the Eqs. (24) and take 


into account the fact that the functions Oe are linear 


combinations ofthe functions ys (9, B, 6) with 
different s and p. The farorious es are defined in 
Ref. 2 by Eqs. (18), (20), (24) and (35). These 
functions are connected with the functions 77 
used in the work of Gel’fand and Shapiro® 
(Sec.7 )by the relations 

Vi, (9, B, 8) (34) 
4./ay+1 
Qn 2 ( 


—i)i-s—P TE, (9, x — 8, 8). 


Thus the functions Gait v , B, 5) in the integrand 


in Eq. (24) are linear combinations of the functions 
* = . 

Lee (3, 7-6, 8) with the same index j. The 

selection rules mentioned above are easy to prove, 

if we make use of the well-known recurrence formu- 


las for the functions 1g Ci 70, BY Cela Hee sop: 
88): 


D ayx,ea%.v7 — oe > 
axv 
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Eeany — Eqy = 20, + Hy — Hj. 


Here H, is the energy of the quasioscillator, de- 
termined from Eq. (31) of Ref. 2. 

On taking into account the form of the perturba- 
tionand Iq. (32), we can write the perturbed wave 
function of the system in first approximation in the 
form 


(axv’ | 2 (k,Q) + G2 | Ov) 


Oper AY (33) 


Ory 


(2axv’ | 2 7 | Q? | Ov) Ov) 
Zo, + par oth 


/ 


+ Pexxr} ’ 


j+1,,s 


xi Pri _/s 
cos Oh = Cais Cor + CoeT splre (35) 


1 
= Chee Ce 
9-2 i sin 6eT 514, p 
ane Sheree To Ay ple 
Cr Cu Se Os sp Cig + Co3L sp Cig; 


Det Si OCs, eT! Lp 


(ie s 
= Sel C31 + Cs 


s Pails 
Tice + C33T'sp Cas; 
Q-i sin 8e!8TS, pty 

LHe GREATS Proj s 

== Cul sp Cay + Ciel spCoe = ns res: 


— a g She j 
2 Pisintae aa 


SAP apn & 
ar Cal sp Coy Se ch Fits, + eT oe 


For the meaning of the coefficients ci, see p. 52 
of Ref. 3. in the integrand of 
Eq. (24) contains cos 4, the first of the formulas 
(35) is.to be used. If BB contains sind multi- 
plied by sin J or cos #| , the second and third 
formulas are to be used, and in the remaining cases 


the fourth and fifth. 
The perturbations— (k, Q)/M, and 


do not “‘ 


If the quantity 8x8 


A 

— 07/ 2M 
interfere’’, in the sense that they do not 
have nonvanishing matrix elements for one and the 
same transition. In particular, the matrix elements 
(23) and (29) are also different from zero in differ- . 
ent half-spaces of x, so that the square of the ab-_ 
solute value of the matrix element of the total per- 
turbation is here equal to the sum of the squares of 
the absolute values of the matrix elements of the 
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separate terms. In such cases, as is well known, 
each of these perturbations can be introduced in- 
dependently of the other, after which one can simply 
combine the corrections to the wave function and 
the energy caused by each of these perturbations 
separately. 

Alongside the approximation method described 
above, we also considered ordinary adiabatic ap- 
proximation: In the zeroth approximation it was 
assumed that the spin-charge motion of the nucleon. 
and the oscillations of the meson field follow adia- 
batically the translational motion of the nucleon, 
and then the nonadiabatic terms were introduced as 
a small perturbation. Here the calculations turned 
out to be rather more complicated, mainly because 
of the fact that the matrix elements had to be cal- 
culated with more complicated wave functions, 
which also depended on the coordinate € of the, 
translational motion. Besides this, it was also 
necessary in Kgs. (32) to add on the differences of 
the kinetic emergies of the translational motions of 
the nucleon. The results naturally turned out to 
be equivalent to those obtained above, if expanded 
in powers of 1/M ,. 


3. ENERGY AND MESON-FIELD MASS OF THE NUCLEON 


We first calculate the correction E, to the energy 


1 
of the nucleon, caused by the perturbation — 
(k,Q)/M,- The first order correction is equal to 
zero, since (Ov|(|0v) =0. In the second approxi- 


mation the energy correction is equal to 


(2) __ 4 \(axv’| (k, Q) \Ov) |? (36) 
RSS re a ar ere 
0 axy’ 
1 2 viv Oy, 
=— —_ 2 i 2 : 
2Me a (k, %) W; | (x, gx ) | @, 1 AG 


It must be noted that the perturbed state is four- 
fold degengrate (cf. Ref. 2). However, since 
(Ov’|(k, Q) | Ov) = 0, the energy correction in 
second order is given by the same formula as in 
the nondegenerate case. 

In Eq. (36) the summation over av” can be 
carried out in the following way: first we replace 


A, in all terms by its value A, ,, for j’ = 3/2. 


3/2 


After this the sum over av’ becomes equal to 
® 


@ 
v/v Qe aes 
| (x, g. )| alae @, + As 


(37) 


EE ee ere TT Syl 8.)*1”. 
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As was already mentioned above, in the sum (36) 
only the terms g¥ Vv withj’= %, 3/2 are different 


f 
rom zero, so that the replacement of A,,7 by HNO 


changes only the terms with j= by the amount 


= eee) Ut le aaa 


Thus the exact expression of the sum (36) over « 
and v’ is 


Oe By, lee (38 


+ Dy 1ee")14{1 


ae’a’ (j’ = "}2) 


oO, 
ou ai A,), | ‘ 


Here the further summation over « is easy to per- 
form, if we take account of Eqs. (25) and (26). The 


final result for the sum (38) is the expression 


vy oO, 
2 \(%, Bx Mears are 


ay’ 


(39) 


ae Fe o, 
= x2 J— ——————_f. 
as o, + Ay, 


Substituting this i in Eq. (36) and noting that the 
ever of (k, x )” over the angles is equal to 
k2% at eit we find for the second-order correction 


to the energy the expression 


RP ae (40) 
E®) od yw? S Se : 
1 6Me < TZ oF Ay, 
If we introduce the operator re Vpe—A — A (where 


A is the Laplace operator ), the result (40) can be 
rewritten in the form 


(2) Rk? 
Ey = oe S; (41) 
4 4 2 7m 
ae ALAA ue eee AWdV. 


We now go on to the calculation of the correction 
to the energy due to the second perturbation term 


Be ee /2M,. By Eq. (28) this correction £, is in 
first order equal to 
Begs my a ae >) 40,.Wz (4.2) 
x 
4 aA 


From the formulas (28)-(31) the correction i can 
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without difficulty be found also in second approxi- 
mation. But all corrections from the perturbation 
= 074/ 2M, give constant terms not dependent on 
kx , which consequently have no effect on the 
value of the field mass of the nucleon, so that they 
have no particular interest for us here and will 
not be presented. 

Just so it is pointless to calculate the correc- 
tions to the energy from the operator —(kQ)/ My 
in orders higher than the second, since they con- 
tain the fourth and higher powers of k. The correc- 
tion proportional to k* suffices for the calculation 
of the field mass of the nucleon. Consideration of 
higher powers of k does not make sense, since the 


theory is nonrelativistic. 
According to Eqs. (16), (41) and (42), the total 
energy of the system, which appears in Eq. (16), 


can be written in the form 


1 el sie ay ae (43) 
1 ms 
— qi, \ AWeaWav. 


Here H is the energy of the system in the approxi- 
mation of the infinitely heavy (stationary ) nucleon, 
givenby Eqs. (17) and (31) of Ref. 2. 

The term in Eq. (43) proportional to k? can be 


written in the form 


R/2M, 1/M = 1/M, — S/Ms. (44) 


Whereas MV. is the mass of the ‘‘bare’’ nucleon 

0 : 
(not interacting with the meson field), M repre- 
sents the total mass of the real nucleon (interacting 
withthe meson field). It is, namely, with M¥ that 
the experimentally determined mass of the nucleon 
is to be identified. With a fractional error of the 
order (S/M,)? Eq. (44) can be rewritten thus: M 
=M,+ S. From this it is seen that S is the 
meson-field part of the nucleon mass. 


The ratio Aen 2, is in order of magnitude 


equal to (ua/g)*. Inthe case of strong coupling, 


where 


Eq. (1), it is considerably smaller than unity, so 
that in the formulas obtained above one can neglect 


the quantity A in Comparison with oO : As a re- 
sult S, for example, takes the form 
1 
S== \ (AW) dV. (45) 


We now indicate the criterion for applicability 
of the method of small perturbations which is used 
above. The term — Q? 72M , can be regarded as a 
small perturbation if the energy change (42) that 
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it causes is decidedly smaller than the energy 
differences (32). In order of magnitude the latter 
are equal (basically ) to @,, which can be arbi- 
trarily large. But in determining the criterion of 
applicability of the perturbation method one must 
use in gq. (32) some average G, corresponding to 
the frequency of the oscillations of the meson field 
that interact most intensely with the nucleon. In 
Eq. (42) also one can give @, an average effective 
value @ and take it in front of the sign of summa- 
tion (or integration). Then, by Eqs. (42) and (45), 
jae ~—3/40 S/M,. The condition for appli- 
cability of the perturbation method can thus be 
written as: S/M, << 1. 


The term (k, Q)/M, can be regarded as a small 
perturbation if the energy correction (42) that it 
causes is much smaller than 


RS/2M5 <o ~V p? + a-?. (46) 


This inequality limits the nucleon momentum k. 


4. SEMI-CLASSICAL CALCULATION OF THE MESON- 
FIELD MASS OF THE NUCLEON 


The ineson-field mass of the nucleon can be cal- 
culated without recourse to the perturbation method 
if the translational motion of the nucleon and the 
vibrations of the meson field are treated classically 
and the spin-charge motion of the nucleon quantum- 
mechanically. The Hamiltonian of the system has 
the following form 


gx Moe 4 SNE ig + (yee)? + teal 47 
a=] 


— £Y 4 24(0, yea) U (dV. 


In the state with the lowest energy of the system it 
is obvious that €=0, De =0. This corresponds to 
a stationary nucleon and a static meson field. The 
equilibrium form of the latter is determined from the 
condition of minimum potential energy of the system, 
expressed by Eq. (14) of Ref. 1. Such a minimiza- 
tion of the potential energy was carried out in Ref. 
1 and the equilibrium static meson field so obtained 
turned out equal to ¢ ‘”)(r) (cf. (19) and (20) ]. By 
Eq. (47) the corresponding lowest energy of the 
system is 3 4 
Eo= di \{yV en)? + ee] 
0 = V2 ( ) am (48) 


— = V4x.(0,V 92) U (kav 
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It was shown in Ref. ] that the potential energy 
does not depend on the angles » , 8 and &. More- 
over, because of the physical homogeneity of space 
it does not depend on €. Thus the system can per- 
form a free motion in these four degrees of freedom. 
For such a freely ‘‘revolving’’ and translationally 
moving nucleon the meson field has the following 
form 

ga (r,t) =ge(r—§2, 9, 8,8). (49) 
Here € is constant, and 3 , B and 6 are functions 
of t. 

Differentiating (49) with respect to the time, we 
get a 
ey 
go; * 


3 
. . ~ at 
92 =, V) 92+ 2 

i=1 
where u,v, and v, are equal to 9, B and 6, re- 


spectively. Substituting this into (47) and noting 
that 


09, 29% 
Ox, 0; dv (50) 
i 0 \ oew ow 
ee ay 6 
ae” 8 Ov; g 8 OX7,0% 9 OX, 


because of the spherical symmetry of the function 
W(r), we obtain 
1 


E=E,+5(Mo +S)? 4+T7,; (51) 
{ 3 3 @ 


is the kinetic energy of ‘‘rotation’’ of the nucleon, 


unrelatedto its translational motion. From Eq. (51) 
it is seen that the total inertial mass of the nucleon 
is equal to M, + S. This result agrees with the 
approximate result of the quantum calculation. 


5. INTRODUCTION OF THE MAGNETIC FIELD INTO 
THE HAMILTONIAN OF THE SYSTEM 


For the introduction of the magnetic field into 
the Hamiltonian of a nucleon interacting with the 
meson field, it is convenient first to go over to 
new complex variables 9, 7 instead of the real 
variables p 1) Poi 7) Ti P= rel on —i Py ); 
a2 (7, +im, ). The result is that the Hamil- 


tonian of the system, Eqs. (2)-(4), takes the form 
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* 1 f 
[= os baat + (V¢", Ve) (53) 


. 1 
H = — oy Ag+ \ 


b> (Ves)* +27 (99 +5 [AV 


— 2 4e\ U(r —8) (6, V22,V9 


+ V 2+_Vo" + <5 Vos) dV. 


Here 
t, = 2° + it), + = 2 Be, —ix,). 


The usual gauge-invariant introduction of the 
electromagnetic field leads to the replacement 


Ve—>V¢—ieA(r)9, Ve" Ve" + ieA (r) 9”, 


Vi V;— ie $3 A® 


in all terms of the Hamiltonian. Here A is the 
vector potential of the field. The magnetic field 
is assumed below to be static, homogeneous and 
parallel to the axis OZ. , The corresponding vector 
potential can be chosen in the form A =~-h Qy, 
Ane 2) x, where { is the intensity of the mag- 
netic field. 

Supposing the magnetic field sufficiently weak, 
we retain in the Hamiltonian only terms linear in 
 . The additional terms that appear in the Hamil- 
tonian on the introduction of the magnetic field have 
the form 


Fnag= fy + A +- Ais + Aa, (54) 
where 
ie / (6) i 

Heigl 3) 04 eee pee 
ae =e ie (1 + ts) 339; (56) 

7 ; F) 0) (57 

Ay = eG \ a(x —9 5) eM; 

A, = egVr 9 (58) 


x VU (F 8) (5y — Y5s) (1% — tH) WV. 


Here if is the operator for the interaction of the 
magnetic field with the orbital motion of the “‘bare”’ 
nucleon and H, is the operator for the interaction of 
the magnetic field with the spin magnetic moment 
of the ‘‘bare’’ nucleon. This interaction is differ- 
ent from zero when the ‘‘bare’’ nucleon has charge 
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+ 1, and equal to zero when the charge of the 
‘‘hare’’? nucleon is zero. Therefore, the Fond 
factor 2°* (1+ T,) appears in Eq. (56). and 
i, are the supplementary terms arising on the intro- 
duction of the magnetic field into the second and 
third terms of fq. (53), respectively. 

In Eqs. (57) and (58) we have again returned to 
the real fields y, amd Po The further eee 


will be conducted in the variables R, De (r), and 
pee introduced in accordance with ois (8) and (9). 


In these variables —i VES —i Nor + Gy where the 
A 


operator {) is defined by Kq. ay and the opera- 
tors (55), (57) and (58) have the forms 


es rl +14) [Riga (59) 
— Rye —i(R2Q, — RiQ2)|:; 
He = e9 (60) 
x VJ + Ry eo —(y + Rs) % ag: |av; 
A, = S242 9\ et Rd, (61) 


— (Y + Rs) 31] (192 — t291) U (r) dV. 


6. CALCULATION OF THE MAGNETIC MOMENT OF THE 
NUCLEON 


We now calculate the correction to the energy of 
the system caused by the magnetic field. The mag- 
netic moment of the nucleon will then be defined as 
the coefficient of the magnetic field intensity in 
this correction. We shall start with the wave func- 
tion of the system, Eqs. (15) and (33), which it is 


now convenient to rewrite in the form 
a eR, We (Do) (02) 
where ot. is the correction to the wave function 


caused by the translational motion of the nucleon 
(and proportional to 1/M, ): 


1 xv’ | Q2)0 
OY = — sa} D eet Ry Pew (63) 
7 axv! 
v stow’ | O2| Ov 
=e » ee ) De xiag%,v" 
% 1% 1A gXqv! ae Xe v 
(2axv’ 1Q2\ \ Ov) 
zi Se 20, +A, Prax} 

axv! 
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Here we have already set k = 0, since the mag- 
netic moment will be calculated below in the iner- 
tial system in which the total momentum of the 
nucleon is equal to zero. 

The correction to the energy of the system caused 
by the weak magnetic field is given by 

Hmag = \ (x Anagt} dendpdeo. (64) 
It must be kept in mind that VY does not depend on 


R; therefore, upon proper choice of the boundaries 
of the cyclic interval (in which x is orthonormalized) 


[R (x, Lx} dex = 0, 


where L is an arbitrary operator which does not 
depend on R. Thus in the integration of (44) all 
terms containing factors R, and R, drop out. In particular, 
the energy correction Bee a the operator i is 
equal to zero. 

Proceeding to the calculatim of the correction 
H, from the operator H’,, we must first of all note 


that according to Eqs. (7)-(9 and (29) of Ref. 1 
{Ys 
= |C,|*—\Cal? + [Cs]? [CaP <0. 


age} 


Furthermore, by Eq. (25), we have 


DoscsasDoy dp dw = g33 


(65) 
| l/3-for s=l,o=] or ¢=0;56=—-— 1], 
~ (—1/3 for e=1,¢-=—1 o e=0,c=—1. 


Because of the orthogonality of Dex, and oO in the 
coordinates Dove h 


\ O00)" <3 5, D,, dp da=0. 
Thus 


H, = — (e/4M_) 9833- (66) 


In the calculation of H, one must keep in mind 
E\gs. (9) and (19)-(22). Besides this, it is helpful 
to note the following property of the quantities 
8 (3 ( 3, B, 6): in the determinant || 8 || each 
element is equal to its algebraic complement, taken 
with sign reversed (i.e., its minor). For example, 


833 = 812 8a — 211 So0- (67) 
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As a result of the calculation one gets 


(0¥| #3 | 0») = — Seg 


where, as in Ref. 1 [ cf. Eq. (46) )], 
7 ae 2 \(S) 


Furthermore, we readily obtain 


&33, (68) 


ar) (69) 


89] 


1 A * na 
» = (axy’ | QQ? | Ov) (ccmy’ | H5| Ov) 


any’! 


(71) 


ul 
ae yy eDgr. I, 


where 
= 
i= Dax W/W. 


x 
The following expressions are calculated in an 
analogous way: 


(ax’) | H,| Ov) = Vix OWes (70) Gna | 0») (72) 
X [(Barey’ — B48) ax + (Baa? — Bag") *y], ee 
in (ees Oe 
> nei (044% 0%2" | 0? | Ov)" (o4,%1%22%29" | H | Ov) (73) 


HX, a gXyv! 


(%1, %2) 


= —e gx 


1% 


The expression (73) can be simplified by means 
of the following consideration. Since the operator 


0 


A commutes with A = x—- - yZ integrating by 


; a : : 
parts we obtain the following relation for an arbi- 
trary function (f( “4, 0G) expansible in power 
series: 


(F044) x Ax, V (74) 


=\if(—4, x, Ay,,WV 
=) ti, ABA) x, 
=) 104. 4) x, 40, 


From this it is seen that the integrals (74) are dif- 
ferent from zero only for x4 = ie On this basis 


(o,, + oo. can be replaced by 2a |, in (73). Then 


1 Zz 


for the sum (73) one finds the value 


Se 1 feet ete 
5 e0 am\ AW LAWAV = Fe oe hh. (75) 


The matrix element 
(Qaxv’ | H |Ov) = 0, (76) 


as one can readily convince oneself by performing 
first the integration over p and taking into account 
the orthogonality of the oscillator wave functions. 


(6) i) 
33 6, fo, Wy,Wx, \ Xn (x Oy ——w, x) Xx, av. 


Proceeding to the calculation of the energy cor- 
rection H,, in the expression (63) we drop out the 


A,,/ occurring together with @, , as was already 


done in the derivation of Eq. (45). Then, using 
Eqs. (63), (68), (71), (75) and (76), we obtain 


H,= (01 |H| Ov) (77) 
ea [OO” Ay Dy + Oy, Of) ] dp dw 


= —Y,ebe% [1 —(1/3My)Ia1 


In the calculation of H, one again makes use of 


Eqs. (9) and (19)-(22), and also of (67). One finds 


(Ov | 1,10») = —eGg33(g/3p)V4aK; (78) 


ow 
Ke \rU = a. (79) 
Furthermore, 
(axv’ | H,| Ov) = £2 ae 9 (80) 
U V 20, 


| [xen — yey) Baa — (xen? — yes) dar] Up dV 


Si (cer! | 2 | Ov)" (oer | Ay] (81) 


3u. 
A 
© 


K=(rus Wav. 
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On carrying out the integration over p one easily 


shows that 


(%1%1%%2¥' | 14/0) = 0, (82) 


(Qaxy’ | H,| Ov) = 0. 


In the calculation of H, we shall again drop 
, in comparison with m, . Then, using kgs. 


A Kn 
(63), (78) and (81)-(82), we obtain 
H 


5 = — eer (g (30) VERIK +Ki/2Mo]. (83) 
Summing, finally, the expressions (66), (77) and 
(83), we obtain the resultant energy correction 
caused by the magnetic field, 


Hmag= —e0g2[ SIO + ZV 4eK (84) 


toy, (3 —h +2 VHK,)). 


The magnetic moment of the nucleon, defined as 
the coefficient of § (with sign reversed ) in the 
expression (84), is 


4 —— 
m= egn| 51 + sv 45K 


5331 2 


(85) 


+g (g—ht+ZV8K )]. 


From this it is seen that according to (65) the mag- 
netic moments of the proton and neutron are equal 
in magnitude and opposite in sign. 
The experimentally observed difference of the 
absolute magnitudes of the magnetic moments of 
the proton and neutron can in general not be ob- 
tained in the approximation limit of strong coupling, 
in which the wave function of the system has the 
form 
re 
P= 0s, q). (86) 
To prove this in general, we assume that (86) repre- 
sents the proton state of the system. In our nota- 
tion the operator for the charge of the system* can 
be written in the form 


g= +42 (1 + %3); 


e =—1 », (dix 0 / O92: = 


x 


(87) 
qax 9 / OGix). 
The function (86) is an eigenfunction of this 


operator and corresponds to the eigenvalue +1. 
From this it follows, since i yx, ee wv. }=0, that 
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(88) 


bl — 


of = | @'s' df dq = . 


Since the operator for the vibrational energy of the 
meson field (cf. Eq. (1) of Ref. 2] is real, the 
function 
ee (e 
Y= bs", 9) fast 
is also an eigenfunction of the energy operator and 
corresponds to the same energy as does the func- 
tion (86). It is easy to see that (89) is a neutron 
state of the system. Indeed, in this state 
e \ De’ D dé dq (90) 
=— {oor deag=—1, 
2 
and consequently the eigenvalue of the charge opera- 
tor (87) is equal to zero. 

In an entirely analogous way, by considering the 
operator of the total angular momentum of the sys- 
tem, one can show that the states (86) and (89) 
correspondto opposite orientations of the spin of 
the nucleon. 

If we now compare the corrections to the energy 
of the system, Eqs. (56)-(58), caused by the mag- 
netic field, for the states (86) and (89), they turn 
out precisely identical. Consequently, the mag- 
nitudes of the magnetic moments of the proton and 
neutron states of the system are found to be identi- 
cal. 

Thus it can be possible to obtain a difference 
of the magnitudes of the magnetic moments of pro- 
ton and neutron only by renouncing the multiplica- 
tive form of the wave function, Eq. (86), with the 
factor W ., which was determined in Ref. 1. This 
is not to be achieved by a more precise considera- 
tion of the transitional motion of the nucleon, but 
by departing from the limit of strong coupling and 
introducing the corresponding corrections. 


7. DISCUSSION OF RESULTS 


If in Eq. (85) we drop the last two terms ( con- 
taining /, and K,), which appeared because of 


our taking into account the translational motion of 
the nucleon, the value of the magnetic moment m_ 
turns out to be identical with that found in the 
work of Pauli and Dancoff*. In the comparison it 
must be noted that our parameter g is equal to the 
parame ter 2°” g of Ref. 4. The agreement of our 
value of m, obtained in the symmetrical theory, with 
the value of mobtained in Ref. 4 in the charged meson 
theory assures us that the interaction of the nucleon 
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with neutral mesons does not influence the size of 
the magnetic moment (at least in the case of the 
infinitely heavy nucleon). 

It must be noted that in Ref. 4 the magnetic 
moment was determined from the density of the 
meson current, which led to the difficulties in con- 
nection with the impossibility of satisfying the 
equation of continuity of the current inside the ex- 
tended nucleon. In our work this difficulty is not 
encountered, since the magnetic moment of the 
nucleon is determined from the expressoin for the 
energy of the nucleon in the magnetic field. 

Investigation shows that in the case pa>>1[a 
is the effective radius of the form factor U(r)] the 
results of the theory depend essentially on the 
shape of the form factor U(r). Since in the present 
state of science there is no sound basis for choos- 
ing this shape, an impermissable arbitrariness ap- 
pears in the theory in the case pa >> 1. There- 
fore, we confine ourselves below to the considera- 
tion of the case pa << 1, in which the results are 
insensitive to the choice of the form factor. In 
this case Eq. (20) can be approximately rewritten 
as follows: 


ee Sa aee 
ee ae 


(91) 


Expanding the functions U and W in the integrands 
in Eqs. (75) and (81) in series of the form 

sin iis 

Mee Re ie 
where R is the radius of the eal region in 
which the basis functions are orthonormal and k 
=n7/R(n=1, 2, 3,...), and carrying out the 
integration over the volume term by term, we ob- 
tain 


_ =f a 


- (92) 


SF. m= 


From this it is seen that the sum of the two last 
terms in Eq. (85) is zero. Thus by Eqs. (69), (79) 
and (91), one gets 


m =egn [14 EK A] (93) 
5 cg | (4) POE av av’ + sr] - 


in 088 in the case pa << |] the inclusion 
of the translational motion of the nucleon to first 
approximation does not change the value of the 
magnetic moment of the nucleon. 

By Eqs. (45) and (91) one gets for the meson-field 


mass of the nucleon 


S=3 (2) lw. (ou) 


The quantities (93) and (94) can be evaluated 
readily if we replace the form factor by the func- 
tion 

3 y 4xaq3 for 
0 for 


T= Oa 
r > 4, 
taking advantage of the above-mentioned small 


sensitivity of the results to the shape of the form 
factor (in the case pa << 1). Then we get 


sila: | (95) 


m = egy (g?/ dopa + 1/4 Ma] (96) 


S == gt / wta®. (97) 

To estimate the parameters of the theory we re- 
place in Eq. (96) the mass M, of the “‘bare”’ 
nucleon by the mass M of the physical nucleon, 
and equate the quantity (96) to the experimental 
value of the magnetic moment of the nucleon. For 
the latter we take the arithmetical average of the 
magnetic moments of the proton and neutron, equal 
to 2.4 nuclear magnetons. Then for M/p = 6.7 we 
get 


(g/pa)? pa 2.5. (98) 
From this it follows that for pa << 1 the criterion 
(1) for strong coupling is satisfied. 

We now pass to the consideration of the criterion 
for the heavy nucleon approximation (M,>>S). 
By Eq. (97), it can be written 

(g/ pa)? /pa<M/» = 6,7. (99) 
This inequality limits the strength of the coupling, 
and in the case pa << 1 can be fulfilled only for 
weak or intermediate coupling. Multiplying Eqs. 
(98) and (99), we get (g/ pa)” <<a 


CONCLUSIONS 


1. In the limiting case of strong coupling the 
magnetic moments of proton and neutron are found 
to be identical (in magnitude ) even with inclusion 
of the translational motion of the nucleon. 

2. In the case pa << 1 comparison with experi- 
ment of the nucleon magnetic moment calculated for 
the strong-coupling limit and the heavy nucleon 
confirms the criterion of strong coupling. 

3. The heavy-nucleon approximation is not ap- 
plicable in the limiting case of strong coupling. 
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4. In the case of strong coupling the meson-field 
mass of the nucleon is not small in comparison with 
Mo: and possibly even exceeds My. In the latter 
case Mf. turns out to be of the order of or smaller 
than the mass of the mesons playing an important 
part in the interaction with the nucleon, so that it 
is of interest to consider the relativistic motion of 
a nucleon in the meson field, including the possi- 
bility of the formation of nucleon pairs. 
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A successive method is developed for determining the electron-velocity distribution 
function in plasma in an alternating electric field and a constant magnetic field, assuming 
the collisions between the electrons and molecules or ions to be elastic. Expressions are 


derived and analyzed for the mean electron energies, for the conductivity and the dielectric 


constant of the plasma, and for the effective number of electron collisions. 


1, INTRODUCTION 


F an electromagnetic wave is propagated in the 
ionosphere, the intense alternating electric field 
of the wave may change substantially the energy of 
the electrons, and consequently the conductivity 

and the dielectric constant of the plasma. To 
evaluate these changes, one must first determine 
the electron-distribution function. 

Considering only the elastic collisions between 
the electrons and the heavy particles (molecules or 
ions) of the plasma we know that with each collision 
the electron loses only a small portion of its 
energy [on the order of 5= 2m/M, where m is the 
electron mass and M the molecule (or ion) mass ]. 
It is therefore possible to obtain the distribution 
function in a simpler manner by representing the 
collision integral in the Boltzmann equation in 
differential form. Furthermore, since 6 is small, 
the mean square velocity of the electrons is many 
times greater than the mean directed velocity even 
in strong electric fields. The symmetrical portion 
(which depends only on the modulus of the velocity) 
of the distribution function is correspondingly much 
greater than its asymmetric portion. Taking these 
into account, Davydov? simplified the kinetic 
equation considerably and solved it for the case 
of stationary electric and magnetic fields. 

In nonstationary fields the electron energy is 
changed directly only by the electric field. Thus, 
depending on the ratio between the time f, re- 
quired to change substantially the electric field 
(for example, if E=E, cos wt, tp™ 1 /«), and 
the relaxation time of the electron energy 
(t, ~ 1/dv, where v is the collision frequency 
of the electron), it is possible to distinguish 
among cases in which the fields vary slowly 
(te >>t,)or rapidly (¢, << t_). In the former 


(quasi-stationary) case the solution obtained in 
Ref. 1 for a time-dependent electric field intensity 
E is correct. Ina rapidly-varying field, when 

t, >> tp the mean electron energy cannot change 
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as fast as the electric field; the symmetrical 
portion of the distribution function should there- 
sp be stationary, to a zero-order approximation. 
ee Ie note that since the current relaxation 
/; 1s much smaller than the electron relaxa- 
tion time ¢, , because t: ~ l/v << Spt ! 
the ratio between tj, and tj affects the avers of 
the distribution in rapidly-varying fields (tp <<t,). 
The case where the electric field varies periodi- 
cally with time is discussed inRefs.2 and 3 (in the 
absence of a magnetic field) and in Ref. 4 (assum- 
ing a constant magnetic field). However, owing 
to incorrect solution methods, some of the results 
obtained of References 3 and 4 are in error (cf. 
below).* An analogous problem was also solved 
in an analysis of the cross-modulation effect of 
radio waves in the ionosphere, where corrections 
were derived for the Maxwell distribution function 
for the case of a relatively weak alternating 
electric field, when the energy delivered by the 
field to the electrons is much less than their 
thermal energy (Refs. 6 and 7 andSec. 64 of Ref. 8). 
The purpose of this article is to solve the 
kinetic equations, assuming an alternating electric 
field and a constant magnetic field (without the 
above-mentioned restrictions on the field intensity), 
and to analyze the expressions for the conductivity 
and the dielectric constant of the plasma. Section 
2 discusses the method for calculating the distri- 
bution function, really an expansion into a series 
in powers of the parameter ¢, / t, ( for rapidly 
varying fields) or t, / t, ( for slowly-varying 
fields). A zero-order approximation is obtained 
for the distribution function. In Sec. 3 we obtain 
and analyze expressions for the average electron 
energy and for the conductivity ad dielectric con- 
stant of the plasma. In Sec. 4 we investigate the 
possibility of using in our calculaions the values 
of « and o obtained from elementary-theory equations. 


*The expression for the distribution function, 
derived in Ref. 4, was corrected by its authors ina 


later work® (see footnote 3). 
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We show that in the case of collisions with mole- 
cules the use of these equations leads to but a 
slight discrepancy with the results of the kinetic 
theory. Generally speaking, this discrepancy is 
more significant in the case of collisions with 
ions. 

Estimates show that in many cases the incident 
wave may change substantially the average electron 
energy and the properties of the plasma. 


2. CALCULATION OF DISTRIBUTION FUNCTION 


Consider a spatially-homogeneous plasma located 
in an electric and magnetic field. We assume the 
collisions between the electrons and the molecules 
or ions of the gas to be elastic. The electron 
distribution function 


fv, t)=fo, + [hi (et) +x) 
obeys in this case the following approximate system 
of equations, derived in Ref. 1: 


Of, e 0 
‘Ot aie 3mv? Ov. 


Oh 5 cE Ofo 4 2 | rs 1G 
eee ag WME i =O,” 


wherein terms on the order of y were neglected in 
the derivation of Eq. (1). (As shown in Ref. 1, 
Via) 9) | f, | ~ fy). The normalization condition 
for the distribution function is 

4x \ fo (0, LOA 00 == |, (2) 

0 

In Eq. (1) e is the electron charge, & the Boltzmann 
constant, 7 the plasma temperature, FE. and H the 
electric and magnetic field intensities, and v (v) 
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and the molecules (or ions). In the case of colli- 
sions with molecules, we have 


y(v) = ra®N yy, (3) 


where a is the “‘radius’’ of the molecule and Ny 
the molecule concentration; in the case of colli- 
sions with ions, on the other hand, we have (see 
Ref. 8) 


fi. eae if 
asa in (4 se ot), (3’) 
where N, is the ion concentration, p,, is the maxi- 
mum collision parameter, which can be assumed to 
equal the Debye radius® (at frequencies that are 
not too high). 
Let us now assume that the electric field 

varies rapidly, i.e., t, << t.. In this case the 


solution of Eq. (1) can be solved by successive 
approximation: 


fo, t) = foo + for: .-> (4) 


ib) = Ga ote 


Neglecting in the zero-order approximation the 
variation of the distribution function due to the 
collisions (on the order of f/t, ) as compared with 
the first term of the equation (0f/at~f/tp ), 
we have Of 9 / Ot =0 or ri 


loo = Too (@), (5) 


i.e., in the zero-order approximation the symmetri- 
cal portion of the distribution function is indepen- 
dent of time (see Introduction). On the other hand, 
tle dependence of foo On v is determined, as it 
should be, not by the equation for the zero-order 
approximation (4), but by the requirement that the 
boundary conditions for the next (first-order) 
approximation be satisfied (see below). 


Inserting now (5) into (1’), we obtain fio (the 
electric field is assumed for simplicity periodic, 


E=E, cos wt, and the magnetic field H is assumed 


the frequency of collisions between the electron constant): 
cE, d (ie + v)? (Ey / Ey) -+ w2, cos 8 (H / H j HE : 
ine foe | o/ Eo) + @4, cos 8 (H / H) + o,, (i@+ v) [ HE eat (6) 


(i@ + v) oz, + (io + v)?] 


(io +») (3, + (io + Wj a ale 


where On = eH / mc is the gyromagnetic frequency, 
and 6 the angle between H and Ey - 


Next, inserting fy and f, 9 into the equation for 


the fj ee : i WE See 

e first approximation fox and integrating it with 
respect to time, we obtain in expression for f 1 
the following term ; 
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AT don 


i m dv + Ufoo)}t, 


which increases without limit as t -©, Stipulating 
the existence of the distribution function, i.e., the 


boundedness of fo, at £7, we set the expression 


in the braces equal to zero, and obtain 
Uv 


leg = @ EXD -I mv dv a?) 
0 


kT + (e?E2 | 3m3) 9(v)} 


and the constant C is defined by the normalization 
condition (2). Thus a unique solution to the sys- 
tem of equations (1) is obtained only by satis- 
fying the supplementary condition that the solution 
be bounded at ¢ +. 

Integrating the equations for fy, and f;, with 
respect to time, we can obtain the following ap- 
proximation (with accuracy to within a time- 
independent function, which is determined by 
specifying that f,, be bounded at t ~©), etc. 
Comparing the sucécessive terms of expansion (4) 
we find that in case of collisions with molecules 
the resultant expressions are correct provided the 
following condition is satisfied 


Here ; 
1,5 el e£y Is (8) 
2 —— ee 
o(v)= — (7) ce vo V 6RT mS e 
4,2-10°¢ Ny VT E ‘Ia 
sin? / 4 Pap eh A 10 eo 
+ _ = ye+ 2 ae : 2 z) 2 Nyt 
ve A ; or ake eee where v =v and p < 1, namely: 
‘ V 2y,eE, V 2 cE,y 
cos 8 + sin? 8 ———= if wt pvt —2., 
Ese wt, VakTms 70 T V5RT ms 
p= . 
1 if we _ y2 Ve CE 
1 A> ag 4 
BIOL VOL Ts 


In the numerical coefficient we assumed 
6=3.4 x 1075 and 7a? =4.3 x 107!® (see Ref. 8); 
E,, is in millivolts per meter. 

In case of slowly-varying fields, reversing the 
inequality sign in (8) we obtain for f,. and fio 
the expressions similar to (6) or (7) but with E 
being replaced by \/ 2E ‘ 


we have 


0 
cos wt in fy). Thus 


(9) 


U 
mvdu 


fen — © (t)exp fea RT + (267E,2 / 8md) @ (V) cos® wt } 
0 


where the constant C (t) is determined by the nor- 
malizaion condition (2). For wt 70, i.e., for 

E ~E , , the distribution function (9) agrees with 
that obtained in Ref. 1 for the stationary case. 
At H 70 the distribution function (7) agrees with 
that obtained in Refs. 2 and 3. However, (9) 
does not agree with the function obtained under 
the same conditions in Ref. 3 (Section 7). In 
connection with this let us note that Refs. 2 and 
3 attempted to solve Eqs. (1) by expanding them 
into a Fourier series, and although this led to 
separation of the variables, it also resulted in an 
infinite system of interrelated differential equa- 
tions. Since general analysis of such a system 
is exceedingly difficult (the termination method 
was used in Reference 3, but the authors of 


this article did not investigate fully the condi- 
tions under which this method is applicadle,* and 
therefore the results they obtained for the case of 
low-frequency fields (Ref. 3, Sec. 7) are not 
quite correct, even though the distribution ob- 
tained in Refs. 2 and 3 for rapidly varying fields 
does not agree with (7). Let us note that Ref. 3 
investigaed not the approximate system of Eqs. 
(1) , but a complete infinite system of 
equaions, equivalent to the Boltzmann equation. 
The method developed in this article can also be 
used to solve that problem. The distribution 
function (7) does not agree with that obtained in 
Refs4.** 


In the case when the principal role is played 


by collisions between electrons and ions, expres- 


*The attempt to approximate c, made in Sec. 5 of 
Ref. 3 (from Sec. 3 of the same reference ) is not 
sufficiently consistent: instead of function fp, whi 
should be obtained in this approximation, fun€fion foo 


was used (approximation c , Sec. 3), which is incorrect 
within the framework of the method employed. 

**Recently the authors of that reference deriyed a 
correct expression for the distribution function, @gtee- 
ing with (7) The same expression was derived for the 
distribution function by Fain.” The kinetic equations 
were solved in these investigations as in Ref. 3. Fain 
also investigated the applicability of this method and 
arrived at a condition that is equivalent to (8) (see 
also Ref. 10). 
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sion (7) is valid for the distribution function if 
the following condition is satisfied: 

(V2/3eE,/@V RTM) + %i/@<I1. (10) 
Neither the question of obtaining the distribution 
function in case of collisions with ions when 
conditions (10) are not satisfied (stationary and 
quati-stationary fields), nor gyro-resonance are 
considered in this article.* 

The solution above is for a plane-polarized 
electric field (E=E, cos wt ). However, in 
anisotropic plasma (7 # 0), the plane electro- 
magnetic wave breaks up into two elliptically- 
polaized waves. It is therefore interesting to 
determine the electron distribution function for 
the case of an elliptically-polarized electric 
field E. Resolving E along the three principal 
polarization axes we have 


E = E;, cos ot + Ej{yeit + Ejye7iet 


(E,, is the plane-polarized field with E,, || Hs EZ 
and Ey are the circularly-polarized fields in a 
plane perpendicular to H and rotating in the same 
(minus) or opposite (plus) direction as the electron 
in the magnetic field), it is easy to show that the 
same expression (7) is valid for the distribution 
function, provided that ee ¢(v) is replaced by 


In particular, if the field is circularly polarized in 
a plane perpendicular to H, it can be seen from 

(11) that the effect of the magnetic field is actually 
equivalent to an increase (or decrease) in the 
frequency of the electric field, a physically under- 
standable effect. 


3. MEAN ELECTRON ENERGY, PLASMA CON- 
DUCTIVITY AND DIELECTRIC CONSTANT 


Using the expression obtained above for the dis- 
tribution function, let us compute the mean electron 
energy ©, and the plasma conductivity o and die- 
lectric constant ¢. Integrating the expressions for 
the mean energy and for the electric-current densi- 
ty with respect to the angular variables and em- 
ploying the orthogonality of the functions fy, f, » 
and X we obtain 


o (12) 
E = 2nm\ vtfedo; 


0 


Meer: 4neN 
j=(o+ ie re ee ne | odo. 
0 


Using the Hermite properties of the tensors ¢ 


2 E3 and o and aligning the z axis with the magnetic 
E?o(v) > AES (11) field, we obtain from (12) and (7) the following 
| 2Et2 2E 7? expression for the components of the tensors € 
oto +t Tomoye pe ando: 
8 e2N i v 
Ones ' 
ee igl N See 
8 oN 
Tae ‘a C4 4 4 
Cin == Say == a \ Fydu— { 
3Vxn m : 2 |((@ —o@,,)? + v? Hee ae , 
uM mbnesipean 1 1 1 
Sry = — Oy, = j = \ Brera SS 
Y Vx 3Vn oe : Fydu 5) (e ae On)? =p ye (@ — @;,))? + v? \ 
it , 
es pea ees a Pe 129) 
a1 3Vn Mm P @?+ y2? 
yao oe 2 fae: ON du 1 O— Op, ® + Op, 
4x 4 Ris Te ’ 20 oer jr + v2 (@ + @y)? + v? f’ 
los) 
ES a as Spy te: BO" | du 4 © — @,, © + 7, 
4x 4r SY ae ane : 2 | (@ — w,,)? + v2 BCE a 


Org = Ozy = Syz = zy = 0; 


e 
— 


xz = Szy = fyz = by, = 0, 


*The inany difficulties arising in the analysis of the 
distribution function n stationary fields in case of 
collisions with ions were pointed out to the author 
by V. L. Ginzburg. I take advantage of this opportunity 
to thank him for attentive examination of the results 
of this investigation. 


where a dimensionless variable u = v\/2kT /m 


was introduced; 


a 4 
u=0) Qin lS 
V 2kT/ ; *°4 ++ (e#E2 /3kT m8) @’ fog and ~ 


ee 
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ae given by expressions (7) and (7’). In the 
absence of a magnetic field, it can clearly be seen 


from (12”) that ny O44 


=o, with analogous relationships for e€ . 


= 0 and Dre yy aly g 


a) Magnetic field H=0. In the absence of a mag- 


netic field (for collisions with molecules) we ob- 
tain from (12): 


(13) 


poe W. (y +49) 
6 = SAT (1 + gt) steels vate FT) | 
c : uo ras viet, 1 97)? 


(x is on the order of (w/p )?, where v is the 
electron collision frequency in a strong electric 
field). The functions /,, (x) are plotted in Fig. 1. 
According to Eqs. (14) and (14 ’), € increases 
monotonically with E, and 7 and decreases mono- 
tonically with m and N,, . If x >> 1 (high fre- 
quencies) we obtain from (14) and (14 ’) : 


3 3 

G = aT (1 +1/9%), 
3 Gaia 

30m mo? 


(aaa 


o= 


Here W fs (z) is the Whittaker function of order 

ft, A; to simplify the notation we again introduce 
the dimensionless parameters 

ers 3,4- 1082 EA 


eae (13 ’) 
3kTmdve Nave 


ga 2 yy = Ve nat 2,36: 10° VT, 


Yo 
where y is a quantity on the order of the square 


of the ratio of the energy delivered to the electron 


by the constant field Eo to its thermal energy; 
v, is a frequency on the order of the number of 


pee t Wy jos): (ys 9") «os . : 
a a (y + q?)'h een tnd BE Re electron collisions in the absence of an electric 
3Vx MV Wego nye yjotey,(¥ + 9°) field. In the numerical coefficients we assumed 
4 e2N Wyja-*),: vias) (y + 4?) 8=3.4x 10°° and 7 a? = 4.3 x 107! cm? ; 
an aie aoe E, is in millivolts per meter. If y >> 1 we have 
2 WI2—Mai v/24e], YT 4 from (12): 
6 = 3kTx (1 +7 / 9?) 14, (4) /1), (2), 
16 eN gee, de (SD) 6a) ) 
=—— —_ 1+ y/q2)ils Dicer gi tee (14) 
te E. 7 ea ai V dy Te(x) 
e—1 me tate KTS Is), (x) 5 Ts, (x) 
4x aed 8 HE, a ak Vy Ty) 
where In this case the distribution function is Maxwellian 
= with an effective electron temperature 
4 ' —f2—2txr , 2 
‘Gls verre ania (4) Typ = T+ 4/g2) = T (+ PER / 3kT mde), 
oe) If x << 1 (low frequency): 
os Sty op 
gte+i)I2 p—( : a T (5/4) cE, (as) 
2 = —— = , US 
ifx >> 1 © V31T (8/4) V8 7a2Ny 
seh Dies. ~Ne lps 15-1010 
Tp (x) = (2x)? 4 {1 — (p + 1) (p + 2)/ (2x)"} 7 = SaglTCh) VnaiN,mE, ” VNybo’ 
(here D;, (z) are the parabolic - cylinder functions) - Seine bl 20 (7/4) eNs'/2 
and Ar V3T Ch) ma®*NyE, 
-x=V30mV6 / 2Qra®N yeE, ~ 6600? / EN ob F10U abs 
N ye 


In this case the distribution function is of the 
Druyvesteyn type with an effective field E ef, 
=E,y ina De as it should be, for if x << 1, i.e., if 
@ << v, the alternating electric field acts on the 
average as a constant field EF =E,,=E,)/v2. 
Let us also introduce corrections foe the expressions 
for ©, o , and € ina weak field (y <<1). If 
o> ve we have: 
6 =f eT +1/@) 
8 e?Nv, ‘i 
A lespniciatcaienche 


(¢—1)/4e = —eN / mo. 


o= 
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If w? << v2 


0 
G = FAT (1+ %sy) 
4 e2N - ‘ 
oe, 2+ (1 — In 2)); 


Ip (x) = (2x)? {1 — (p + 1) (p + 2)/(2x)} 


Figures 2, 3 and 4 show plots of ©, 7, and 
(e—1)/ 47) (related to their values a E ~0) vs. 
q=©/ ¥% for various values of y . It is clear from 
the figures that at y >> 1 the mean electron energy 
and plasma conductivity and dielectric constant 
depend strongly on the electric field intensity. It 


BiGa 2: Dependence of © / cep on g= o/V, 
= 4,24 x 10° @/ NV T for the values of y indicated 
on the curves, and for o,/V, = 10. Solid lines are 
for 8 = 0, dotted for Brea 2: 


is interesting to note that at low frequencies 

(x << 1), o decreases with increasing F, and the 
mean electron energy increases, and with it the 
energy delivered the wave to the plasma molecules 
(see Eq. 15). If we assume here tha the absorp- 
tion of radio waves is proportional to the conducti- 
vity, an apparent contradiction arises: the energy 
delivered by the wave to the plasma molecules 


increases with the field in a strong low-frequency 
field, and at the same time the absorption of the 
wave decreases. This, however, does not contra- 
dict the law of conservation of energy, for the 
energy of the wave increases as the square of 


E , while the mean energy of the plasma electrons 
is proportional to E 4 (from (15)]. Consequently, 
even though the total energy delivered by the wave 
to the plasma molecules increases with FE, , its 
relative value decreases; therefore; the absorption 
also decreases, and exhibits a relative decrease in 
the amplitude of E on the given section of the 


ws eas —o 


if + aan + 


oe ~O5 0 +45 1 lag 2 


FIG. 3. Dependence of (e—1 /(¢—-1) on q for 
collisions with molecules at ee for perp ee 


of y as marked on the curves. 


Let us also note that the probability of the 
electron having an energy greater than the pre- 
scribed value of €, is given by the following 
equation 

P (G Zz Go) = \ U"foodd, 


Vo 
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where Uy = V2E/m. It is now easy to obtain field theory [ with the temperature replaced by its 
an expression for P (€ > 20) for various limiting effective value Per » as given in (20) ] , namely; 
cases. In particular, fa y >> 1 we have 
Sms? 
Ory = 0 = = Ny, 4 
P(E > Go) =I (to )/I,(%), 6) RV OG 
ae 2 pisex (— 2 — 2tx} dt; (16 ’) ( : | 2)'Ia. 
/s 0» Vir. Pr > x (o—a,)2 + eee + 1/9 ) , 
{i =e Go at. Seige eo recanyand 
0 = WRTe +y7 0) Cea eres 
f => 1 \ i soy 2)\'/s 
It is clear from (16) and (16) that in a strong Xion Oy)? (e+ oa r 1/4?) 3 
field the electron energy is less likely to deviate 
substantially from its mean value © at low fre- fr, — 1 eae e2N é 
quencies than at high frequencies. ig ae re ee 
b) Magnetic field H # 0. If the effect of the 
constant magnetic field is taken into account, the a) = eas ea) - pa 
computation of ©, o, and ¢ is in general much i a i (oP a) ae 


more complicated; however, in some particular Petey 
; P ‘ am 3 \ : The magnetic field affects the electron distribution 
instances it is possible to convert the expressions —mogt when B =7/ 2. Inthis case we have for 


for ©, 7, and € to those discussed above by intro- y >> 1 and x (@ +, )2/@2 >>1 
ducing effective parameters E§ , w’, which take @ 


the magnetic field into account. 


lo} iF D , ae 
Of © On—6 (Eo, se) ie ee 
=a = 
Paes | 
é CN { Oe Ones P , 
. sarceanl ok A atcge Ss ge S (1 ik ae O; ) meee (Eo, oo ); 
20057 ; rai 
Sey = — Syx = — ll (@ + ©)" CTO (Eo, @ ye 
Dee Re. Eyy— 1 
Ar = Ar 


— 2 
— eN 1 / hTS !s),(x’) [ & — OF 


Fic. 4. Dependence of o/ OF +9 4 for collisions =— V6 Sapte ie (x’) | (@ + oF) + Oy)? 


with molecules ( at H=0) for the various values of YoKo 
y marked on the curves. 
(8 = Op) 4 Is), (x’) 

It is evident that if B= 0({£ is the angle be- ay (@ Foy) 2x’ Ty at ; 
tween E and //) the magnetic field does not affect : 
the symmetrical portion of the distribution function. Say?) Gaye 
Consequently, the average electron energy, and ae. Aer ate , 
also the components of the conductivity and a eN V RTS Ong Tap, (2) [ @f — oF 
dielectric constant tensors (o,,, €,,), which are VE. moo dy (x'), |(@ fe,” 


parallel to Hare given by the expressions analyzed 
previously (Ej =E,; @°=@). For the remaining 
components of tensors o and € we obtain the some- 


(Oop 5 hee) 
(wo + wz)? 2x’ Is), Cone 


what more complicated expressions (12). In ‘ E, @—o, \ ag’ 
several limiting cases they can be simplified. ae ay. ar ee ; 18’) 
For example, if y >> 1, x >> 1, and fee as 
a(wo-o, )? / w? >> 1 the expressions for wo! =|o—on|; Pj la dt 


f 4 2 wan ,ecE 
Gy. etc. are the same as obtained in the weak- Mo 
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If, on the contrary, x («, + @y)?/o? << |, the effect 
of the magnetic field is insignificant; for the 

mean energy of the electrons and for the diagonal 
gucnests ot tensors o and € (Oxy = %y =%zz9 °° 

we have F 9 = Ey; @“=@. The-remaining com- 

ponents have the following form: 


2VIm Cp, m'ls8*lee'hN 


Sey = Syy = — fF (19) 
3) hap (3/4) (Ena? y yla v 
Sxy ee bee? Eye 
4n 4m 
. 2(5/;) © eNVS 


~ "TEP ar) ® Eta Ny 2 


Figures 2 and 5 show plots of the functions «¢ 
and oy, (at B=7/2)vs.q=/w for @y /Yg=10 
and for various values of y . The mean electron 
energy © / Cpe is seen clearly from (18) and 
(18%) to increase resonantly in the vicinity of 
the gyro-frequency [w~o,,, compare (13) ] ; 
this resonance is observed Mites the following 
conditions 7 S>1;x(wy/)?=S>1, are satisfied, 
as can also be seen from Fig. 2. Under these 
conditions o/ o = decreases resonantly (see 
Fig. 5), while BE cbse i é 

7 W. H. Increases, and © de- 
creases with increasing E, the same as at low 


OfG, 
Wes 
it 

pale - i H 2 ; 

/ 
=o 
i ay 
I 
Or 
| [| 
Ae | 
St 0 i zZ & gg 


Fic. 5. Dependence of o/a on q (Collisions 
with Fareaitlen toe O/UA= 10 And for various values 
of y marked on the curve’. Solid curves are for G=0, 


dotted for B=n/ De 


frequencies in the absence of a magnetic field 
(see Eq. 15). 

Let us also note that the case B = 7/2 also 
occurs for longitudinal propagation of the electro- 
magnetic wave. The wave breaks up here into 
two waves — ordinary and extraordinary — circularly 
polarized in a plane perpendicular to H . For each 
of these waves, as can be clearly seen from (11), 
Ej =e V2; 30 =| oe to,|. Comparing (19) 
with (18) and (18%) we see that in first approxima- 
tion both circularly - polarized waves, which make 
up a plane polarized wave, exert an equal effect 
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of the electrons in all,cases except gyro-resonance 
(@~ On» % (oy / @) >> 1). Inthe case of 
gyro-resonance, however, the increase in electron 
energy is due only to the extraordinary wave. 

If angle 8 is arbitrary and the following condi- 
tions are satisfied 

X/cos?8 S> 1; (2x/sin?B) (o — wy)?/w? > 1, 
the distribution function is Maxwellian with an 
effective temperature 


f es ee cos?8 
we liemersir nb a. (20) 


ei sin?B (w® + w?,) | 
(a? — 0%)? J’ 

i.e., the same expressions hold for ¢ ,o,ande 

as for weak fields, except that T is replaced by 

ip A see Eq. 17). Let us note that the electron 

gas also has this effective temperature (20) in case 

of collisions with ions, provided the following 

conditions are satisfied. 


@ > Vi; | @ — Oy | > voi. (1) 


Here v,. is on the order of the frequency of 


07 
collisions between electrons and ions in the ab- 
sence of an electric field. If x(w +04)” <l,andy>1, 
the distribution function (in case of collisions 
withmolecules is of the Druyvesteyn type with 
an effective field F_, = Ee V2 ; expressions 


(15), (19) are valid ice Coe, anda. 


4. EFFECTIVE FREQUENCY OF ELECTRON 
COLLISIONS 


The expressions for o and ¢ obtained above with 
the aid of the kinetic theory are in general quite 
complicated. It becomes therefore advantageous 
to investigate the possibility of calculating o and 
€ from the elementary theory equations: 

e2N Vob 
sie pe ee 
mo @ot+ Ve 


(22) 


> 


i 4re2N 4 
(el) 2 3 9 
el) or tive 


For this purpose it is necessary to determine the 
effective electron-collision frequency (vep) and to 
compare the values of the conductivity and dielec- 
tric constant Core: €e] ) from Eqs. (22), with 
those (o,, €,), obtained from kinetic theory. 

Let us first consider the case of a weak electric 
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field (e? £2 / 3kT m8(@2+ ve << 1), when the 
effect of the wave of the plasma can be neglected.* 
Here, as is well known, it is possible to determine 
the effective electron-collision frequency v,,, at 


. . . e 0 
high frequencies (@ >> v, ) in such a way that 


0 / 2 3 4 g 


Fic. 6. Dependence of K, and K, on q for collisions 
with molecules. The dotted lines show curves for 


strongelectric fields (aty= 10°). 


we 0 i 2 \9¢ 


Fic. 7, Dependence of Kg and K, on log q, for 
collisions with ions. 


v_, (wv. 0 
2? Ei 


1 i Jj J 


Fic. 8.. Dependence of ves (w)/Ve fo on q for col- 
lisions with molecules. 


the conductivity and the dielectric constant, cal- 
culated from the kinetic theory and from Eq. (22), 


*Let us note that the weak-field condition specified 
here is valid in the case of collisions with ions only 
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are in agreement (see Refs. 11-13): 
. 8 
ery mat (22) 
SV 2a eT ou 
= = V — 7ra*N x (for collisions with molecules) 
Ve m 
4 
Yoh of = 3Vn vO 
y TC 
_ 2V2e «tN, { (AT)8 


3 pls (RT)*!2 


bares (for collisionswith ions). 
l 


If the condition w >> Vo is not satisfied then 
7.) and €,; no longer equal o, and ¢, . It is 
therefore necessary to introduce correction 
coefficients K, and K, , which are determined in 
the following manner: 


fx — | = Kelsey 1a 


J Keosa, 


The coefficients K, and K, plotted in Figs. 6 
and 7 are functions of the frequency. In the 
case of collisions with molecules (Fig. 6) the 
correction coefficients K, and K, are nearly equal 
to unity; on the other hand, in the case of colli- 
sions with ions (Fig. 7) they may differ con- 
siderably from unity (atw < 10 Vo i ),* and this 
circumstance must be taken into account in the 
calculation of the conductivity and of the dielectric 
constaiut. 

In a strong electric field, K,, can be obtained 
from effective electron gas temperaure T,,. In the 
case of collisions with molecules we have here 


Vet = Vero vis / T, where Tez is determined by 
the following relationship: 


*]t must be noted that in general the parameter V,¢ 
can be defined in such a way as to make @,; an 
€ 1 equal to o, and & ; for this purpose it is necessary 
to examine V, (@ ) , as was done earlier (see Ref. 8, 
Sec. 61). However, analysis shows that such determina- 
tion of the effective collision frequency leads to three 
expressionsfor v_, (@), as shown in Figs. 8 (collisions 
with molecules ) and 9 (collisions with ions), As can 
be seen from the figures, the indicated three expressions 
for v,, (0) differ considerably even at the same value 
of w and vary substantially with w . Therefore v, 
loses in this case its physical significance of an elec- 
tron collision frequency (v —0 at w@~0). In addition, 
the requirement that €,, and '%,) be equal to € and Oj, 
calls for the use of at least two substantially-varying 
functions v.,(@). There is no sense in doing this and 
it is more cShvenient to employ the coefficient Kg and Ky. 
In strong fields the use of v , leads to even more 
serious difficulties. ef 
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Uy prague (23) 
ce 5LTLS Spe 2 LT 
aT 3kTms lo®+ v2 Ted 
sin? B [ 4 
=i y | 2 2 
Z nae Di 
(@ — o;, ) + P40 T 


: } 
oo 
(@ 4 @7y )? 4 yee 
Comparing now the values of the conductivity and 
dielectric constant calculated with the simple 
equations (22), (22%), (23) and those obtained with 
the kinetic-theory equations (Sec. 3), we see that 
in strong fields (as well as weak ones) the coef- 
ficients K, and K, are nearly equal to unity as 
before: at x << 1 (low frequencies ), K, = 1.08 
and K, = 1.07 (see, for example, the dotted curve 
on figures 6), and at x >> 1 (high frequencies ) 
reels Ki? 


<6 =f 0 1 2 199; 


Fic. 9. Dependence of Ver (w)/ Vero M 9; = o/ Voj 
for collisions with ions. 


In the case of collisions with ions, if we 
restrict ourselves to high frequencies (w2 10 Vigg)s 
Eqs. (22) and (22”), used in conjunction with the 


effective electron temperature T,, as defined by 


equation (20), result in strongfield values of o 
and ¢ that are even in closer agreement with the 
results of the kinetic theory than the weak-field 
values.** ; 

In conclusion the author thanks Ia. L. Al’ pert 
for guidance in this investigation and for many 


advises and comments. 


** The latter circumstance follows from the fact that the 
effective frequency of collisions between electrons 


and ions (22) decreases with increasin T ops ieee, the 
condition @ 2 V oft is better satisfied ie strong 
field than in a weak one. Let us also recall that if 


the electron temperature 7 _. differs from the ion tempera- 
A e cr - 
ture T, a somewhat differeSt expression is used to cal- 


culate Vero; than (22) (see Ref. 8, Sec. 61). 
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New Nonpiezoelectric Dielectrics with Very High Dielectric Permeability and Small 
Conductivity 


G. I. SKANAVI AND FE. N. MATVEEVA 
P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor February 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1047-1051 (June, 1956) 


It is shown that a combination favoring polarization of the internal field by means of re- 
laxation polarization of ions leads to a very high dielectric permeability in a wide range of 
frequencies (up to very high) with freedom from spontaneous polarization and other piezo- 
electric effects. We obtained nonpiezoelectric dielectrics with € ~ 1000 and with small 


conductivity. 


NE of the authors in cooperation with A. I. 

Demeshina has earlier discovered relaxation 
polarization, giving a very high dielectric perme- 
ability at low frequencies {50-20,000 cycles per 
second). This was found in polycrystalline di- 
electrics made of rutile (TiO, ) containing small 
impurities of oxides of the alkali earth metals?. 

In the present work the problem was to bring 
about experimental conditions in a solid dielectric 
such that the internal field associated with the 
polarization” would be associated with an ionic 
relaxation displacement which would have a suffi- 
ciently small time of relaxation. At the same 
time, the dielectric permeability was to be very 
high even at high frequencies. Tle basic diffi- 
culty in this program consists in bringing about the 
possibility of comparatively large ionic displace- 
ments while still preserving the perovskite struc- 
ture, which is favorable for ‘polarization. 

If one adds ions of bismuth, which have the same 
radius (1.2 A) as ions of strontium, to strontium 
titanate, then the ions of bismuth are able partly 
to displace ions of strontium without changing the 
crystal structure. Also, owing to the differences 
of valence (ions of strontium are divalent, ions of 
bismuth are trivalent ) the electrical neutrality of 
the lattice can be maintained only if holes are 
formed with the specified fractional substitution, 
as is the case in solid solutions of the substitu- 
tional type. Ia. M. Ksendzov showed that the 
presence of holes is very probable. Breaking up 
the lattice of the perovskite type can lead to the 
appearance of ionic relaxation polarization. 

Experimental work in this direction has showed 
that dielectrics of strontium titanate in the presence 
of a small addition of bismuth trioxide actually 
possess very high relaxation polarization, and 
moreover this is quite clearly expressed. Their 
dielectric permeability remains very high up to 
very high frequencies*. In Figs. 1 and 2 are 


* We discovered similar, but more weakly expressed, 
properties in the dielectric systems calcium titanate- 
bismuth titanate and barium titanate-bismuth titanate. 
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curves of the dependence of the dielectric perme- 
abilitye and of the tangent of the angle of dielec- 
tric losses, tan 6, on temperature with various 
frequencies for one of the new dielectrics. The 
shape of these curves is characteristic of relaxa- 
tion polarization: an increase of frequency dis- 
places the maximum of tan 6 and ¢ toward the di- 
rection of high temperatures. The presence of 
clearly expressed temperature maxima in ¢ and 
tan 6 is an indication that the relaxation polariza- 
tion is not affected by other processes, for ex- 
ample, by an increased conductivity. The falling 
part of the curve « = {(T )corresponds to a dielec- 
tric permeability with a zero frequency €, which 


decreases with rising temperatures. With suffi- 
ciently low temperature the dielectric permeability 
is reduced in value and approaches the elastically 
dependent polarization €,,(~ 200-250). 

The series of experiments showed that the new 
dielectrics, in spite of the temperature maximum 
of €, cannot be put into the class of piezoelectrics, 
because of the following characteristics: 1) the 
temperature maxima of ¢€ and tan 6 shift with in- 
creasing frequency toward the direction of high 
temperature; 2) nonlinearity of polarization is 
absent and the dielectric permeability is independ- 
ent of field strength; 3) dielectric hysteresis is 
absent. The presence of the temperature maxi- 
mum of € corresponds to “classical relaxation 
polarization.”’ This was observed earlier in 
such an evident form only in polar liquids and some 
polar polymers, but it was not brought out in such 
high values of e«. 

The circumstance that the conductivity of the 
strontium-bismuth titanates (SBT) is relatively 
very small makes it possible to estimate from the 
experimental data in Figs. 1 and 2 several of the 
dielectric parameters, for example, the coefficients 
of the internal field, the activation energy of 
ionic relaxation, and so on. 

If one does not take into account the differences 
between the fields acting on various ions, then one 
can introduce and average field EF, which is equal 
to 
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FIG. 1. The dependence of € on the temperature, using various 


frequencies for the dielectric SVT. 
1--f =5000 cycles, 2--f=50 cycles, 3-f=50kc, 4--f=1 me, 
5-- f= 10 me. 


E=E,,+ Bil’ + Belo, (1) 


where FE ay is the average macroscopic field, /’is 
the electrical moment of the unit of volume, de- 
pendent on the relaxation polarization and /, is the 
same for the elastic (electronic and ionic ) polari- 
zation. Then the condition for a maximum in tan 6 
will have the following form: 


&, —1+ (4/8) - “ 
&— 1 + (47/8)) gk ‘ (2) 
whee T=(2v)-1 exp (U/KT), U is the potential 
barrier which the relaxing particles surmount and 
v is their frequency of oscillation in position. It 
is essential that the condition (2) does not include 
the coefficient of the internal field B,, which was 
created by the elastic polarization. 

It is possible to show that an approximate condi- 
tion for a temperature maximum in ¢ has the follow- 
ing form: 


(wr)’ => 


€ a 
Ce eee 
( ) AE vay tg Se 


RT,, (3) 


where tan 6”’ relates to the temperature 7, of 
maximum € and to the frequency @, and k is Boltz- 
man’s constant. 

Expressions (2) and (3) correspond to the as- 
sumption that all the weakly bound ions take the 
same relaxation time. It is well known from ex- 
perimental data that €, and €,, can be expressed 
through the effective “‘elastic’’ polarizability of 
the unit volume a .,, and the relaxation polariza- 
bility of the unit voltras ose fe ‘q?x2/12 kT (q is 
the charge of the relaxing ion, xis its displace- 
ment and n” is the number of weakly bound ions 
in 1 cm?) 


Son teen 4m (0 eff 1%) (4) 
€o + are 1 — (Boa. ee + Bia’) u 

&,, —1 = ATO ote 

Ent 2, L Be. (5) 


The combination of Eqs. (2) and (5), and also 
an estimate of the size of a _ from additional con- 


siderations, makes it nee ble to estimate U, B), 
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tand 


100 


200 t°C 


FIG. 2. The dependence of tand on temperature, using various 
frequencies for the dielectric SVT. 
1--f=5000 cycles, 2--f=50kc, 3--f=1.5 mc, 4--f=50 cycles, 
5--f=10 me. 


8, and a”, using experimental data. For the low 
temperatures (and low frequencies) U ~ lev, 
while with high temperatures (and high frequen- 
cies ) U ~ 0.2-0.3 ev. The coefficient 8 ,~ 0.01, 
B,~ +5. The small value of 8, confirms the 
assumption that the concentration of lattice de- 
fects, which governs the relaxation polarization, 
is small. The high value of dielectric permeability 
is determined by the simultaneous effect of the 
large internal field created by elastic polarization 
ves is large and positive ) and relaxation polariza- 


tion. A more detailed analysis of the experimental 
dta says that the new dielectrics have at least two 
collections of relaxation times: a diffuse collec- 
tion of longer relaxation times and a concentrated 
collection of short relaxation times. Calculation 
using the two specified collections of relaxation 
times allows one to explain the intrease of tan 

6 ax With frequency and also several other facts. 
As has been pointed out above, the electrical 
conductivity of the new dielectrics is extremely 


small (Fig. 3). 


gp 
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Fic. 3. The dependence of the resistivity p on 
temperature for the dielectric SVT. 1 -- forward 


direction. 2--reverse direction. 


At low temperatures a large drop of current, de- 
pendent on the accumulation of space charge, oc- 
curs with time. In addition to this, if the speci- 
men remains at room temperature with the voltage 
applied until the current is practically constant, 
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Time (min.) 


Fic. 4. The dependence of current and various elec- 
trode temperatures on time for the dielectric SVT. 1-- 
temperature on the ‘‘hot”’ electrode, 2--temperature 
of the ‘‘cold’’ electrode, 3--the difference in tempera- 


ture of the electrodes, 4-- current through the sample. 
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and then the specimen is heated, the current 
changes its sign. Specially prepared samples 
showed that the reverse current can be determined 
by the rapidity of change of the temperature dif- 
ference of the electrodes. The corresponding 
curves are in Fig. 4. One can think that with a 
change of temperature gradient in the sample with 
time, a reverse thermal diffusion current arises, de- 
tamined by the recombination of space charge. Jn 
view of the small direct current conductivity, this 
reverse current can exceed the direct current, and 
the total current changes sign. 


1G. I, Skanavi and A. I. Demeshina, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 19, 3 (1949). 


2ee i Skanavi, Elektrichestvo 8, 15 (1947); J. Exptl. 
Theoret. Phys. (U.S.S.R.) 17, 399 (1947). 
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The Shape of the Dispersion Signal in Nuclear Magnetic 
Resonance with Strong High-Frequency Magnetic Fields 


N. M. IEVSKATA 
Moscow State University 
(Submitted to JETP editor April 18, 1955 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1040-1046 (June, 1956) 


Approximate solutions are given for the system of equations which describe the behavior 
of the components of the magnetization vector in a strong high-frequency magnetic field for 
intermediate relaxation times; both symmetrical and asymmetrical sinusoidal modulation are 
considered. The approximation is investigated and the limits of its applicability indicated. 
The solution is used to derive expressions for the longitudinal and transverse relaxation 


times, The theoretical conclusions are found to be in agreement with the results of experi- 


mental studies. 


INTRODUCTION 


A Mile shapes of the dispersion and absorption 
signals in nuclear magnetic resonance depend 
on the relaxation times (longitudinal and trans- 
verse ), which are characteristics of the internal 
fields, and on the external conditions (the strength 
of the high-frequency magnetic field, the amplitude, 


frequency and wave-shape of the modulating mag- 
netic field, etc.). Although numerous analyses of 
the signal shape have been given in the literature 1° 
there are still many experimentally encountered cases 
which have not been considered. 

The present paper is concerned with the signal 
shape when a “‘strong” high-frequency magnetic 
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field is applied; sinusoidal modulation of the longi- 
tudinal magnetic field is assumed. We shall be in- 
terested in the intermediate relaxation-time case, 
i.e., the case in which the period of the modulating 
field T is comparable to the relaxation times (the 
longitudinal relaxation time is designated by T, 
and the transverse relaxation time by T',). By 
“strong” ’ high-frequency magnetic field, as is cus- 
tomary 251 11 is meant a field such that the 
vector M, which describes the nuclear magnetiza- 


tion, is highly perturbed or turned over at resonance. 


The case of intermediate relaxation times is of 
interest since it is frequently encountered in prac- 
tice. 

In preparation for the analysis of the signal 
shape, which follows, we introduce the dimension- 
less parameters: 


O14 P Om Ta ; Ay 
2 lee es Om n 
Am haber 


and the dimensionless time x = w_t(t is the time; 
@ is the angular frequency of the modulating field; 
H_, is the amplitude of the modulating magnetic 
field; H, is the amplitude of the high-frequency 
magnetic field and H, is a fixed quantity which is 
superimposed on the resonance value of the de 
magnetic field H). 

A general expression for the dispersion signal u 
in a strong high-frequency field (A <1) has been 
given in Refs. 1 and 10. The solution is given as 
a series expansion in terms of the parameter A. 
When the longitudinal magnetic fieldis sinusoid- 
ally modulated, the zeroth approximation has the 
form 


(Xo) 


9 (xX) = (Xp) an (2) 


x exp {9 (%) — x) + (uw —») LH (%) — HD 


+ Ms \ 


ve 


vk (x -+ sin y) 
G (x) G (n) 


x exp{y(q—x) + (» —v) [A (4) — A (a) au, 


where xg is the initial time and M, is the constant 


component of the magnetization vector 
G (x) = [1 + #2 (« + sin x)", 
n 


H (4) —H (x) =\1G Ya. 


na 
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In the symmetrical modulation case (x =0 ), the 
shape of the dispersion signal is given by the ex- 
pression !9 

(©) (x) = uw (x,) £@o) 
u (x) uso (Xo) g (x) exp {7 (Xo) +-f (x)} (3) 


x 


+M,\ 


se) 


vk sin 


Ze) em CXP tf (1) — F (x)} de, 
where 
Loe aaa Vipeee tg(V1 + # tg x), 


g(x) = [1 + sin? x]! 


Examination of Eqs. (2) and (3) shows that in the 
steady-state (4%, + —oo) the form of the dispersion 
signal is determined by the second term in Eqs. 
(2) and (3). It has been shown in Ref. 10 that in 
the first approximation the steady-state value of 
u™) is zero. Hence, if the parameter A is small, 
the shape of the dispersion signal uis given by 
the zeroth approximation, Eqs. (2) and (3) (to 
second order tams in A). In the following the 

zero symbol will be omitted in the quantity u‘)(,), 


1, SYMMETRICAL MODULATION 


We shall consider the form of the steady-state 
dispersion signal u,,(x) for symmetrical modulation 
(x=0), ive., the case inwhich the longitudinal 
magnetic field H, is of the form H/, = Hy, +#H_,sinx. 


From Eq. (3) we have 
(4) 


Xv 
Ust (x) = aa eae) \ oN ef (dy, 
The analysis of this signal is difficult because 
the integral which appears in Eq. (4) cannot be 
expressed in terms of tabulated functions. 
Under certain conditions, Eq. (4) can be simpli- 
fied considerably. We introduce the notation 


Pa so 5) 
= vk sin #(n) ( 
ae : gm? a 
ee 
— { YRSINN AB Fin) 
NE on S| ! Bac dy. 
Then 

st (x) = [M)/g (x) )e 4M [C, + J (x, x-)]; (6) 

ug (x,) o 
Cae ene me (7) 
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The quantity x is the time corresponding to the 
onset of resonance, i.e., u(x )=0.5 u(x, ) where 
x,, is the time at which the signal reaches its 
maximum value. It has been shown in Ref. 10 

that x, <0. 

We now ascertain the values of v, p and & in Eq. 
(6) for which J (x, x, ) can be neglected as com- 
pared with the quantity C,. Analysis of Eq. (5) 
indicates that in the region from —|x_-| to eee 
the quantity J (x, x_ ) assumes its 
maximum values at x = 0 and x =|x_|- 
concerned with the intermediate relaxation time 
case, i.e, the case in which TT, varies within 
the limits 0.1 to 10 (as has been pointed out in 
Refs. 3 and 12, T, < 7, and the quantity DaLS 


can vary over wider limits ). To estimate the rela- 
tive magnitudes of the quantities G 2 and J (x, x =a 
the values of J(0, ~ |x|), J(|x |, -— |x|) 
and C were computed by numerical inteccation: 
using the following values for the parameters: v 
from 0.001 to 5, p from p = v to 20 for k equal to 
10 and 20 and x equal to 0.2 and 0.1, respec- 
tively. The results are presented graphically in 
Fig. 1 which shows the different regions of the 
dependence of pon v. The curves which bound the 
regions k = 10 and k = 20 are plotted using the 
conditions: 


We are 


J (0, —|x,{) = 0, 1C,, 
I(x, —[¥e]) = 0.16. 


The following condition is satisfied within these 
regions: 


(eA eC OCe 
E 


Ss 


0 QS 1 


bv 


Fic. 1, Limits of applicability of the approximate 
solutions for two values of the quantity k. Regions 
I and 2 correspond to k = 20 and k = 10, respectively. 


Thus for a specified value of k, if for a given 
value of the qiatity v, the value of p lies within 
the region indicated, then the quantity J(x, x.) in 
Eq. (16) can be neglected (for a signal width of 
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2|x | and 10 percent accuracy ). Then we ob- 
tain the following expression for u,, from Eqs. (6) 
and (7): 

g (x 

Ugg Or ees) — exp {f (Xz) — f(x)}. (8) 
this expression is valid in the resonance region. 

Comparing Eqs. (8) and (3), we see that the 
steady state and transient solutions have the same 
form; hence, for rapid passage through resonance, 
the form of the dispersion signal remains fixed, 
although its magnitude varies with time. 

The rate at which the signal builds up can be 
used to determine the longitudinal relaxation time 
T’, in those cases for which the build-up time is 
large compared with the modulation period. From 


Eqs. (3) and (8) it follows that 
Co 


EON 5G) 


eS) + Uge (X), (9) 
Co = U (Xo) g (Xo)e/*). 


After a time 2m (i.e., after n modulation periods) 
the magnitude of the signal will be | 


u(x + 2zxn) (10) 
Cy 
= Fay xP {— f (x) — 2any} + use(x). 
From F'qs. (9) and (10) we have 
a u (x) — Uo, (x) (11) 
Pee 2rnn In u(x +- 2m) — Ug, (x) j 


If v + 0 then from Eqs. (5) and (6) u,,(«) > 0 and 


ery u (x) 
— ine In laa om | j (12) 


To make practical use of this scheme, the screen 
of the oscilloscope can be photographed with ex- 
posure times equal to 3-5 modulation periods. Us- 
ing Eqs. (11) and (12) the value of T, can be de- 
termined from the ratio of the amplitudes of 
several pulses which appear in sequence on the 
photograph. 

In Ref. 10 a detailed analysis of the shape of 
the dispersion signal in the transient state was 
given for symmetrical modulation with v +0. It 
has been indicated above that the conditions for 
which Eq. (8) is valid are such as to make the 
transient ad steady state solutions identical. 
Under these conditions an analysis of Eq. (8), 
similar to that which was carried out in Ref. 10, 
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indicates that the dispersion signal is bell- 
shaped and asymmetrical. We now introduce the 
following notation: x is the time which corre- 


sponds to u(x, ) = U ax? %q and x, indicate the 


instants at which u(x) =0.5 Uh wre Cn <X_> Xp 


>x ). For v <p we have 
m 


4 — 


+ 0,144 [14)/ 13,74 22) , (13) 


4 2 
F = 0,289 [10,935 qr] for $<0.2; oo 


xn = 0,461 2 [1— ==], ae 
| 4m| = 0,353e [1— =2°] 
p= —!/k sin 2xm, (16) 


where A =x, +x, is the half-width of the signal 
and «= (|x, |-|x,|)—(x, + ia |) is a measure 
of the signal asymmetry. 

As in Ref. 10, using Eqs. (13)-(16), it is possi- 
ble to determine the transverse relaxation time 7, 
from a knowledge of the half-width and asymmetry 
of the signal; also, if the strength of the modulat- 
ing field H, is known, the amplitude of the high- 
frequency magnetic field H, can be found. We may 
note that this method can be used only when the 
high-frequency magnetic field 1, is sufficiently 
homogeneous over the region of the sample; if 
there are any homogeneities, A and € become aver- 
age values determined by the different environ- 
mental conditions in the various parts of the 
sample. 


2. ASYMMETRICAL MODULATION 


Experimentally it is necessary to vary the time 
interval between the signal pulses which occur as 
the magnetic field is modulated®’!!, Under these 
conditions the magnitude of the de magnetic field 
differs from the resonance value, i.e., H, is of the 
form 


AH, = Hy + Hm(* + sin x), (17) 
in which x can have either sign depending on the 
sign of H.. 

For asymmetrical modulation the shape of the 
dispersion signal is given by Eq. (2). We are in- 
terested only in the steady-state solution. In order 
to find this solution it is necessary to compute the 
integral ] =H(n) —H (x) [cf. Eq. (2)]. 


Using certain approximations it is possible to 


find /. It follows from Eq. (17) that the magnitude 
of the displacement term H must be smaller than 
the modulation amplitude H_,- Since it is always 
true that x < 1 we may make the substitution 
=sinwW. It also follows from Eq. (17) that the 
resonance conditions obtain when x _~-—w. We 
divide / into two integrals ] =], + iS where 

+—A n 
\ [G (12d I, = \ [G(e))2de, (18) 


x *+—A 


If the half-width of the signal A is small, then iE 


can be computed by expanding sinx in a series 
about the resonance value. 


1 
f= --aretg[p(E+ 9) [2° (19) 


where p =k cos w. 
Substituting /, and I, in Eq. (2), dividing the 


integral f into two parts as in the symmetrical 
case and keeping only the part which is of import- 
ance in the resonance region, we get 
G (x,) 
Ust (x) = Ust (Xz) G(x) exp {F (x-) i (x)} »(20) 
where 
F (x) =x + 2 


U. 
Pp 


arctg [p(x + 9)]. 


Comparing Eqs. (8) and (20), we see that the 
more exact symmetrical-modulation solution (8) 
will have the same form as (20) when tan x 


~x, Vl +k? Yk, i-e., for sufficiently large val- 


ues of & and small values of x. Inthe asym- 
metrical-modulation case the role of the parameter 
k is played by the quantity p. 

Using the analysis developed in Ref. 10 we can 
now examine Eq. (20); when v < uz (the notation 
is the same as that used in the symmetric-modula- 
tion case) we have: 


I/p = 0, 144A [1 + VY 1—3,74(62/A?)]; (21) 
1/p = 0.289A [1—0.935¢2/A?] (2) 
br e/A < 0,2; 
(Xm + y)? = 0,461 - [1—3,464/Ap], (23) 
[Xm + ¥ | = 0,353e; 
p= — p? (Xm + 9). (24) 
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Fic. 2. The change in the shape of the dispersion 
signal as the quantities v and pz are varied. These 
pictures were obtained with water solutions as follows: 
1—0.001 molar CuSO,, 2--0.02 molar Fe (NO 3 )3, 
3—molar CuSO,, 4--2 molar Fe ( NO3)q3 f, =20 cps, 
ie = 19 gauss, H, = 1 gauss. The values of v and 
pi are, respectively: 1--0.0035 and 6.9; 2--0.57 and 
10; 3--3.7 and 17; 4--59 and 78. 


Equations (21)-(24) can be used to determine the 
transverse relaxation time 7’, and the amplitude of 


the high- frequency magnetic field H, when the 
signal pulse does not fall at the center of the os- 
cilloscope pattern. Comparing Eqs. (21)-(24) with 
Fqs. (13)-(16), we see that the expressions are 
identical up to terms of the order of k7*. 

An estimate of the limits of applicability of Eqs. 
(21)-(24) shows that these expressions are accur- 
ate to within 10 per cent for values up to x 
= 0.65 (& = 20) and up to x= 05 (& = 10). 

It is still necessary to verify that the expressions 
given above for symmetric modulation Eqs. (13)- 
(16) and asymmetrical modulations Eqs. (21)-(24) 
are being used in cases for which the experimental 
values of p and v lie within the limits of the 
regions shownin Fig. 11. We may note that in asym- 
metrical modulation the parameter p should be 
used insteal of k in Fig. 1 and the regions p (v) 
should be compressed as x is increased. 


EXPERIMENTAL RESULTS 


The theoretical results obtained in Secs. 1 and 
2 were checked with an electrically compensated 
crossed-coil setup. Proton resonances were 
studied in all cases. The experiments were per- 
formed in distilled water, aqueous solutions of 
varying concentrations of CuSO, and of Fe(NO,),, 
paraffin, glycerin and various types of synthetic 
rubber. 

It has been shown above that the form and mag- 
nitude of the dispersion signal for a strong high- 
frequency magnetic field are determined by the 
values of the quantities te Doran, o. and 


H,. If for a given value of k, the values of v and 
pu lie within the regions shown in Fig. 1, then the 
signal is bell-shaped and is given by Eqs. (8) and 
(20). On the other hand, if the value of v corre- 
sponding to this value of k is outside the region, 
then the effect of the quantity J (x, x) becomes 
important and the curve is distorted. 

The oscilloscope photographs shown in Fig. 2 
illustrate the change which takes place in the 
dispersion signal when v and yp are increased. These 
photographs were made with aqueous CuSO, solu- 
tions and Fe (NO,), solutions under the following 
conditions: f, =50 cps, H, =19 gauss and H, 


=1 gauss. The corresponding values of v and p 
are given for each photograph. The theoretical 
predictions regarding the dependence of the signal- 
shape on v and yp are borne out in these photo- 
graphs. 

To verify the functional dependence of the 
half-width A on k, given in Fqs. (14) and (22), we 


found the experimental dependence of this quantity 
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Fic. 3. The signal half-width A as a function of the 
ratio of the high-frequency voltage in the driving coil 
to the modulation current; this ratio is proportional to 


1/k. 


on the ratio V, ey J,» which is proportional to 1/k 
iy is the amplitude of the voltage in the driving 


is the current in 


coil and is proportional to H,. J, 
13 ). 


the modulating coil and is proportional to H_, 
This dependence is shown in Fig. 3 which was ob- 
tained using a 0.064 molar solution of CuSO, with 
v = 0.26, »=7.1 and «/A< 0.2. 

The strong-field case (A <1), which is the sub- 
ject of this paper, is realized experimentally when 
Mies > 30. It is apparent from Fig. 3 that for 


Viti < 25 the half-width A increases in propor- 
tion to V, nm? this is in agreement with the theo- 
retical prediction. The region V, | 7$-—<10, in 


which the quantity A remains constant, corre- 
sponds to the weak-field case (A > 1); here, the 
width of the signal, as is well known3>4>!4, is 
determined by the transverse relaxation time T, 
and the modulation rate is independent of the 
strength of the high-frequency magnetic field H,. 

An experimental investigation was also under- 
taken to determine the dependence of the hal f- 
width A on the position of the signal on the oscil- 
loscope pattern in the asymmetrical-modulation 
case. 

A typical curve is shown in Fig. 4 which was ob- 
tained using a 0.064 molar solution of CuSO, 
with f, =50 cps, H, =19 gauss and H, = 1 gauss. 


It is evident from this figure that the quantity 

A cos W remains constant to within 5 percent; thus, 
within experimental errors, the changes in the 
signal-width owing to variation in position on the 
oscilloscope pattern are given correctly by Eq. 


(22). 


In conclusion, the author wishes to thank Profes- 


sor S. D. Gvozdover for valuable advice in the 
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Fic. 4. The signal half-width A as a function of 
position on the oscilloscope pattern. 
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course of this work and also FE. G. Pozniakii, A.V. 
Luk’ianov and T. M. Cherkasov for undertaking the 
numerical integrations. 
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The method of an emulsion chamber was used to investigate the production of charged 
mesons by 460 mev protons and neutrons of 400 mev effective energy. 


INTRODUCTION 


li HE purpose of this research was the investiga- 
tion of the production characteristics of slow 
7-mesons in photographic emulsion nuclei by 460 
mev protons and neutrons of 400 mev effective 
energy, the analysis of stars accompanying the 
production of mesons and their comparison with 
stars not containing 7-mesons. The use of the 
emulsion chamber technique developed by one of 


the authors! enabled one to follow the complete 
path of produced 7-mesons from the place of their 
ionization terminal to the place of production, and 
thus gave the opportunity to observe a large number 
of stars with the production of charged 7-mesons 
and to plot angular and energy distributions of 
m-mesons in the region of low energies. 

There are many papers in the literature devoted 
to the study of emulsion stars produced by high 
energy nucleons. From the results of these papers 
there were obtained the fundamental character- 
istics of stars in agreement with the theory of 
nucleonic cascade, which is generated when a 
fast nucleon is captured by a nucleus. The in- 
vestigation of stars with the production of mesons 
of opposite sign can give additional information 
about the nucleonic cascade. 


1, PROCEDURE 


The methodology of the emulsion chamber, pre- 
viously described in detail, was used in the in- 
vestigation. Each of the two utilized emulsion 
chambers consisted of 20 layers of photographic 
emulsion of 6 mm total thickness and 42 mm in 
diameter, placed in a specially constructed thin- 
walled cassette (plate-holder). The chambers were 
exposed to beams of fast neutrons and protons 


* Deceased, 


** This communication is based on the results of re- 
search carried out in 1952-1953, 


brought out of the synchrocyclotron of the USSR 
Academy of Sciences’ Institute for Nuclear Prob- 
lems; one chamber in a beam of neutrons with a 
400 mev effective energy for the production of 
mesons--the other in a 460 mev proton beam. 

In the investigation, emulsions prepared by D.M. 
Samoilovich were used, permitting the effective re- 
cording of proton tracks with energies up to 300 
mev. The relationship of range-energy for these 
emulsions was calculated from the known percent- 
age composition of their constituents (85% AgBr) 
aid verified by measuring the average path of the 
p-mesons, produced during the 7 > p decay (Ry 
= 590). The emulsion shrinkage coefficient was 
determined by comparing the thickness of the 
emulsion chamber before and after development, 
and also by comparing the average track lengths of 
p-mesons of the 73 decay located in the plane of 
the emulsion and making with it an angle of nearly 
90°. 

The scanning of the emulsion layers was done 
with MBI-2 microscopes under a total magnification 
of 225%; the measurements under a magnification 
of 2025 x. While scanning, the ends of 7-mesons 
were recorded and “‘starless’’ 7-mesons were 
identified by the grain density gradient and by the 
characteristic “‘willowiness”’ of the track de- 
termined by multiple scattering. Special attention 
was paid to the observer’s accuracy in reporting 
the relationship between the numbers of 7 ‘- and 7= 
mesons in the emulsion. As shown by special 
check, the effectiveness of recording the 7-meson 
ends was nearly 100%. 

The 7* and 7=mesons found by this method 
were then followed to the place of their production 
or to the place where they emerged from the emul- 
sion chamber. In order to facilitate the tracing of 
the tracks of charged particles while passing from 
one layer to the next, a roentgen grid coordinate 
system with 30-35 py lines, 3 mm apart was super- 
imposed on the emulsion layers. . 

The chambers used in the investigation allowed 
the study of production characteristics of 7-mesons 
with energies up to 40 mev. 
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2. THE ENERGY AND ANGULAR DISTRIBUTIONS OF 
PRODUCED 7-MESONS 


As aresult of scanning the emulsion layers and 
following the tracks of 7*+- and 7 ~-mesons in 
neighboring layers, there were found 193 cases of 
a= ad 7 - meson production by neutrons (185 77- 
and 8 7*-mesons) and 121 cases of 7t- and 7— 
meson production by protons (63 7*= and 58 77- 
mesons ). 

The correct notion of energy and angular dis- 
tribution of producedmesons requires edge effect 
corrections determined by the finite dimensions of 
the emulsion chamber. To calculate the edge 
effect each recorded case of a 7-meson production 
was assigned to coefficient x expressing the 
statistical weight of a meson with the given pro- 
duction characteristics. The value of the coeffi- 
cient x (x= 1/p, where p is the probability of re- 
cording a given meson in the emulsion chamber ) 
was dé@emined from the path length of the meson 
and its orientation in the emulsion chamber and 
was calculated for each case of 7-meson production 
by means of specially constructed nomograms (see 
Appendix ). 

The energy distribution of 7*~ and 7 -mesons 
produced by protons and 7 -mesons produced by 
neutrons is shown in Fig. 1. (The energy distribu- 
tion of 7t-mesons produced by neutrons is not 
given because the number of cases found was 
small.) It is seen from the Figure that the spectra 
of 7*-mesms produced by protons are comparable 
within experimental error to the spectra of at 
mesons produced by neutrons, asis to be expected 
from the principle of charge symmetry. The dis- 
placement of the spectra (AE = 15 mev) can be 
explained by the action of the nuclear Coulomb 
field displacing the spectra 7.5 mev in opposite 
directions. It is worth noting that the 7.5 mev 
value of the shift agrees with the value of the 
Coulomb barrier height for photoemulsion nuclei. 
The spectrum of 7~-mesons produced by protons is 
characterized by a weaker dependence on energy 
in comparison with the spectra of 7t-mesons pro- 
duced by protons and 7~-mesons produced by 
neutrons. 

The angular distributions of a7*— and m7 -mesons 
produced by protons and 7 —mesons produced by 
neutrons are shown in Fig. 2. It can be seen that 
in accordance with the principle of charge sym- 
metry, the angular distributions of 7*- mesons 
produced by protons are similar to those of wT 
mesons produced by neutrons. It is difficult to 
give a more detailed interpretation of the results 
obtained for the angular distribution of produced 


7™-mesons because a substantial part of the energy 
spectrum in the region of small energies may be 
determined by mesons which have lost their energy 
at the expense of scattering by nucleons within — 
the nucleus. 


Relative number of mesons 
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FIG). The energy distribution of 7-mesons pro- 
duced by 460 mev protons and neutrons of 400 mev 
effective energy in photoemulsion nuclei. O--77- 
mesons, produced by neutrons; @—7*t~mesons pro- 


duced by protons; x—7~-mesons produced by pro- 
tons, 
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FG. 2. The angular distributions of 7-mesons pro- 
duced by 460 mev protons and neutrons of 400 mev 
effective energy. a-- -mesons produced by neu- 
trons; b--7 -mesons produced by protons; c-- 


+ 


7 '-mesons produced by protons. 


3. THE RELATIONSHIP BETWEEN THE NUMBERS OF 


PRODUCED 7t- AND 77-MESONS . 
PRODUCTION CROSS SECTION. 


The calculation of the number of small energy 7*- 
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and 7~-mesons with corrections for the edge ef- 
fect gives for the 7 /7* ratio in the case of meson 
production by neutrons a value of Geile) =171+8 
and for the ratio 7*/7 in the case of meson pro- 
duction by protons a value of (n*/a) =2.2+0.7. 
Since the photoemulsion nuclei consist of approxi- 
mately equal numbers of protons and neutrons, then 
in accordance with the charge symmetry principle, 
the above ratios must be in agreement. The ex- 
perimentally observed discrepancy in the values 

of the ratios (77/z* ys and (7*/m)_ can be ex- 
plained by the difference in the action of the 
Coulomb field on the energy spectra of 7*- and 7 - 
mesons. 

In accordance with the value of Coulomb shift 
in the energy spectra of 7-mesons, E = 15 mev, 
established in Sec. 2, 7*-mesons in the energy 
interval of 15 to30 mev and 7 —mesons in the 
energy interval 0 to 15 mev were used to calcu- 
late the ratios (a/a*) and (7*/7_)_, corrected 
for the Coulomb shift. With this there were ob- 
tained values of the (7 ~/z*) = one , and (2t/n—) 


= 2.5 +0.5 ratios which agreed within error limits; 
the large error in the ratio (7 /7*) is associated 
with the small numbers of recorded cases. 

The production cross section of 7*- and 7 - 
mesons of energies under consideration (£, <40 
mev ) produced by 460 mev protons in photoemulsion 
nuclei were obtained by comparing the number of 
produced 7—mesons in a definite emulsion volume 
with the proton beam density. The density of the 
proton beam was determined visually by counting 
with amicroscope the number of tracks. With the 
emulsion used it was possible to make these 
measurements quite reliable for the horizontal 
tracks of the 460 mev proton beam. 

The number of mesons Ne produced in 1 cm? of 
emulsion is determined by the expression Ve 

—j\IT e " 
= %N"/V, where N” is the number of recorded 7- 
mesons ends, JV is the volume of the scanned emul- 
sion, % is the multiplier, which takes into account 
the edge effect and is determined by the conditions 
% =2x/N”. The production cross section for 77~— 
mesons is equal to: 


¢=No/c Ip, (1) 


where c is the number of atoms in 1 cm of emul- 
sion, /, is the proton current through 1 cm? of the 
photoemulsion. 

Using Eq. (1), the mean cross sections of 7- 
meson production in photoemulsion nuclei in the 


energy interval 0 < E_ <40 mev were found to be 
equal to: 


Gxt = (2.94-0.9) 10727 ems 
Gp = (130.5) Ae em’; 
ang. ge = (409421 Ay 10 ee 


Another evaluation of 7-meson production cross 
section was made by comparing the number of pro- 
duced 7-mesons with the number of stars pro- 
duced by protons in the same emulsion volume, on 
the assumption that the star production cross sec- 


tion isequalto o.,,, = 0.58 eins and Lap bea 


~ 0.6 x 10°24 em? (the calculation made for the 
emulsion used). In this case the cross section 
had a value 


o (nt) = (4.9 1,5) 1027 em? 
agreeing with the first result within error limits. 
The determination of the 7 —meson production 
cross section by neutrons was made by comparing 
the number of produced mesons with the number of 
stas produced by neutrons, with the sane assump- 


tions concerning 0 and o . Moreover, the 
> star geom 


taking into account of the nature of the neutron 
spectrum and the dependence of 7-mesons produc- 
tion cross section on neutron energy, leads onetothe 
conclusion that in practice monochromatic neutrons 
with an effective energy E, = (400 + 40) mev are 
involved in meson production. The value of the 
cross section of 7 -mesons by neutrons in photo- 
emulsion nuclei was found to be equal to: 


(sn-)n = (12+8) 102? cm? 


The large error is associated with the uncer- 
tainty in the neutron spectrum in the region of 
small energies. 

From a comparison of (o,—), with ome) it is 
seen that (er>), > (o, +), although ES > Jee This 


is associated with the action of the nuclear 
Coulomb field which displaces differently the 
spectra of 7*- and 7 —mesons. 


4. ANALYSIS OF STARS ACCOMPANYING THE 
PRODUCTUON OF 7-MESONS 


In analyzing stars accompanying the production 
of 7- mesons, the energy of the particles was de- 
termined with the aid of calibration graphs E 
= f(R) (R--stops in flight of particles ) for the 
paths terminating within one emulsion layer, and 


from the grain density E = f(dN/dR) for the tracks 


of particles leaving a given emulsion layer. Such 
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a treatment of the rays permitted the plotting of a 
rough curve for particles ejected from stars ac- 
eompanying 7—meson production. 

The curve EF = f(dN/dR) was obtained experi- 
mentally for 7—-mesons and recalculated for pro- 
tons by the formula 


dN op) 4N/ExMy 
aR (Eo) = aR el 


In the current investigation, the particles ejected 


from stars were not identified and their energy was 
calculated from the curves of E(R) or E (dN/dR) 
for protons. The errors arising from such con- 
sideration were taken into account during the 
analysis of experimental data. 
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Fic. 3. The angular distribution of slow particles 
(E <30 mev), ejected from stars under the action of 
460 mev protons and neutrons of 400 mev effective 
energy. O--stars with the production of 7” -mesons 
by neutrons; @--stars with the production of Tt = 
mesons by protons; X--stars with the production of 
7 -mesons by protons; A-—stars without production 


of 7-mesons by protons. 
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FIG. 4. The angular distribution of fast particles 
(E > 30 mev) ejected from stars with the production 
of mesons by 460 mev protons and neutrons of 400 mev 
effective energy. x—stars with 7” —mesons produced 
by neutrons; @~—stars with 7*-mesons produced by 
protons; O—stars with 7” -mesons produced by 
protons. 


The angular distributions and the magnitude of 
the anisotropy [N(0-90°) - V(90-180°) ]/[ N (0- 
90°) + N(90-180° ) | of slow and fast particles e- 
jected from photoemulsion nuclei by the action of 
fast nucleons are shown in Figs. 3 and 4 and in 
Table I. 

As can be seen from Fig. 3 and Table I, the 
angular distribution of particles with energies E 
< 30 mev is peaked forward, which indicates the 
presence of a large number of slow cascade parti- 
cles, their number being especially large in stars 
accompanying the production of mesons?, 

The value obtained for the anisotropy of ‘‘meson- 
less’’ stars is in good agreement with the measure- 
ments of other authors. Bernardini et al.” ob- 
tained a value of 0.25 for the anisotropy in the 
angular distribution of “‘black rays’’, in the case 


TABLE I. 


The value of anisotropy of slow (E < 30 mev) and fast (E > 30 mev) particles. 


eee eee eaten ea eS ee SS 


28, 


yooe) ey peak eee 
460 mev| FE, = 400 mev E,, = 460 mev 


Stars 
without 7- 
meson 


(n, = ) (p 


Anisotropy Value: 


Slow Particles 


0.61-0.09 | 0.46-+0,06 | 0.47+0.08 |0.25+0.06 


ReruPaniclesmes eee ee = ©) 0, 964.0104: | 0. 8020.05) 0°96-1-0.04 = 


of stars produced by 400 mev protons; Blau et als?) 


for stars produced by 300 mev neutrons, 0.33. 
The angular distribution of particles with ener- 
gies E > 30 mev in stars accompanying the pro- 


duction of 7—mesons is shown in Fig. 4. As was 
to be expected, these particles are ejected mostly 
in the forward direction, since they are mainly 

cascade particles, Unfortunately, the insufficient 
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sensitivity of the emulsion used in the investigation 
(300 mev for protons ) did not permit a reliable 
analysis of stars which are not accompanied by the 
production of 7—mesons. The mean values for 

the numbers of rays per star which accompany the 


production of 7*— and 7~-mesons are given in 
Table II; therein are also the results of Bernar- 
dini et al.” for stars not accompanying the produc- 
tion of mesons. 


TABLE II. The mean number of rays per star. 


Mean number 


Mean number 


Mean number 


of fast particles| of slow particles 
sie) ged perl ha Oe 30mev )per | (E <30iney) per 
oe star star 
(rieitca) 2.9+0.1 0,9-+0.07 2,040.4 
pa) 3,9-+0,3 0,9-+0.4 3.0-40,2 
(p, -7) 2.4+0,2 0.8-+-0.4 1.6+0.2 
(p, without77) 3,4+0,2[?] 0,85-+-0.07[?] 2.5+0,2 ? 


It can be seen from Table II that the number of 
fast (E > 30 mev ) charged particles in stars is 
the same for the various methods of meson pro- 
duction. If one assumes that the production of 
mesons takes place through nulceon-nucleon inter- 
action, then the obtained results indicate the large 
overcharge of fast nucleons. The number of slow 
particles for the considered cases of 7—meson 
preduction varies and is thus characterized by the 
fact that the slow particles compensate for the 
change in nuclear charge brought in by the 
primary protons and by the produced 7*- or 77— 
meson. 

The general nature of the energy spectra of 
particles ejected from stars accompanying the 
meson production is illustrated by Fig. 5, where it 
is seen that the curves coincide in the regions of 
high energy and diverge regularly in the region of 
small energies. The calculation of the mean energy 
carried out by charged particles of the star gives 
a value of approximately 100 mev, independent of 
the meson producing reaction type. About 75 per- 
cent of the total energy is taken out by fast (E 
> 30 mev) particles. 

If one assumes that for the stars under con- 
sideration the energy removed by the neutrons is 
equal to the total energy of the charged particles, 
then the full energy appearing in the star Fy is 
approximately equal to the energy of the nucleon 


which produced the star Ey =2(E_ ., +QN_..,) 
+€,= 2(104 + 9.4) + 160 =440 mev. Here E 


mean 


is the mean energy of the charged particles in the 
star, Q is the binding energy of the nucleon in the 


nucleus, NV is the mean number of charged 


mean 


particles in the star and «¢, is the total energy of 


Number of rays per mev per star 


QI 
; &(mev) 
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Fic. 5. Energy distributions of particles ejected 
from stars accompanying the production of 7—mesons 
by 460 mev protons and neutrons of 400 mev effective 
energy. X--stars with 7 —mesons produced by pro- 
tons; ®—stars with 7+-mesons produced by protons; 
O -- stars with 7~-mesons produced by neutrons. 


In this investigation there were also measured 
a number of fast protons ejected from stars ac- 
companying the production of 7*- and 7-mesons 
for the cases when the produced proton is ejected 
forward. Obviously, on the assumption of the 
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nucleon-nucleon mechanism of 7-meson produc- 
tion, the production of 7*- and 7~-mesons by pro- 
tons and neutrons must be accompanied by a dif- 
ferent number of protons in the final state. If it 
is assumed that the mesons are produced on the 
nucleus surface, then the above-mentioned differ- 
ence in the number of fast protons accompanying 
the production of 7-mesons must be especially 
noticeable in the case where the produced 7- 
meson is ejected forward. However, as follows 
from Table III, the number of fast protons ejected 
from stars is the same for the different methods of 
meson production. 


TABLE II]. Mean number of fast protons for 
stars accompanying the production of 7-mesons 
ejected forward. 
a EE 


Mean number of 


Production Reaction | protons with E 


0 mev 
(Hee) poe) Sd 0.76-L0.17 
(eux) Sees. 2 0.74+0,11 
a ee aes 0.860.141 


This result can be explained by the relatively 
large probability of 7—meson production with a 
consequent overcharge of the nucleons participat- 
ing in the reaction. The obtained results cannot 
be explained by assuming a strong overcharge of 
cascading nucleons in the nucleus up to the in- 
stant of 7-meson production. Actually, with this 
assumption, the spectra of 7 *- and 7 -mesons 
should be identical, which is contradicted by ex- 
periment. 


In conclusion, the authors express sincere thanks 
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for the opportunity to carry out these experiments 
with the synchrocyclotron of the Institute for 
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USSR, and to D. M. Samoilovich for the preparation 
of photoemulsions, and also to V. V. Matveev and 
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APPENDIX 


EDGE EFFECT CORRECTIONS 


In order to get the correct idea of the energy and 
angular distribution of the produced 7-mesons, 
corrections had to be introduced for the edge ef- 
fect determined by the terminal dimensions of the 
emulsion chamber. We shall consider separately 


the edge effect associated with the finite thickness 
of the emulsion chamber and the edge effect de- 
termined by the finite thickness and diameter of the 
emulsion chamber. 

a) The edge effect associated with the finite 
thickness of the emulsion chamber. Consider the 
mesons produced at some point O and having a 
given path / and given angle 6( angle relative to 
the direction of the proton beam). Obviously, all 
such mesons lie in the surface of a cone with a 
vertex angle @ and generatrix | (Fig. 6a). More- 
over, if one considers angle ¢(in the plane of cone 
generation ), then it is clear from physical con- 
siderations that the mesons produced with a given 
1 and 6 must be uniformly distributed relative to 
this angle. However, the finite emulsion chamber 
thickness h leads to the conclusion that of all 
these mesons only those will be recorded whose 
ends lie on the arcs of a circle with radius R =/ 
sin 6. The correction coefficient & is equal to 
the ratio of the circumference to the above-men- 
tioned arcs. 


k = Tw me 2kyk, 
Pit? kth,’ 


(2) 


where ky = n/ 2, and k, = 1/2, are the correc- 


tion coefficients for mesons ejected into the upper 
and lower hemisphere, respectively. In practice, 
the corrections for the edge effect connected with 
the finite emulsion chamber thickness were made 
for each meson (with a given J, ¥ and ¢) individu- 
ally with the aid of the nomogram shown in the 
Fig. 6b and enabling one to find the coefficients 
k, and k,. 


FIG. 6. Nomogram for the edge effect k. 


b) The edge effect dependent on the diameter 
finiteness of the emulsion chamber. Let | and B 
be the respective length and penetration angle of 
the meson track, the projection of which onto the 
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emulsion plme has a given direction n (Fig. 7a). 
Then it is evident that of the mesons with the 
given direction n only those will be recorded which 


lcosp 
FIG. 7. Nomogram for the edge effect k’. 


are produced within the limits of the cross-hatched 
area S,. Since the above consideration does not 
depend on the choice of the direction n, then for 
all the tracks of length J and angle B the edge 
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effect correction dependent on the finiteness of the 
chamber diameter will be equal to the ratio of the 
circle area S to the cross-hatched area as 


hoeSiS 


The determination of the value of k’ was made for 
each track individually with the aid of the nomo- 
gram shown in Fig. 7. 

In this manner the true number of produced 
mesons can be calculated if to each located 7- 
meson one assigns a statistical weight x equal 
to the product of the coefficients k and k% 
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A theory of the Fermi liqiid is constructed, based on the representation of the perturbation 


theory as a functional of the distribution function. The effective mass of the excitation is 
found, along with the compressibility and the magnetic susceptibility of the Fermi liquid. 


Expressions are obtained for the momentum and energy flow. 


AS is well known, the model of a Fermi gas has 
been employed in a whole series of cases for 
the consideration of a system of Fermi particles, 
in spite of the fact that the interaction among 
such particles is not weak. Electrons in a metal 
serve as aclassic example, Such a state of the 
theory is unsatisfactory, since it leaves unclear 
what properties of the gas model correspond to 
reality and what are intrinsic to such a gas. 

For this purpose we must keep in mind that the 
problem is concerned with definite propertiesof 
the energy spectrum (‘‘Fermitype spectrum’ ), for 
whose existence it is necessary, but not sufficient 


that the particles which compose the system obey 
Fermi statistics, i.e., that they possess half- 
integer spin. For example, the atoms of deuterium 
interact in such a manner that they form molecules. 
As a result, liquid deuterium possesses an 
energy spectrum of the Bose type. Thus the pres 
ence of a Fermi energy spectrum is connected not 
only with the properties of the particles, but also 
with the properties of their interaction. 

A liquid of the Bose type was first considered by 
the author of the present article in application to 
the properties of He Il. It follows from the char 
acter of the spectrum of such a liquid that a vis- 
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cous liquid of Bose particles recessarily possesses 
superfluid properties. The converse theorem'that 
a liquid consisting of Fermi particles cannot be 
superfluid, in accord withthe above, is in general 
form not true. 
1, THE ENERGY AS A FUNCTIONAL OF THE 
DISTRIBUTION ENERGY 


If we consider a Fermi gas at temperatures » 
which are low in comparison with the temperature 
of degeneration, and introduce some weak inter- 
action between the atoms of this gas, then, asis 
known, the collision probability for a given atom, 
which is found in the diffuse Fermi zone, is pro- 
portional not only to the intensity of the interac- 
tion, but also to the square of the temperature. 
This shows that for a given intensity of interaction, 
the “‘indeterminacy of the momenta’, associated 
with the finite path length, is also small for low 
temperatures, not only in comparison with the size 
of the momentum itself, but also in comparison 
with the width of the Fermi zone,proportional to 
the first power of the temperature. 

As a basis for the construction of the type of 
spectrum under considerdion, is the assumption 
that, as we gradually “‘turn on’’ the interaction 
between the atoms, i.e., in the transition from the 
gas to the liquid, classification of the levels re- 
mains invariant. The role of the gas particles 
in this classification is assumed by the ‘‘element- 
ary excitations’’ ( quasi-particles), each of which 
possesses a definite momentum. They obey Fermi 
statistics, and their number al ways coincides with 
the number of particles in aliquid. The quasi- 
particle can, in a well-known sense, be considered 
as a Pparticlein a self-consistent field of surround- 
ing particles. In the presence of a self-consistent 
field, the energy of the particle depends on the 
state of the surrounding particles, but the energy 
of the whole system is no longer equal to the sum 
of the energies of the individual particles, and is 
a functional of the distribution function. 

We consider an infinitely snall change in the dis- 
tribution function of quasi-particles n Then we 
can write down the change in the energy density 
of the system in the form 


Nee eondc, (1) 


where dT= dp, dp,dp, /(2rk)*, The quantity 


€(p) is a function of the drivative of the energy 
with respect to the distribution function. It corre- 
sponds to a change in the energy of the system 
upon the addition of a single quasi-particle with 
momentum p, and it can be regarded as the Hamil- 
tonian function of the added quasi-particle with 
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given momentum in the self-consistent field. 

However, we have not taken it into account in 
Eq (1) that the particles possess spin. Since the 
spin is a quantum mechanical quantity, it cannot 
be considered by classical means. We must therefore con- 
sider the distribution function of the statistical 
matrices in regard to spin, and replace Hq (1) by 
the following: 


a Spo | etnds, (9) 


where Sp is the spur over the spin states. The 
quantity € in the general case is also an operator 
which depends on the spin operators. If we have 
an equilibrium liquid, which is uct in au external 
magnetic field, then, because of isotropy, the 
energy cannot depend on the spin operators. We 
limit ourselves to the consideration of particles 
with s = %. 

We can show that just this energy ¢ enters into 
the formula for the Fermi distribution of the quasi- 
partides. Actually, it is reasonable to determine 
the entropy of the liquid by the following way: 


S = —Sp,\ {nina + (1 —n)In(I —n)j de. (3) 


By means of a variation, subject to the additional 
conditions 


ie Spo | inde = Oeeie Spo\ edn dx = 0, 
we can obtain the Fermi distribution 


rks) = "[e@ Pie ie (4) 
from this equation. We note that ¢, being a fune- 
tional of n, naturally depends on the temperature 
also. 

In correspondence with (4) the heat capacity of 
a Femi liquid at low temperatures will be pro- 
portional to the temperaure. It is determined by 
the same formula as for the Fermi gas, with one 
exception, that in place of the real mass m of the 
particles therein, we place the effective massof 
the quasi-particles 

*% P 
Ge Op |=’ © 

where pg is the limiting momentum of the Fermi 
distribution of quasi-particles at absolute zero. 

Not only ¢(p) for a given distribution, but also 
the change in e produced by a change in n, is of 
essential importance for the theory of the Fermi 
liquid: 


8s (p) = Spo | f(p, pi)an'de’. (6) 
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Being a second variational derivative, the function 
fis a symmetric relative to p and p’; moreover, it 
depends on the spins. 

If the principal distribution n is isotropy, then 
the function f in the general case contains terms 


of the form ?,(p, p’)o,,, where a, is the spin 


operator, and if the interaction is exchange, only 
terms of the form 


o(p, p’) (99’). 


will appear. 

We can consider the function f from the following 
point ot view. "Tue number of acts of scattering 
of quasi-particles per unit volume per unit time can 
be written in the form 


dW = =| F (py, po Py P,) [2 (7) 


(1 — a’) (1—n)) de, dt, dt, 


where conservation of momentum is assumed: Pi 
+p, =Pi +P: The quantity f is nothing else but 


SChys Po} Py’ Po ), ie., the amplitude of the 


scattering on 0° ( with opposite sign). Generally 
speaking, this amplitude is complex, its imaginary 
part being determined by the total effective scat- 
tering cross section. Inasmuch as we assume that 
the real acts of scattering are highly improbable, 
we can neglect the imaginary part. 


2. RELATIONS WHICH FOLLOW FROM THE PRINCIPLE 
OF GALILEAN RELATIVITY 


If we deal with a liquid which is not in an ex- 
ternal field, then it follows from the principle of 
Galilean relativity that the momentum arriving at 
a unit volume must be equal to the density of mass 
flow*. Inasmuch as the velocity of the quasi- 
particle is de/Op, and the number of quasi-particles 
coincides with the number of real particles, we 
have 


SPs pndt =Spz \ m s ndc. (8) 
* This conclusion does not apply in particular to elec- 


trons in a metal. For them, p is not the momentum, but 
the quasi-momentum. 


Therefore, the variational derivatives with respect 
to n ought to be the same on both sides of this 


equation. Then 


r CO ee OEE 
4 sp, | pind: = Spo an sndt 


0 
+ SPoSpor \ ap J (P» Pp’) 8a'nds de’. 


Since the quantity dn is arbitrary, we obtain 


Dee of a ie (9) 
i nop + Spo | fn'ds 
i fee ee 
= Gp — Spo Vi Gp ae 


(the left side is understood as the unit matrix in the 
spins). 

If we deal with the isotropic case, then it is suf- 
ficient that the Eq. (9) hold for the spurs, i.e., 


Pp oe 1 Ong sy; 
— = SpaSPo \ Sar as 


mop 


(10) 


We note that this formula determines the function € 
through the quantity f with accuracy to within a 
constant. 

Let us consider Eq. (10) for momenta close to 
the boundary of the Fermi distribution. For low 
temperatures, the function dn/dp will differ slightly 
from the d-function. For this reason, we can carry 
out the integration in Eq. (10) over the absolute 
value of the momentum, leaving only the integration 
over the angle. This gives the following relation 
between the real and the effective masses: 


4 4 p ‘ 
sa = ae t+ xbtap SpeSPe \ feos#dO. (a) 


m 
Inasmuch as, in this formula, both of the vector 
arguments in f correspond to the Fermi surface, 
the function f depends only on the angle between 
them. 


3. COMPRESSIBILITY OF THE FERMI LIQUID 


Let us express the compressibility (at absolute 
zero ) by the more appropriate quantity for us, 
dp/ON. For this purpose, we note that as a con- 
sequence of homogeneity, the chemical potential p 
depends only on the ratio N/V. Consequently, we 
have 

du ‘Vapav 


ON, 7 alae tao a (12) 
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For the square of the velocity of sound, we have 


C2 Op = A (w 34) 


= TmNV) mY aw (13) 


Thus the problem reduces to the calculation of the 
derivative du/dN. Inasmuch as p = «(p,) = €9, 
the change in the chemical potential 5 which is 
brought about as a result of the change inthe total 
number of particles dN, will be equal to* 


bu = + SpoSpor \ fan! de! + ee Sp). (14) 
The second term is connected with the fact that for 
a change ON the limiting momentum p, changes by 
an amount dp,. 

For the case of spin %, ON and dp, are connected 
by the relation 


8N = 8xp26pV/(2zh)*. (15) 
The value of the function under the integral in Eq. 
(14) is appreciable only for values of momentum 
close to py. Therefore, we can carry out integration 
over the absolute value of p, obtaining 


4 
SPo Spor | f8n’de' = xy SPs Spo: | fdo3N. (16) 


We get from Eq. (14), with the help of Eqs. (15) and 
(16): 


dujaN = Spo Spo’ | fdo/16aV (17) 


+ (2xh)3/8xpom*V. 


Now let us make use of Eq. (11) and express the 
effective mass m* in the expression that has been 
obtained by the mass of the particles, m. We have 


a 1 (2nk)3 
ai Seay \SPoSpof(1—cos6) do + Sea 

Furthermore, multiplying the resultant equation by 
N/m = ( 1/m) 8 mp? V/3(2nh)*, we find an expres- 


sion for the square of the sound velocity: 


(18) 
: +&, o) r — 6) do. 
Co — 378 * bat (25. SPs, of (1 cos 6) 


* Equation (14) is obtained as a result of taking the 
spur of the analogous expression which contains the 


spin operators. 
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4. MAGNETIC SUSCEPTIBILITY 


We calculate the magnetic susceptibility of a 
Fermi liquid. If the system is located in a mag- 
netic field H, then the additional energy of a free 
particle in this field is equal to BoH. Moreover, 
we must also consider the fact that the form of the 
distribution function also changes inthe presence of 
a magnetic field. Consequently, in calculating the 
magnetic susceptibility, we must keep in mind that 


ss = — 8 (o H) + Spo: \ fon’ dz, (19) 
i.e., it is impossible to neglect the effect of the 
term containing f. We write f in the form 
f=9e+ 9 (o0’), (20) 
where the second term takes into account the ex- 
change interaction between the particle s. Further- 
more, in calculating dn, which depends on the field, 
the change in the chemical potential Su does not 
have to be considered. This change appears as a 
quantity of second order of smallness relative to 
the field H, while Se is of first orde with respect to 
the field. Therefore, we can substitute dn 
= (dn/de) Se in Eq. (19). We then have 


Ona, ‘ 
bs = — 8 (GH) + Spo | f $8 dv Ge 


We shall look for de in the form 


be = — 7 (oH). (22) 
The quantity y is defined by Eq. (21)* 
1 Oe) 

y=b+y\e Rte. (23) 


Remembering the 5-character of dn/de, we than ob- 


tain 


1 = B —Yabor (0/02)o. (24) 


Here the index zero indicates that the values of all 
functions are taken at p = py; the bar over the symbol 
indicates averaging over the angles. On the other 
hand, the susceptibility is defined by the relation 


yH = 8Sp \ ned 


ee 


* Here we make use of the relation Spy Loa’)oa’ 
=1/3 oSp,7(o’oa") =l1/20. 


924 
or 
a) at GE 
yH = —BSp\Sty(He)ed: = 5 G7(F), (25) 


Hence, we get finally, 


pant ees (26) 
$d BYo (0T/dE)y 


ae 
(+3 %(Z),)- 


~ BF(4t/de jo \ 
Further, we can replace (dt/de), by the coeffi- 
cient a in the linear heat capacity law. Then 
I/x = 8? {2n7h*/3a ++ by}. (27) 
It is then evident that there does not exist in the 
liquid the relation between the heat capacity and 
the susceptibility that exists in gases. The term 


with Ww, takes the exchange interaction into ac- 

gh ae : 
count and is large for liquids. Thus, for He” , 
analysis of the experimental data! shows that 
is negative and amounts to about 2/3 of the first 
term. 


5. THE KINETIC EQUATION 


In the absence of a magnetic field and for a 
neglect of the magnetic spin-orbit interaction, ¢€ 
does not depend onthe operator o and the kinetic equa- 
tion inthe quasi-classical approximation takes the 
form 


(28) 


The necessity of calculation of dervatives of the 
energy € with respect to the coordinates in the 
absence of an external field is connected with the 
fact that « is a functional of n, and the distribution 
function n depends on the coordinates. 

We find the expression for the momentum flux. For 
This purpose, we multiply the left and right sides 
of the equation above by the momentum p, and in- 
tegrate over all phase space. We have 


0 open rf On de On Oc (29) 


el \ pil (1) de. 


As a consequence of the conservation of momentum 
for collisions, the right side of the equation is 
zero, while the left side yields, after simple trans- 
formations, 
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(30) 


Finally, integrating the three integrals by parts, 
we get 


Oc 


0 ) 
5; \ pind: + oa \ Di 5p, ndt (31) 


+\n nde = 0. 


The integral Sp fn( de/Ox , )d T can be represented 
in the form [ see (2) | 


Sp\ n= dz = Sp 5-\ nede — Spe 5 az 


0 
= ale \ nedt — E}. 


Thus we finally obtain the law of conservation of 
momentum: ; 
a oll, 
aiSP\ pinde + 32" = 0, (32) 
where the tensor of momentum flux is 


resp \P: = nde ++ Big [Sp neds — E | . (33) 


In a similar way we obtain the expression for the 
energy flow. We multiply the left and right sides 
of the kinetic equation (28) by ¢ and integrate over 
all phase space. We have 


a) On Os 
Sp\e St de + Sp\e (5s — 3 )ds 


= Sp \ el (n) dt. 
As a consequence of the conservation of energy 


under collisions, the right side is zero while the 
left side reduces without difficulty to the form 


ran af de— 
\esp ae Eel ne = de = 0. 
Taking Eq. (2) into account, we have finally, 


+ diva=0, (34) 
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where the energy flow is 


O= Sp | ns Sedx. (35) 


In the solution of concrete kinetic problems it is 
necessary to keep in mind the following circum- 
stances. For such a solution we usually write 
down the function n in the form of a sum of equilib- 
rium functions n, and correction dn. In this case 


the departure of the tensor of momentum flow i 
u 
and the vector of energy flow Q from their equilib- 


rium values will result as a consequence of the 


direct change of the function n by the quantity 8n, 
as well as fromthe change in € which comes about 
as a result of the functional dependence of € onn 
[ Eig. (2)}. 

In conclusion, I express my gratitude to J. M. 
Khalatnikov and A. A. Abrikosov for fruitful dis- 


cussions. 
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The scattering cross section for photons against nucleons is computed, taking into account 
absorption and the excited states of the nucleons (isobars). The excited states of the nucleons 
are described by a relativistic equation for particles of spin and isotopic spin 3/2. The coupling 
constants are taken from Refs. 1 and 2 where they were obtained by comparison of experiments on 
the scattering and photoproduction of mesons on protons. Comparison of the results of this cal- 
culation with experimental data on the scattering of photons by protons would provide and addi- 
tional check on the admissibility of the isobaric representation and on the correctness of the val- 


ues chosen for the constants. 


1, INTRODUCTION 
A SUFFICIENTLY strong interaction between 


nucleons and mesons produces around the 
nucleons a charged cloud of virtual mesons. The 
presence of such a charged cloud lends to the 
nucleons an anomalous magnetic moment ye? /2mc 
instead of the normal magnetic moment e7/ 2mce pre- 
dicted by the Dirac theory for spin 1/2 particles. 
Therefore, the scattering of photons by nucleons 
will not be described by the Klein-Nishina formula. 
The anomalous magnetic moment can be described 
phenomenologically by adding to the nucleonic 
Lagrangian the expression 

/2(¥ — 1) (€h/ 2me) BujvF pvt, (1.1) 

proposed by Pauli®. Computations for the scatter- 
ing of photons by protons carried out by Batdorf 
and Thomas and by Powell* making use of Pauli’s 
expression, yield a scattering cross section 25 
percent greater than that obtained from the Klein- 
Nishina formula for 100 mev y-rays. It is clear, 
however, that the virtual meson cloud is deformed 
in proportion to the energy of the photon, with the 
largest deformation expected when the frequency of 
the photon is ue*/4r, The value of the anomalous 
magnetic moment therefore depends on the energy 
of the photon. It should also be noted that an 
analysis of meson photoproduction, while taking 
account of the anomalous magnetic moment as sug- 
gested by Pauli®, does not bring about agreement 
with experiment. All this makes it appear quite 
doubtful that an analysis of photon-proton scatter- 
ing according to Eq. (1.1) would give the correct 
result. 

Sachs and Foldy® have analyzed more recently 
the scattering of photons by nucleons by taking into 
account the presence of virtual mesons and their 
interactions with photons. Carrying out the compu- 
tations in the weak interaction approximation and 
neglecting nucleonic recoil, they obtain the cross 


section for scattered photons, for the pseudoscalar 
meson theory, in the form of a resonance curve with 
maximum at E, = pe~. However, an analogous 
though more exact calculation of the anomalous 
magnetic moment of a nucleon’, including nucle- 
onic recoil, is well known to yield only the cor- 
rect sign and not the correct magnitudes of the 
proton and neutron magnetic moments. Thus Sachs’ 
and Foldy’s computations will apparently not agree 
with experiment. 

In the present article, the scattering of light by 
nucleons will be considered in the spirit of a semi- 
phenomenological theory? according to which 
mcleons can be found not only in the ground state 
with spin and isotopic spin 1/2 and mass m, but 
also in an excited state with spin and isotopic spin 
3/2 and mass M. In this theory the cloud of vir- 
tual mesons around the nucleon is phenomenologi- 
cally described by an isobaric state since the 
nucleon can go into this state by interacting with 
virtual mesons as well as real mesons and electro- 
magnetic fields. Analyses of the processes of 
scattering! and photoproduction” of mesons by 
nucleons which take into account the excited state 
of the nucleon have yielded satisfactory agreement 
with experiment. In the process of meson photo- 
production the fundamental interaction is between 
nucleons and photons as well as mesons. The 
agreement between experimental and computational 
results on meson photoproduction permits one to 
hope for a similar agreement with experiment inthe 
analysis of the scattering of photons against 
nucleons by including the excited state of the 
nucleons; here the main nucleonic interaction takes 
place with photons while interaction with mesons 
occurs only during absorption. An analysis of the 
scattering of photons against nucleons which takes 
into account the isobaric state was carried out by 
Minami®. However, in computing the absorption of 


the incident wave, he approximates it by the reso- 
nance term of the transition matrix element, and 


926 


Pe ee Oe ee ee 


SCATTERING OF PHOTONS BY NUCLEONS 


this substantially changes the cross section at 
high energies. It is therefore worthwhile to com- 
pute the scattering of photons by the same method 
as was used for calculating the scattering! and 


hotoproduction” of mesons. We start from Heitler’s 
p Pp 


integral equation which relates the amplitude of 
the scattered wave with the transition matrix ele- 
ments and takes account of absorption more con- 
sistently than Ref. 8. 


2. LAGRANGIAN FOR THE INTERACTION BETWEEN 
NUCLEONS AND PHOTONS 


We shall use the same symbols to designate 
Lagrangians and matrices as Ref. 2. Referring to 
it for details, we only give the Lagrangian for the 
interaction between nucleons and photons: 


int > Lyd =F Lind; Lnd — —etp,Av: 
ee as sage Soe 
Ling = 1 BuNFuvi{s — i = YN FP yvivtsBu 


= EO BLE tuts +O Be Fvivision 


ie uy Tr —1/ 
ae QF wy istvBy : 2 dN eres gia ed oP + 


ae — 
Ox, 
A. SF, 7S ne (ce—ilkx) + ct ei(kx) ). 
R 


3. SCATTERING MATRIX ELEMENTS 


The matrix elements for the transition of the 
system from an initial state [ nucleon and photon 


4-momentum p, (£,,p,), &, (k,,k,)] to a final 
state [nucleon and photon 4-momentum p JE ,,p,), 
k,(k,. k, )] are computed by the method of Feyn- 


man. Only second order matrix elements are com- 
puted. All possible matrix elements allowed by the 
interaction Lagrangian (2.1) are then given by four 
Feynman diagrams (Fig. 1). Roman numerals next 
to each vertex on the diagrams denote the respec- 
tive interaction operators. These operators have 
the following forms in momentum representation: 

I. Operator for transition of nucleon to isobar 
with absorption or emission of a photon 


en: 
1, (8) =—£ NY = (co-itee 


(2.1) 
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II. Operator for transition of isobar to nucleon 
with absorption or emission of a photon 


kG (R) =——N ” x (ce (i) cre! (hx) 
x (e.k —— hye) Ys: 


III. Operator for transition of nucleon to nucleon 
with absorption or emission of a photon 


HI (b) = V2 (ce thy 4. pret thn 2 8 


The inner lines on the diagrams correspond to 
propagators. The propagators for isobars? and 
nucleons with momentum p are given in momentum 


space by 


Kw (p) 
3 fe YuD Py PrePy Nas 
ares ern i omiararn rere erg i: 
(p —m)?. 


The matrix elements corresponding to the dia- 
grams in Fig. 1 are then: 


b1Ty (Ry) Kuy (Pz) Ly (Ri) Ya; 


Gal Ty, (1) Kyy (Pa) Lv (Re) 13 (3.1) 


Vol LI (ha) (D3 — m) 2 11T (Fx) $5 
OyLTT (Ry) (Pa — m) *TLT (By) 945 


the only terms remaining in the operators lip Il, 
Il] are those corresponding to the absorption of a 
photon k, and the emission of a photon k. and 
Pai hit *) =Po+*s Pa = Pym ae Po 

The transition matrix W for the process y + NV 
+ y°+ N° may be written by means of (3.1) in the 
form 


W = yoNNy (A +B) + xetptpxXi (C + D), (3.2) 


ify, andy, are written as W = yu, the product of 


an isotopic spin function and a mechanical spin 
and coordinates function u. The matrix elements 
for the two possible scattering processes of pho- 
tons against nucleons are: 


Viglen ul NUiS 


/, Pp TE pi) ie els Py 
I I / TRH Me AES i 
ff ‘aes 4 % " i M 


Fic. 1. Feynman diagrams of second order matrix elements for 


the process y+ N> y+ N’%; double lines, isobars; single lines, 
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nucleons; wavy lines, photons. 


Process Yo NN, XotptpXa 
‘(= aca onal Ja |° The matrix elements 
yn tn eee i) 


A = (e/m)? 2 (RyRy) "* Us s (C2uk2— hy) Kay (ps) (eis) Rise) — 5 Veh) Watts; 


B =(e/ m)? Qu (Ryko) '* uss (Chi — Ry.e;) Koy (4) (Cos ey ae ee 5 Teehe) Ist} 
Ca @2n(hik,) | Use, (Ds—in). Cities (3:3) 


Dig= e225) oO ls ier (aes m) * Coll, 


in the center-of-mass system where p, + k, =P, of the system is E, +h, = E, +k, =W), we have 


+ k, = 0 (so that ky = k =k and the total energy the form 


1 
A=(z) QB anni C=eQ D ci abths 


i, R=0 i,kR=0 


5 
Frye AN Se) eee 
ies Ge M* — m? + 2 (epi) Dr bi, Meet 
i R=0o, 
Pd e \2 Q (3.4) 
ce M2 — m® + 2k (W —&) 2s Beeline! 


L, 


co 


Dae eee > di LPR = OD ae » a oa 


2(R 
(R2p1) Nie rs 


SCATTERING 


ee R'm? (m+ W)?(W + 2M) . 


OF PHOTONS BY NUCLEONS 


6M2 y 2 
a2,2 = 


54> 65> Rk? (m a W) (m+3W) 
8V 3v (W —M) 


Re (m 
Q45 = Q5,4 as ( 


A ee AW = 2M) 
Lil = 6M Ww? ; 


’ 


Hc aI Care 
48w?(W—M) ” 

> Ag3= wee EES pee Re (m + W)2(m+3Wy? . 
me TO ae, 4W2(W+M) ’ 


+ W)(m+3W) , 


k} 


sVaw(w+m ? > 40W+M ’ 


boo = (A? (m + W)?/ 18M2AW?2] (9M2W3 — 2n2@MW?2 — mW — 6n7M?) 
by = [Rk (m + W)? / 18MPW?] (QMEW3 + 2PM W? — mW + 6m2M3); 


? 


Dog = [k2 (m + W)?/ 1442 W?] [92 W? + W? (6m3 — 2m2M + 27M?) 


+ W (m+ — 12m3M 


+ 18mM?) — 18m*M + 3m2M3}; 


bs3 = b35 = [B23 (m + W)/24V 3M2W] [3m2W? 
+ W (m3 + 2n?M + 9M?) + 6m3M + 3mM3}); 


bs, = (kt / 12M?) (m2W + 3M — 2m?M); 


b k2(m + W)? 
pr 


—“144mew? [9nr? Ws aa Ww? (6m? + 2nrvM — 27M?) 
+ W (m* + 12m3M — 18mM?) + 18m1*M — 3n?M?3); 


pees bee Re (m+ W) 


= om? W? 
24V 3M2W = 


W (m8— 2m?M— 9M?) — 6m3M — 3mM3}; 


bs,5 = (k* / 12M?) (n?W — 3M3 + 2m?M); 


Coo = (M+ W)3/4W2; Og =k(m + W)/2W; 


k W)3 (2m—W k? 
Epp WO) 


(m-+-W) (2m+W) . 


dy 3 = ds, 


_ 2 (mLW) (m42W) 


3W ey 6W 


we 


—B(m+W)/2V3; dss = km (m+ W) / 2W; 


daa = —Rk(m+ W)*/6W?; 


das—ds2 = (m+ W) ih 2 V 3; 


Z 


The normalized angular polynomial-matrices io 6 
t 


for the reaction y + N > y’+N’, in terms of which 
the matrix elements A, B, C, D are expanded, are 


dss=0; Q=n/k(W—&)(m+W—A). (3.5) 


joe onl or ee es SEE eee 
obtained and described in detail in Ref. 2. Each 

of them describes an angular distribution of the 
reaction y+ N+ y’+N’ for given angular momenta 
of the photons y and y’ and of the total system y 
+N. We shall use here the first 10 polynomials 
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where 


V.1. RITUS 


i= (1,72 1) = (ee ’) (se); feb ® (1 4/a lu) = (28') (6); 
LE? (1u 5/2 Iu) = 3 (8's) — (8s') (88); 
22 (lu 3/22 = — 2 V 31(¢e) (sk) + (sk) (s'e)]: 
LE? (2.3/2 lw) = iV 3 [(se’) (k's) + (k’) (e's): 


LE? (28/2 2)=(se’) (se) od ) (ve) (e’k) +(ce’) (sk) (k’e) +(¢k’) (¢k) (€’e); 


L2? (1p 3/2 1) = 3 (e’e) — (se’) (se); 
etic =f Be ad . “3 [(es) (e’k) + (ek) (e’s)]; 
L2 2 (243/21) =— i V 3 [(es') (k’e) + (sk’) (s'e)]; 
LE? (243/52) =(¢") (28) (k’k) + (ek’) (25) (8'k) +(¢8') (6k) (K's) +(3k’) (8k) (S'S). (3.6) 


Here s = [ke], s’=[k“e‘], and the symbols in to the coefficients 6, , andd. , bymeans of formulas 


parenthesis following the L- : = s denote, reading 
s 


obtained be expanding the functions 


right to left, the angular See and multipolar 


character of the incident quantum, the angular i > i; ne e/ (1 ++ = cos 6) 

momentum of the system and the angular momentum ks 

and multipolar character of the scattered quantum. re y - hoe cos 0 = (k’k) / R'k 
The coefficients 8, , and 5, , in (3.4) are related peeve ae 


in series of polynomials L bie: : 
Yo,0 ‘Vs {2J ilo. 3 3 J, (27,5 “ i: ie V 3),., Zs V 3f,. zo 3Ts,5) 
+ @/2J2— "ed 9) (fsa — V 3f2,3s — V 3fs.4 + 3fs,5)}; 
sk oa ‘le {2Jf,4 2 i J (2foo z len a. V 3h, = V 3f,.4 =o 
+ @/2J2— V2) (f22— V Siss— V Sis + 3fs.3)}; 
Y22 : $ {4/72 i J, Wee = 5 ee oh V 3i,5 ze V 3h, es STs) 
ody— oJ) (faa + fae + V 3f2 os V Stes + 3f3,3) + 6/sf5,5}; 
V 32,5 = Vs {QV 3f,5+ 3), (— i+ hat Vali s — V Shea +3) 
+ @/242—*/2 49) (—3hiat 3je2—V SUES +3V 3]3,2—3fs,3)—6/s (275,s—V 3js,4)}; 
733 M/s {4d BE 5 3J, ae 7 Bea 5 V 35,5 7 V 3f,,4 ie iz) 
+ @/2J2—"/24q) (Shia + 3fe,2 —Y 3f23— V 3iss + fs.s) 
++ 2), Gia 2 a V 3fs.4+ 4fss)}: 
%4— Ts {4 fas a J, Ls 3 5 fe» 7 V 3i,.5 he Vek a STs.) 
+ @/2J.—1* 249) (foo + lag t ees 55 Va a+ 3fs,5) + is s}3 
baie agar ie ee —V 3f,,+V 3f,,,—3f,., 
— @/2Js— "2 J) Bfo0— fast sty Bhs, — at 3f5,s)— 6/3 (27s, ae a)}; 
2.=° ods +3J, ik, Reed Peel” 3h + V 3fy5—I5.5) 
+ C/2J2—f, I (3700 + t Sisa — V 3s — Va + fs.s) 
+ 2/3 (372.2 — oy Shs = V Sis + 4js,3)}. 
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Formulas for y, , and y, , are obtained from the 
formulas for p, , and y, < by permuting correspond- 


ing indices. 


k 


a eS ye 


for 
Thus the transition matrix (3.2) for scattering 
of photons agains nucleons can be written with the 


help of tables and formulas (3.4), (3.5) in the form 


Fry = 
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W (x'p", yp) 


2 6B. 
=e? cae ; i, k 
02 bat (ai Wom Wm) 


4, EFFECTIVE SCATTERING CROSS SECTION 


In order to obtain the effective scattering cross 
section, it is necessary to know the amplitude 
F(y%, y) of the scattered wave. As shown in Ref. 
2, F(y4 y) can be obtained by solving the follow- 
ing system of Heitler integral equations (formula 
4.5 of Ref. 2; the notations are identical ): 


V(x, 1) 


= in,\ U'l* (x, 2!) F'l (n!, 7) dQ_, — in, \viis (m, 7!) F (1, 1) dQ; 
ip ts (x, 7) = V'* (x, 7) 
— in,\ U'!s (x, n’) F'!s (ars x) dQ, ee in, \ ys és 7') F (x', *) slew 


e 


2 1/ paa etNis . fat n : 
+3 VR, Or P(e, 7} dQ, — in, \ WC TYE (1, 1) dQ 


4. = (1/8 5?) q?dq/dW, 4, = (1/8) ke dk / dW. 


This system of equations can be solved by means 
of the angular polynomial matrices LM M, LM ¢ ) 


ie s! otbained in Ref. 2. Expanding all the transi- 


tion matrices and amplitudes of scattered waves 

in series of corresponding angular polynomials, and 
denoting the expansion coefficients by correspond- 
ing small script letters, we obtainthe system of 
algebraic equations 


Fils, = 0th, — iAny_uilefils, = 14rn, >; OU ae 


i 

“ 1 Der ee A eer M 7y1/ . 

Ei O54, — i4ny usps, — ann, >) Oi hy, pe 
i 


ieee ee ae eee 
rp hea ele & Ai tog Otis) 


/ 


I, 


’ 


—tAnn,, >, Apa (4.2) 


(4.1) 


i = 0 if k = 0 and i equals the integer given by 
either (k + 1)/2 or (k + 2)/2 for the remaining 
values of k. The system (4.2) can be solved ex- 
actly. An exact solution is cumbersome, however. 
Neglecting quantities of the order of g? and higher 
with respect to 1, we obtain in the first approxima- 
tion the following solution to system (4.2): 


_ Wier , 
1+ i4rn,. (u;!* + u;!*) ; 


ft, k 


eatie 
file We Ui rk 
tf 


1+ i4nn_u,!2 *! a) 


where i depends on é as in (4.2). Therefore, 


EGG) a>) Ti wae 
l, k=0 
a 


=» ++ ____ 17%, 4.4 
2 Tien, (ul Fal) ins (4.4) 
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where the w) , are obtained from Eqs. (3.8), (3.5) 
and (3.7), and u3/2 Ju ae are related to tan g3/2 
t 


tand A of Ref. 1 by the formulas 


‘ =: x a 
tg bf) = —_ Anrptl;!* ’ tg Sit ee ATYnli =e 
We have limited ourselves to the first ten terms 
of the series in computing the amplitude F(y’, y). 
This implies that we consider all possible scatter- 

ings of dipolar and quadrupolar quanta against 
nucleons, assuming that the angular momentum of 
the system is no higher than 3/2. Mesonic ab- 
sorption is included in the first six terms of the 

: l/ l/ 
series (processes 1, > “2> 1, ibys #5) SS ie 


> 


(ish a oR ne te “25, 2p > “2+ 2,.). This 


means tha absorption is considered in conjunction 


with s and p meson waves. 
In order to determine the effective cross section, 
it is necessary to obtain | F |?, average it over the 


spins of the initial states of the nucleon, sum it 
over the spins of the final states of the nucleon 
(these operations are equivalent to 1/2Sp|F |2), 
average it over the polarizations of the incident 
photons and sum over the polarizations of the 
scattered photons. The last two operations are 
equivalent to an averaging over polarizations of 
both incident and scattered photons and multiplica- 
tion by two. It is therefore necessary to obtain 
Sp|F |? where the bar denotes averaging over 


the polarizations of both photons. 
In the center-of-mass system, we then have 


ds /dQ = (1/4n2) k (W — k)? W? Sp |F \?; 
Sp |F 2} = M, + M, cos ® + Mz (2/2 cos? 6 — 3/2) + Mz cos* 6; 
p= 210,02 -0,0)4-(1.1s 11) eS: 252) eae 


My 212 (0,0: 1,1) (0.03.2. 9) 2 30,0; 2.3) (0, 03 3) 
2 Si 2*45) 3; 5) 5 4 
4. 9/3 (2:9; 4,5) 3 (2,2: 6S) Ve 4 Oy se 


Mz = (2,2; 2,2) + 4 (2,3; 2,3) + (38,38; 3,3) + (4,4; 4,4) +4(4,5; 4,5) + 
+ (5,5; 5,5) + 2[(0,0; 4,4) — 2 V3 (0,0; 4,5) + 3(0,0; 5,5)+(1,1; 2,2) — 
— 2) 3(1,1;2,3)4+-3(1,1;3,3)+2V 32,2; 2,3) + 3 (2,2: 3,3) — 2V 32,3; 3,3) + 


Mz = 4[3 (2,2; 5,5) + 6(2,3; 4,5) +3(3,3; 4,4) —4V3 (2,3; 5,5) 


2,8; l,m —fPalim +i mii, a 


The total cross section is 
o = (hk? (W —k)?/xW?) M). 


5. RESULTS 


(4,474.4) 1-9(45; 45) + (6,59, 5)k (4.5) 
—8(3;3; 4.4)-46YV 3 (8,3;45)— 3.6 3,150); (4.6) 
T2V344 45) 34 55) 2/34 
— 4/Y3(3,3; 4,5) + 4(3,3; 5,5), 
lin =the (4.6) 
cross sections were computed assuming* 
(4.7) a=1.61: G?=0.12; g?=0.10; 
2= 0,529; M=tho3lom. 6.1) 


We present in Figs. 2 and 3 the total effective 
cross section g as a function of the energy of the 
incident photon k, in the laboratory system, and 
the differential cross section do/dQ in the center- 
of-mass system for various energies en The 


* The meson mass is assumed to be exactly 
= 276m . 
e 
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a 100 200 


JOO 400 50 “A 


Fic. 2. Total effective cross section a( 10° en") for the 


scattering of photons agains protons as a function of the 


photon energy ko (mev ) in the laboratory system. 


a6 
aQ\_§ 


15 


aie 
0 

a Va: MOU ia /EU ae, 

Fic. 2. Differential cross section do/dQ, ( 107° */em7/ 
steradian ) for the scattering of photons against protons 
as a function of the scattering angle 0 in the center-of- 
mass system. Energy of the photons: 0--0, Le 1O2* 
2--230, 3--272, 4--296, 5--344, 6--392, 7--430, 


8 --470 mev. 


The fundamental constants in this computation are 
a, G* and M, and these are taken as in Ref. 2; the 
constants g° and fe differ fromthose assumed in 
Ref. 2, but do not play an essential role here as 


they only enter in secondary terms in the absorp- 
tion**; therefore, the cross section does not 


** In distinction from Ref. 2 where B and f enter in 


the transition matrix as well as in the absorption. 


change very much if one adopts the constants given 


in Eq. (5.1) of Ref. 2 instead of the constants 
(5.1) of the present article. 

For small energies, the total cross section 
equals the Thompson cross section (87/3) 
x (e*/me? ¥? = 1.973 x 10°°! cm?, for as k > 0, 
isobaric terms and terms due to absorption go to 
zero. Fork ~ 180 mev the cross section begins 
to grow, and fork = 344 mev*** it reaches a 
maximum of 1.34 x 10°°° cm”, exceeding the 
Thompson cross section by a factor of almost 7. 
Upon further increase in ky the cross section falls. 


For small energies the angular distribution of scattered 
photons coincides with 1 + cos” @; then as the 
energy increases, a preferential backward scatter- 
ing appears. At resonance (ky = 344 mev) the 
angular distribution is again symmetrical with 
respect to 0 = 7/2, and for energies beyond reso- 
nance a preferential forward scattering appears, 
the asymmetry increasing with energy. The change 
in the position of the maximum frombackward to 
forward angles takes place extremely rapidly in the 
resonance region. 

Comparison of these results with those of 
Sachs and Foldy° and Minami® shows that the 
width of the curve obtained for the total cross sec- 
tion is several times larger while its maximum is 
several times smaller than for curves of Refs. 6 


*** When ko = 344 mev, the energy of the system W 


equals the mass M of the isobar in the center-of-mass 
system. 
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and 8* obtained with the same parameter values. 
Furthermore, the maximum is not found at k 
= pe’ as in Ref. 6, but at a considerably higher 
energy. The angular distribution resembles those 
of Refs. 6 and 8. only for very small and very large 
k ys and strongly differs at other values of k 3 
this is especially true of the backward scattering 
in the pre-resonance region and of the minimum for 
6 = 7/2 at resonance. 

In conclusion, I wish to thank O. P. Ryibalkin, 
V. I. Petukhov and A. G. Trunov for carrying out 


the numerical computations. 
Note added in proof: After completing this analysis, the 


author discovered that an analogous calculation was 
carried out independently by R. Gurzhi. 
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On the S-Matrix for Particles with Arbitrary Spin 


V. I. KARPMAN 
Minsk State Pedagogical Institute 
(Submitted to JETP editor, April 7, 1955) : 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1104-1111 (June, 1956) 


This is a discussion of the perturbation theory for particles with arbitrary spin. The 
properties of the singular functions for such particles are discussed. It is shown that the 


elements of the S-matrix may be found by the Feynman rules. 


Lae present theory of wave fields permits us to 
consider fields corresponding to particles with 


any integer or half integer spin or with any number 
of integer or half integer spin states. ~* In spite 


of the fact that particles with spin larger than 
unity are not observed experimentally, the theory 


of such particles can present some interest in the 
interpretation of the properties of the newly dis- 
covered mesons and in the study of the isobaric 
states of nucleons. For instance, the theory of 
particles with spin 3/2 has been applied to the 
construction of the partly phenomenological theory 


of interaction of 7-mesons with nucleons. ~ @4 the 
results obtained compare satisfactorily with the 


experimental data. 

The basic problem in the study of the interaction 
of particles wth arbitrary spin with other fields 
amounts to the construction of the scattering matrix 
S. It has already been assumed previously that the 
elements of the S-matrix for particles with arbitrary 


* The constants used in this article are almost 
identical to those of Ref. 8. 


spin may be obtained by the Feynman rules.>~® , 


in analogy to the quantum electrodynamics case. 
However, until now no basis was given to this 
assumption. : 

A difficulty arises in the construction of the 
S-matrix for particles with arbitrary spin. The 
difficulty is related to the fact that for higher 
spins not all the components of the wave function 
uw (x) are dynamically independent.! This fact is 
the main impediment in the attempt to generalize, 
for the case of arbitrary spin, the S-matrix theory; 
the latter was derived by Dyson‘ for quantum 
electrodynamics (spin 1/2 in the interaction repre- 
sentation. (For more details on these difficulties 
see Refs. 5, 6). 

In the present paper, it will be shown how one 
can obtain the elements of the S-matrix for parti- 
cles with abit spin in the Heisenberg repre- 
sentation. We follow the Yang-Feldman method.® 
For the sake of simplicity, we will consider the 
interaction with a electromagnetic field (the 
interaction with other fields can be treated analo- 


S-MATRIX FOR PARTICLES 935 


gously). 
1. The interaction of a particle with arbitrary 


spin with the electromagnetic field can b 
written in the fone : pia 


(LiVx + ix)? = ieA,Led; 
[fAn =e; Ix = e (OL 29) 


> 


Vr=0/0x,; O = Vi), (1) 


where A, is the quantized 4-vector potential of 
the electromagnetic field and L,, are matrices 
the properties of which are studied in Ref. 3. 

It has been shown 9+!° that the matrices L,, 
subject to the conditions stated in the earlier 
footnote satsify the identity 


(L npr)" [(Lapr)® — / pi) Pk] >> 
[(Laps)® — (2/2) ph} =0, ®) 


where p,_ is an arbitrary 4-vector, Hy oBg> x9 
., is the rest mass spectrum of the ak , 
and n is an integer dependent on the properties of 
the matrix L , . For particles with spin 4: n= 0, 
s=1; for particles with spin 0,1: n=l, s=1. In 
the first case, (2) gives a known relation for the 
Dirac matrices, and in the second case, (2) gives 
the Deffin-Kemmer relations. 

2. Let us first consider the basic singular 
functions satisfying equation (1). 

It has been shown® that, in the absence of 
interaction the components of the wave function 
w satisfy the relation: 


[Yo (x), Uo (x')]2 = — Ros (x — x’), (3) 


R(x) = (— 1 ( LY Cave — 2) Df LaVay 


1 


«TE [avn — 2] 6A Ge He 4) 
i=1 Sof 


E-r 


*We are considering only equations with finite 


dimensions (y has a finite number of components). Such 
equine describe particles, the spin and the rest mass 
° 


which are taking a finite number of values. Further- 


more, it is assumed that the energy (in the case of inte- 


ger spin) or the charge (in the half-integer case) are 

definite. eilatde, ees 
**the mass spectrum of a particle is dejerm1 

the relationship p; =| % | where A, are © the non-zero 


eigenvalues of the matrix Ly 


Ss Ss 

6 = Tis) /TT@i—), 6) 
= ier 

where n amd s are defined the same way as for (2), 

and A(x, be ) is the Pauli singular function corre- 

sponding to the particle with a rest mass ae 


Neu) = (2n)-s e'”* SIN Poto. 7p. 


Po 


Po= Vp? + pe 


In (3) the minus sign is taken for integer spin and 
the plus sign for half integer spin. The vacuum 
expectation value (in the absence of interaction) 
has the form ® 


{10 (x), do(x)lz>o = iRos(e—2') 6) 


(the plus sign is taken for integer 


spin, minus for half integer spin ), where Q) (x 
S obtained from the ognre elon of R(x ) ace (33 


by substituting for A(x, y,): 
AW (x, tH) 


= (2n)-3\etex ae Pp; Po =v poe 


The Green function of the equation (L,V, +tk) 
x Ww (x) =0 can be presented in the form® : 


Ss 


Sea—x)=S(V) > Ce=s oD, 


/ 
a 


(7) 


r>1 


= ween OPE 
G(x, m) =— (ny ler* SF, 8) 


where b, may be obtained from (5) and S$ (V) is a 
differential operator of the form 


S(Y) 
RIS 3 | be s ; 
=— DB (Seve T+ 2 (e/a 
+ eS (LaVa — t) (LaVa)” 


AD oa ee) 
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In particular, in the Dirac equation (n = 0, s=1), 

S (VY) takes the form L, V, — tk; in the case of the 
Deffin—Kemmer equation (n=l, s=1), one obtains 
from (9) the known formula 


S(y) 
= (i /x) (LV)? — (LeVn) —(O + »*)I- 


To define completely the Green’s function 

~.(x— x”) one has furthermore to define the 
integration path in (8). Let us denote by 
A. (x — x ’5 p,) and by A, (x - teenp) the 
Green’s function G (x — x’; ) for the Klein- 
Fock equation( +p) W(x) =0, giving solu- 
tions in the form of retarded and advanced poten- 
tial, respectively; by A, (x—x_s p, ) the causal 
Feynman A-— function, and by A(x — x’; p; ) 
the Green’s function corresponding to the principal 
value of the integral in (8). 

The corresponding Green’s function for particles 
with arbitrary spin will have the form 


S(x—x') = S(¥) Ae —%; ti); 
i=1 


Ar(x— x’; pi); 


Sa (x — x’) CV) Ne (x—x’'; oa). (10) 


Furthermore, let us define two more functions 


Ss 


S (x — x’) =S(V) D\b:A (x — x's 9); 


‘ 
1 


Using formula (9) and also the fact that A(x—x ’) 
and A‘) (x —x ’) satisfy the Klein-Fock equation, 
it is easy to see that 


SU j= RX %); 
SO (x — x’) = RO (x — x’), 
where R(x —x’) and R")(x — x ’) are the func- 


tions defined in (3) and (6). In this fashion, 
Eqs. (3) and (6) can be replaced by 
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= —iSt)(x— 7’), (12) 


From (12) one sees that, in the Green's functions 
as well as in the permutation relations and in the 
vacuum expectation values, the only operator 
operating on the singular A — function is the 
differential operator S (V); this is the same situa- 
tion as in quantum electrodynamics. This 
situation will be considerably taken advantage of 
in our work. 

It is also important to note that the relationships 
between theGreen’s functions S$» Sa» SF 3 and 
S are the same is in quantum electrodynamics, 
namely: 


Sr (x) =S()— (i /2)S(), Ga) 
S (x) =". {Sa(x) + S,(x)}, (3b) 
Sia) = S)(4)— Sale 


(Xp < Xo )s 


"owever, the case of particles with spin larger 
than % differs considerably from that of quantum 
electrodynamics. This difference is that, in 
general, Eqs. (10) and (11) defining the functions 
S (x%) and S(x) do not imply the equality 


S (x) = "ae (x) S(x), 
Ll kg. 
le SXg an 


as they do in quantum electrodynamics. 


Indeed, from the definition of S (x) and S(x) it 
follows that 


S (x) = S(V) G/,¢() A (w)} 


(=| 


= /22(x)S(x) + Me[S(V), ¢(x)]_ A(x). 04) 


***See, for instance, Refs. 11 and 18. The proof of 
this statement given in Ref. 12 is erroneous, as it is 
based on the assumption that the matrix (L; Pi, +K ee 


can be diagonalized. But all the relativistically invari- 
ant equations satisfying the conditions stated in the 


footnote ,» except the Dirac and the Deffin-Kemmer 
equations, cannot be diagonalized (see Ref. 3, p- 726). 
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If the differential operator S(V) contains derivatives 
of order not higher than one, as it does only in the 
case of paticles described by the Dirac equation, 
then [S(V), (x) ] A(x)= 0, because (x) depends 
only on x, ad 


“/2 {0 / OX, ¢(x)|_A (x) == 8 (x9) A (x) =0. 
It is easy to see that in the general case 


“/2(S(V), ¢(% — x)]_A (x — x’) 
= f(L, V)s(x—x’), (15) 


where F (L, A) is some polynomial in the matrix 
L,, and in the differential operators V, = 0/0 Xgis 
and 0(x—x’) is a four-dimensional 0-function. 
Insofar as € (x —x*) depends only on time coordinates, 
the function F has a non-invariant form. To give 

a relativistically invariant form to all the formulas, 
it is necessary to change somewhat the definition 

of e(x—x’). For this purpose let us introduce the 
ensemble of space-like surfaces o(x), in such a way 
that one and only one of the surfaces would go 
through each point x of the universe. Let us denote 
by 7 the unit vectors orthogonal to these surfaces. 
Let us introduce the notation: x > x if o(«) lies 

in thé‘future’’with respect to a(x’) and x <x ” in 

the opposite case. By the symbol ¢ (x, x*) we will 
mean 


pe eee x 
S(t; ee 


with this definition, the relationship between 
A («x—x’) and A(x—<x”) retains its form 


Rex y=, Fs) 
Instead of (15) and (14) we get: 
HeoV se, & A(x .47) 


— F (Liaitns Visits; cai) ) (x ae 2 (16a) 


S (x — x’) =4yge(x, x) S(x— x’) 


Pert fie, Volty, (1) (4%) (16b) 


where F is some polynomial in =V)V), in 

Vy, 2), and in the matrices L/,7,,- It is important 

to note that the quantities n) are involved in F 

in such a manner that if one puts n)= 0, then F=0. 
In particular, it follows from (16b) that 


< P’*(W(x), W(x’) are The in general not equal to 
Ue (x—x ’),as it is in the case of quantum 
electrodynamics. Indeed, it follows from (12) that: 


<P’ ( (x), 0 (X’))do 
= Vee(x, x’) S(x — x’) — (i/ 2) SM (x — x’). 


Using Eqs. (16b) and (13a), we get 


<P! (Y (x), 9 (X'))9 = Sr (x — x’) 


SE Esthey Viltiy) Gl) Oe ee 


3. Knowing the Green’s function, one can solve 
Eq. (1) by the method of successive approximations. 
For this purpose it is easier to replace (1) by 
their equivalent integral expressions. If one uses 
the retarded potential, the latter will have the 
form 


b (x) = YO (x) 
= ie\S, (x — x’) LuAy (x') 9 (x!) atx’, 
A, (x) = Ap” (%) 
ey \ D, (x — x’) jp (x) d4x’. 8) 


If, on the other hand, one uses the advanced po- 
tential, one will get 


¥ (x) = 9 (x) 


Lary \ Soe) An OY Cd ea) 


A, (x) = AY (x) —e \ Da (x — x") ju (x’) 4x’, 


where Wi), 4 and Wf), 40 satisy the 
equations and the commutation relations of the free 
fields. Let us assume that the interaction is 
adiabatically turned on at t= x o=— © and turned 
off att = +. Then, according to (13d) 


b Ca) (ia s eae 
aY(x')Y (xp x< x! 


o= +1; plus sign for integer spin, minus — for half 
integer. 


+4 PP (h(x), $(x’)) =| 
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¥() > 9 (x), 


A, (x) > AM (x) for £—> — oo, 


¥ (> (), 


A, (x) =A” (x) for t+ co. (20) 


This leads to the physical interpretation of 

Wt) 4) and of w A (f) , Yt) and 4fY 
describe the corresponding fields when t ~— © 
“before the interaction has been turned on’’, and 
Ww (f) and A (f) describes them when t +, ‘‘after 
the interaction has been turned off.’’? These opera- 
tors have to satisfy the relations ® 


pis) n= Spli) (x) S; 


Ay G5 TAY (Gy See) 


where S is the scattering matrix. 

On the othe hand, using Eqs. (18) and (19), one 
can express W (f) (x) and A (f) (x) in terms of 
yt) (x) and Al) (x), as a power series ine. For 


this purpose let us subtract (18) from (19) and use 
equation (13c). We get 


vy) (x) a ve (x) 
+ ie \s (x — x’) Ly Ay (x’) p(x") d4x’, (22) 


AY? (x) = AD (x) +e \D(e—*/) in) dX". 


It is easy to get the desired expressions of w (f) 
and 4 (f) in terms of Ww? and 4!*?. First, one has 
to apply an iteration method to (18) to get an 
expression of w (x) and A(x) in terms of W(t) (x) 
and A(*) (x), and then substitute these expressions 
in Eqs. (22). 

4, Let us now determine the elements of the 
S-matrix. Let us first note that wf (x) and 
w) (x) describe free fields, and that they can 
therefore be presented in the form 


***In equation (23), the symbol p denotes the whole 
set of quantum numbers which define the state of the 
considered particle. In analogy, in Eq. (25), k denotes 
the set of momentum 4-vectors and the polarization 
of the photon; px and kx represent the scalar products 
of the 4-momentum and of the 4-vector of the point x. 
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g(x) =V—h 
x Dc ¢* (p) elP* + cp” @ (p)e“P5}, 
P 
yl) (x) = Y—Vs 


OF i gt (p) eipx af of" om (p) e- ips} (23) 
P 


where C(@/* and C{/ are the creation and anni- 

hilation operators in the occupation number repre- 
sentation ‘‘before the interaction has been turned 
on’’, and c- * and A — the same operators, 


‘*after the interaction has been turned off’’. It 
follovs from (21) that 


ep = St Pvt (24) 
Analogously, one can write 
Ad) (y= Vl 
x >) fal? Ay (b) et + al” Al (B) e- i}, 
k 
a (x) =V-') 
(25) 


>) fae? Au (A) ef + ap” AG (Rk) em}. 


The physical interpretation of the operators 
a,{?? » ay () and alt, af?) corresponds to the 
interpretation of C/F? and C?. It follows from 
(21) that 

a’ =S-tql) s, (24 *) 

Let us denote by ¢, the vacuum wave function 
of the system. One can write 
SD, = Dp. (26) 

The element of the S-matrix corresponding to the 
transition from the state (i) at t -— ©(which 
involved the considered particles in the states 


Py» Po»-+-+- and photons in the states k,, kos + a) 
to the state (F) ~(py, pig Bes , 
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at t ~ + is given by the formula 


oe (27) 


Rk 


Se) = Kc? Say) wee Se. ah ae 
where < >, is the expectation value over the 
vacuum ¢,. Expressing C CY and a,’ through 
ew and a J? vith the help of (24), and taking 
into account (26), let us rewrite Eq. (27) in the 
form 


eA) (f) (i)* i)* 
S(i) = (Cy Pea Sheed a, 


1 


Pe or 428) 


To calculate this quantity, it is necessary to 
express the operators C,‘f) a (f) through c, qf) 


with the required accuracy with respect to e, This 
can be done using the expressions of wy (f) (x) 
AP) (x<) in terms of W(x), AY (x) [obtained 
with the help of Eqs. (18) and (19) by the iteration 
method ]}. After this is done, it is in principle 
Possible to calculate the vacuum expectation value 
of the right hand side of (28). The procedure can 
be applied with relative ease to get the matrix 
elements to the first and second order ine. It 
happens that these elements are such as required 
by the Feynman-Dyson rules. To the vertices of 
the diagrams correspond the matrices L,, [involved 
in (1) ] , and, to the solid line, the function 


Sp (x — x’) = S(V) DybiAr (x— 2’; 1), 29) 


ti=1 


where S (V) is given by (9), 

The method given above becomes quite compli- 
cated when applied to compute the matrix elements 
eG to ay order in e . It is however possible to 


show that even in this case, the matrix elements 


will have a form corresponding to the Dyson-Feynman 


rules. 
Indeed, it follows from what was said above, that 
the calculation of S,/f? involves only the expression 


f the operators Ww (f) A) through yw, A,{) 
fhe Esatine (12), the Green’s functions (10) and the 


relations (13), (16b) between them. All of these 

are absolutely analogous to their equivalents in 
quantum electrodynamics — with only one exception: 
the formula (16b) has a second term, depending on 
the normals to the space-like surfaces, which van- 
ishes identically in the quantum electrodynamic 
case. The effect of this form is such that the 
expression of the matrix element in the general case 
has the form 


/ KG) 
sh = Sif + 5W, (30) 
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where Sih As the term which would be obtained if 
one set FUL ny» V ys )=0 in (16b), and 


*HE . “Pale 
Sri) / is the term containing F (Lim, Vee, 


Saye? vanishing if one sets S=0. In quantum 
electrodynamics S = S’, and S’ as is well known, 
is given by the Feynman-Dyson rules. Hence, 

in general, S “has also to be constructed according 
to these rules. Let us now show that S ’’=0 in the 
general case as well as for spin % particles. For 
this purpose, let us note that the elements of the 
S-matrix cannot depend on n, — as it can be 
seen, for instance, from Eq. (51). Hence S”’ also 
does not depend on n,, and therefore does not 
depend on F (Ln, Vin,,, _) (because this 
function vanishes ifn, =0). This is possible if, 
and only if §“’=0. 

In the matrix elements of any order in e, the 
terms depending on the normal to space-like sur- 
faces have to compensate each other, and these 
elements are constructed according to the Feynman- 
Dyson rules — in the sense given above. For 
matrix elements of the first and second order, this 
was verified directly.°® 

After the completion of this work **** a paper 
was published in which the author considers the 
commutation relations, the Green’s function and 
the S-matrix for spin 3/2 particles, described by 
the Pauli-Fierz equation.! The results of this 
work are contained in ours, as a special case. 


The author wishes to express his deep grate- 
fulness to Prof. V. L. Ginzburg, and also to 
E. S. Fradkin and V. Ia. Fainberg for valuable 


discussion of the results of this work. 
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The crosss section for scattering of photons against nucleons is computed on the basis of 
a semiphenomenological isobaric theory including absorption. 


T HE fact that a nucleon is surrounded by a 
meson field leads to a scattering cross section 
fa photons by nucleons, which differs from the 
well-known Klein-Nishina formula. By analogy 
with the scattering and photoproduction of mesons 
by nucleons, one may expect that in this case, too 
the cross section will exhibit a resonance charac- 
ter as a function of energy. Yet, attempts to carry 
out corresponding calculations meet with the prin- 
cipal difficulties inherent in all present meson 
theories. But if one includes the meson field in a 
semiphenomenological way by introducing isobaric 
states /’”, then the computations can be carried to 


? 


completion, as indeed is done in the present note*. 


The Lagrangian for the interaction between the 
nucleon and the photons has the form**: 


L =VanepeAy— Vie 2 BN Fuvtvts? (1) 


+ 4« a ON*F wvtsBy; 


0A, 0A, 
Beer as Pages 
e ; : 
A= *_ (ceikx = GE), 
é V 20 ( 


where T= & a) is the nucleonic charge operator, 


| 0 0 

at 0 

\ 0 oF 0 
0 0 


* A similar calculation has already been carried out 
in Ref. 3. However, the author treats absorption in an 
approximate fashion by including it only at resonance. 
In the present article, absorption is treated according 
to the method of Heitler (see Ref. 4), following the 
scheme developed in Ref. 2. | 

** We use here Pauli’s notation. 
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is a Hermitian matrix in isotopic spin space de- 
scribing transitions from ground to isobaric states, 
and vice versa. 

The incident photon shall be characterized by 
the polarization vector e and the 4-momentum 
k(k, iw); we shall denote the 4-momentum of the 
nucleon in the initial state by p(p, if). The 
corresponding quantities in the final state shall be 
denoted by e’, &’ andp’. The computations shall 
be carried out in the center-of-mass system. The 


second order matrix elements U are sums of four 
terms corresponding to the four possible scatter- 
ing reactions (two of these arethe usual ones, and 
the other two include an isobar in the intermediate 
state), We represent the nucleon wave function 

W as a product of wu , a function of the coordinates 


and the mechanical spin and y, a function of the 
isotopic spin; then: 


U = xr*ry (A + B)+x*N*Ny (C+D); (2) 


A = (V 4ne)*(20)upe'(p + & + M)éup; 
B= (V/4re)?(20) tu pe (p — k’ + M)* ety; 
C= ( V 45 ar) an ip lene) 
XKyy (p + k) (Cky —eyh) Up; 
pe ( V 40 a) a= Up (chp = eR) 
x Ky (p — B’) (eb — eR’ itp. 
The isobaric propagator K,,, has the form? 
Ky (p) = (pl 41, (P + 34) 


Pp a 9 4 
+ 2p,] ar =e a1} (8, Fame sah , 


where x is the mass of the isobar. 
Inasmuch as the expressions for A, B, C and D 
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are very cumbersome, let us introduce here coeffi- 


E+M iy Oe 
cients for caeeuaee these quantities into the A090 = —~ GoE(e+M) ’ Oe ae (e+M)’ 
polynomials li ® of Ref. 6: M32 —xe + 2x) 

5 fo 3x2cF 
Fe AS Teh (3) 2 
A =(V4re)? > AinLin - poe M2 (e—x)(e— 2x) . 
i, R=0 So ae 3x2eE ; 
5E + 3M + 4o | STo(e—M) . 
= (V4ee) ) binkin’ i sae 12E , = ZE (ex) * 
i, R=0 
2 5 bap ; __ (e —x)(5E 4+ 3M + 4) , 
Fa a ae ae LV ae an GY aI aT 
C— (V “ar) Eu » CirLin 5 12E (e+ %) 
1, k=0 @2 (e ans x) 
~ ZE(e-Ex) (EFM) ’ 
D=(Vie a 4) ee S dixLin’ . oi po ee EEN 
i,k =0 af ah ee ey in 
haere _ — @(e=*%) (e+ E+ 2M) 
Pes 4V3E(e+x)(E+M) © 
where E =\/ M2 + @2 is the energy of the nucleon, 
and¢ =F +a is the total energy of the system. The The coefficients 5,, are related as follows to the 
nonzero coefficients of A and C are: 


auxiliary quantities pee B.. 


» +1 By 9! 
boo = 4 fo (81 — a8, — «Bs + B, + 1/282 + 
by, = 4 fo (Pe + 8.— a8, — «PB, 
bes = 4h (84 


1/819) -+ alm x (B— Bs) ++ fe (Be ++ Br): 
+ 1/283 + */289) + 1/eln x (Bi— Bg) + fe (By + Bio); 
— «8, — 2aB, + 28, + 1/584 — «819) — ofr (28, + 8.) 
+ */eln x819 + f3(— Bi + &82) + fsho; 
bss = 3fo (— 283 + 8, — «8; + 1/585) + 3/18. + fs (— 38; — 308, — 2810) 
— [a8 By + Is (48, ete 4/58 Was 1/58 9)3 
O44 = fo (P1 — %8 2 — 38, — 2a, + + 1/2810) + fa (283 — */oR9) + f28 
+ fs(— By + «8,) — of 482 + 2758, + Tao; 
55 = Bfo (P1 — H&B, — Bg + 1/287) + fs (— 384 + 306; — 28,) + f48 
+ fs (286 + 7/382 + 4/3810); 

bas = Don = V 3fo (Bs — Ba + 48s + 4/280) + > iB, + V3 fo (8, — 2) 


1 . 
— Fa fs (28s + Bo): 


a ; V3 
b45 = O54 = V 3fo (Ci 68, = 285 Thea oo f1 (28s — Bg) 


+ V3}s (— Ba + #85) + safe (485 + Br), 


where 


fo = Ya(I— Fn x) fr=efotglnx; fe = —efo +3/, In x; 
fs = 3/2%fo + "/1g In x; 
3 1 3 ‘| 
fa = ——>%fo + 7g In; fp foom qe x= tt 
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Therefore, 
a= E/w; Pp, = 1+ 67; Bs = 2; 
B=B+1; §8,=2; 
B; =—28;; Be=—2(8+ 1); 
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The coefficients d, i, are eae related to 


the auxiliary quantities 5, , 6, Bd i: Thus, 


a = (x2— M? + 2Ew) / Qa? 


5 =. (+4 V2 M-+x 
A ete EM 6x2 


(— M? + 3xM + 6x2) — 


e+ MM MEe 
Eup (E—o~ $e) 


= EE (Me? + 62M + 2xM? +3x3); 


be a ip (Ms — Bote aM Sy 


bs = — ge ee (— M8 + 3M x + 32) + a 
ee 5 ( Peat a Ce gn ae see Te oF 
+ 5 (Me? + 62M + 2xM? 4 330); 
05 = — py (2+ Sa) — gay (Met + OEM + 2M? + 300); 
b= Ete (— NOM SOG) che Ewe 
8, = — (FF) a (M2 + SM + 32) 
— sae We + M) (MPE + 3x20) — 0 (M + %) (— M? + 3xM); 


5 SE ees 
= E+M 3x2@ 
et M 2 

E+ M 3x2 

ape 20 (e — x) (— M? + 3xM) | 

AS Be (E+ MP 


In order to determine the scattering cross sec- 
tion including absorption, we apply Heitler’s in- 
tegral equation? which yields for the scattering of 
light by nucleons the following equations: 


F (pt) = U (pr, PX) 


— in,\U (pr, n*) F (n*) dQ 
—in,\U (Pr, p?) F (p°) dQ 
—- in, \U (pt, pi) F (pr) a2 


F (n*) =U (n*, pr) — in, \U (n*, n°) F (n*) dQ 


(ME + 3x2M) — 2 


(— M? + 3xM + 3x?) 


U+* (— M? + 3xM); 


519 = : (¢ + *)(— 


3x20 


M2 + 3M). 


__sftst ie unl i 
in,\U (n*, p°) F (p%) dO 
~ in, \U (n*, pr) F (py) dQ; 
F (p%) =U (p°, px) — ing \U (po, n°) F (n*) a0 
—in,\U (p®, p*) F (p?) dO 


— in, \U (p®, px) F (py) a9, 


where ce qVq?+u2Vq2 + ME 
7 — 8n2(V g?-+ uw? 4+Vq2+ M) ’ 


— @?E . 
"ly = B® (o£)? 
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and where q is the momentum of the meson. 

Here, for example, U(n*, py) and F’(n*) are the 
matrix element and amplitude for the photoproduc- 
tion process y + p> n+ 7’. These equations can 
be solved by expanding the F’s and the U’s in the 
orthogonal polynomials Eee: lighee and. Le M 
of Refs. 2 and 6. A simple calculation yields the 
result ; 

F (pi)= », finL te: 
1, kR=0 


f Usp 
i — yt 3 ’ 
1+ dren, (wii) + 4) 


where (/ ) is an integer equal to either (k + 1)/2 
or (k + 2)/2, and by means of Eqs. (1)-(3), 


M, =2(¢ 


: I 
*00, 00 i Tu, fy) 4 (os 29 ae 53,33 + aa, a4 


Uin = (V 4ne)? [ain + Dip 


oe Gr) (aos Ciz + “Fe ain) ; 


where i! 4 


cients of the meson scattering matrix for total iso- 
topic spin / = 1/2 and / = 3/2 (see Ref. 2). The 
differential cross section in the center-of-mass 
system is given by 


ds 1 wf? 4 
qi ae eS 
e’e 


and Be are the expansion coeffi- 


1 ‘ 
where 725 8 \ Ep Moe Marcos) 


1 
+ My, = (3cos? §— 1) + M,cos? 9, 


and where v is the angle between k and k’, and 
where 


Prowee) tool Oos sah. Paenne) 


a. 4 
— 9 se =r, r 
NAG IS Poa ch OP oapaieh eet adcl OC eee Oak ee 


33,44 00 S55, ae +2 V 3 (ea 23 22, 45 i Pi, 45 oor Bl a hase 3955, ee 


M, = Poe, 22 oF P53, 33 ot P44, 44 of P55, 55 sage: (25, 23 ile P45, ee) +2 (Poe 44 =i 3% oo, 55 
ap tp re ie tok Drage ea ecu aregaES ore varess Angry 6 sem ayie = ann 
“f: ?53,03  Paa, 45 ala Pas, ie 


M;=4 (355, 55 oF 3? 9, a4 a 4855, 55 60.5, as) + 16 V3 (P55, men ); 


455, 23 


viRe ia ue cla Tihnl in): 


Integrating over angles, we finally obtain the 


total scattering cross section for the scattering of 
light against protons. 


o = (WE? / xe?) My. 


Numerical computations were carried out with 
this formula. The values of Dot 3/2 were taken 


from Ref. 2, and a = 1.61 in accordance with Ref. 
6. The following values of o were obtained as a 
function of w (in the laboratory system ): 


© (mev) 280 340 400 

o- 10731 11.6 ile 2D) 3 
As could be expected, the cross section has a 
maximum at ¢ = x in the center-of-mass system, 


corresponding to » = 340 mev in the laboratory 
system. 
After obtaining the above results, the author 


—— ee eee eee 


found out that an analogous computation had been 
carried out by V. I. Ritus. The methods of solu- 
tion differ, however, and so do the numerical re- 
sults (which may be due to the choice of con- 
stants ). 

The author wishes to express his gratitude to 
V. L. Ginzburg, corresponding member of the 
Academy of Sciences of the USSR, who suggested 
this problem, to V. Ia. Feinberg for constant help 
and encouragement and to D. Ia. Belovoi, L. I. 


Grachevoi and N, E. Mikulkinoi for carrying out the 
numerical calculations. 
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Letters to the Editor 


The Role of Radiational Losses 


in Cyclic Accelerators 


A. A.KOLOMENSKII AND A. N. LEBEDEV 
P. N. Lebedev Physical Institute , 
Academy of Sciences, USSR 
(Submitted to JETP editor, March 15, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1161-1162 
(June, 1956) 


E showed in Refs. (1,2) that during the move- 
ment of relativistic electrons in cyclic acceler- 
ators, there appears a strong damping of betatron 
oscillations. In the present work we give the 
generalization of the results of Refs. 1 and 2. 
We start with the classical relativistic equation 
of Dirac-I,orentz for the motion of an electron 
(Ref. 3). 
du; e 202 = 


eye eh ae caeeceiene| (ea 
ds e th kT 35 ds? 


: au, 
+ Uj, os) ’ (1) 


where u; are components of 4-velocity of an elec- 
tron, F';, — components of a tensor of the elec- 
tromagnetic field. The sum in the parenthesis is 
the self-action force due to the presence of radia- 


tion. 
Let us considerthe movement of an electron in 


an axially symmetric magnetic field H (r) in the 
neighborhood of an orbit of a constant radius R 
with an accelerating electric field oe = Ss =0, 
Eg=€(6,¢). Ina linear approximation we 
obtain equations from fq. (1) which are necessary 
for the description of the radial and azimuthal 
motion: 


oe E W . c2 
Sool eee (2) 
one Ee oa he (Mic? We 
~ R2- eHyR Tee Weyee | se: 
E = e&c — W+ eH,Ro, (3) 
8 = (c/R) (L—e) =c/R—9, (4) 


where the following dépendence was used: 
H=H,(1—np),p=r/R—1, E =energy of 
an electron, W =( geo ) (2 )4 = magnitude of 
the radiational losses. at 

The term containing p_ in Eq. (2) describes 


the “‘proper’’ attenuation of the betatron oscilla- 
tions. Practically, it does not influence the 


motion in comparison with the main dissipation 

~ We/E, if |1—n2}|<« (E/mc?)?, which is always 
fulfilled. In the main orbit of an accelerator, 

the radiational losses are compensated, and the 
energy of the electrons grows in time in correspon- 
dence with the growth of the magnetic field. The 
solution of equations (2) — (4) appears as follows: 


P= Pm * Pro swith 
Py = (E — eHpk)/ e HoR (1 — n), (5) 
where p are betatron oscillations, with the 


frequency (c/R) Vi—n_, which take place near 
the instantaneous orbit with the radius R (1 + py ye 


From Eqs. (2) — (5) we obtain an equation of the 
synchrotron and betatron oscillations (Ref. 4 ), 
whose amplitude changes according to the following 
law * 


t 


ifn nl CMY 
Oe ( exp E Geant pat]; 
‘: 2 (6) 
1 3—4 R W 
—8 rs 1 — 4n(’ 
a, ~E * [eHyR + Wy" eXp |-#S4 za}. 
é to 


These expressions are the generalization of the 
laws of variation of ae | Nae ay VE 73/4 
for the case when the radiation losses, which are 
compensated by the external field (accelerator), 
are present. 

If the acceleration takes place in the curl 
field (betatron), then, for the presence of radiation, 
the condition 77 = 2H is changed in the correspond- 
ing manner so that the condition R = const. holds. 
In this case, for Phe, We obtain the same law 


(Eq. 6) and 


Gees ANOS - (6a) 
We note that damping of the type (6) is in fact 
not connected with the actual form of radiation 
losses, which are compensated by the external 
field. An analogous result could be obtained, for 
instance, in the case of losses for the bremsstrah- 
lung on the nuclei of the residual gas. The 
pe W, which appears in Eq. (6), can have 
the interpretation of power spent by the accelera- 
ting system for the compensation of all similar 
losses. 
Until now all our results followed completely 
from the classical equation of Dirac-Lorentz 
(Eq. 1). We want to consider the corrections due 
to the consideration of quantum effects. For 
the description of the motion of the electron up 
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to the energies E<E,, =me(Rme/h)'/*(= 1015 ev 
for usual conditions) one can, with good reason, 
use classical concepts and consider only the 
statistical (quantum) character of radiation. For 


this purpose the following term should be added 
to Eq. (3): 


W(R) — >} «,3(¢—+,), 


(7) 


where €; is the energy of a separate photon, 


emitted at the moment t; , O is the delta function. 


The physical meaning of the changes introduced 
in the motion because of the introduction of (7) 
into (3), was considered by us in Refs. 1 and 2. 
The solution of Eqs. (2), (7), (4) gives for the 
average square values of pie and Py very 
similar expressions which also hold for the syn- 


oe (Refs. 5,6) and for the betatron (Refs. 
cee) s 


a 00 V 8 A i 


bet 96 Rnd —n) \me (8) 
ee ee SE ee 
9 R(1—axn)(3—4n) \mc? 


where A = &/ vc is the Compton wavelength. 

The expression for Bice was found also by a 
different, more complicated, method in the works 
of Sokolov and Ternov.’ However, since they did 
not consider the damping (6), their results are 
erroneous. 

It is interesting to follow the mechanism of 
damping, z,,, , in more detail for the case when 
the statistical character of losses is taken into 
consideration. At the time of emission of the 
i th quantum, a vertical recoil force acts on 
the electron 


(d/dt) (mz) = (e,/c2) 23 (t —t,) 


(we omit quasi-elastic forces). On the other 
hand, (d/dt) (mz) = zm + mz. The change of mass 
can be broken up into two parts: loss of energy 
during the radiation, and its receipt from the 
accelerating field 

im = —(e,/e2) 8 (¢ —1,) +m 


accel 


accel Bi 2 ace eet) 

It is not difficult to see that the increase of the 

oscillation amplitude at the expense of the mass 
at the time of radiation is fully compensated by 

the radiation friction. Consequently only the in- 
crease of the mass m,,,¢) influences the ampli- 


tude of the betatron oscillations. ‘This increase 


is due to the compensating field. From this, there 
immediately follows an equation of the type (6). 


* . 
Here we generalize our result from Refs. 1,2. 


7A; A. KolomenslWandsAaN.UisbedevaDell Akad 
Nauk, SSSR 106, 807 (1956). ; ; ; 


2 
A. A. Kolomenskii and A. N. Lebedev, J. Exptl 
Theoret, Phys. (U.S.S.R,) 30, 208 (1956). Pt 


L. D. Landau and E. M. Lifshi 
CITTL Asie ee ee ee 


4 
D. Bohm and L. Foldy, Phys. Rev. 70, 249 (1946): 
N. Frank, Phys. Rev. 70. 177 san) 


tee 
M. Sands, Phys. Rev. 97, 470 (1955). 


6 
A. A. Kolo awe ak : 
on ea ii, J. Exptl. Theoret. Phys. (U.S.S.R.) 


7 
A. A. Sokolov and I. M. Ternov, J. Exptl. Th Fs 
Phys. (U.S.S.R.) 28, 431 (1955), fh alan 
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Superconductivity of Barides, Carbides, 
Nitrides and Silicides of 
Transition Metals 


G. V. Samsonov anD V. S. NESHPOR 
Moscow Institute of Gold and Non-ferrous Metals 
(Submitted to JETP editor, August 18, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1143 (June , 1956) 


ORFMAN and Kikoin! concerned themselves 
with the interesting fact that the transition 
point to the superconducting state increases in the 

series TiB —-TiC——TiN; the same increase was 
noted in the series VC——VN and ZrB——Zr——C— 
ZrN. 

The data available in the literature on the tran- 
sition temperatures of similar compounds are 
given in Refs. 2— 4. In spite of the wide spread 
of the ‘transition points obtained by different in- 
vestigators, one can make the following prelimi- 
nary observations. The value of Ty is con- — 
nected with the electron density distribution, i.e., 
it depends on the acceptor capability of the atom 
of the transition metal 1 / Nn® and of the ioniza- 
tion potential of the non metal Co) ae 

In titanium compounds, the transition points are 
very low, and although some increase ol ae 
probably takes place in the series TiB, —— TiC— 
TiN, i.e., with increase in the ionization poten- 
tial of the metalloid, the probabilities of realiza- 
tion of high acceptor probability of the 3d-level 
of Tiare lessened. This appears more clearly 
for the compounds of Zr. A significant increase 
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in the transition points takes place for com- 
pounds of Ta and Nb, but not of V, although all 
these elements belong to the subgroup Va. There 
is a high scattering capacity in vanadium, 
yielding only to Ti and Zr, which also brings 
about a lowering of the transition point. 

In compounds of Nb and Ta, there is evidently 
a very favorable relation of the value of 1 /Nn of 
the metal and gof the metalloid; therefore in the 
series Me (VY) B > Me(V) C > Me (V) N there 
is a more clearly expressed rise in 7’, ; more- 
over, the transition points are high in absolute 
value. 

For a transition tocompounds of W and Mo, the 
values of [, are much higher than for com- 
pounds of Ti, Zr, Hf and V, but lower than for 
compounds of Nb and Ta; this is possible as a 
consequence of the increase of screening of the 
d—band of these metals by the natural excitations 
of the electrons,® which makes difficult the excita- 
tion of the valence electrons of the metalloid. In 
each case, it is characteristic that the sharp 
decrease in the number 1 / Nn from 0.167 — 0.100 
for Ti, Zr, V, Hf to 0.5 — 0.67 for Ta, Nb, W and 
Mo, , is accompanied by such a sharp increase 
in the value of T, . 

It should also be noted that in a number of 
cases the value 7, increases with increase in the 
metallic content, for example, for Nb, N, 7, =9.5° 
K, but for NbN, fey =15 5 Ke Mo, (C ; rT; = 2,9 rs K, 
and for MoC —— 8° K, for Mo, N, 7, =5 Ke tor 
MoN ——12° K, for WoC, T, = D4 KK toewG, 
2.0 ——4.21 ° K. 

The relatively lower transition values for all 
borides in comparison with carbides and nitrides 
are probably explained by the presence of strong 
covalent bonds between the boron atoms , which 
leads to the formation of the characteristic struct- 
ure of the elements — little chains, lattices, 
shells of boron atoms in boride crystals.’ In this 
connection, the fraction of electrons capable of 
completing the electron deficiency of the atoms of 
the transition metals is not large and 7’, is corre- 
spondingly decreased. 

Actually, in the case of all metallic compounds, 
especially Nb, Ta, W and Mo, the increase of ip 
in the transition from Me — B to Me ——C, is, as 
a rule, much sharper than for the transition from 
Me ——C to Me—-N. Therefore the borides are 
essentially different from the carbides and nitrides. 
The latter are close to each other in values of T,,. 


but the smaller ionization potential of carbon in 
comparison with nitrogen enhances the effect of 


the increase of 7, in series MeB —-MeC —_MeN, 
especially for compounds of the transition metals 
with low electron deficiencies. Compounds of 


silicon, which have still lower ionization poten- 
tials than boron ought, from this point of view, to 
possess still lower transition temperatures, i.e., 
there ought to be the series: MeSi ~MeB > MeC 
MeN, which actually takes place in most cases, 
with the exception of some silicides (V, Sipdasie 
W, Si, ) whose superconductivity is related chiefly 
to purely structured factors, for example, in V, Si, 
which has the structure 6 ——W ). 


*N is the principal quantum number, n is the number 
of electrons of the incomplete d-level. 


1 
Ia. G. Dorfman and I. K. Kikoin, The physics of 
metals, GITTI, 1934, p. 405, 408. 


2 
Nie ie eset Superconductivity, Academy of 
Sciences press, 1946, pp. 17-20. 
°I, Hulm and B. Matthias, Phys. Rev. 82, 273 (1951). 
41. Shoenberg, setatsaedioa IIL, 1955, p. 219 


(Russian translation 


°G, V. Samsonov, Dokl; Akady NatiGssR Oomese 
(1953), 


°Hume-Rothery, Irving and Williams, Proc. Roy. Soc. 
(London) 203A, 431 (1951). 


oR Kiessling, Fortschr. der Chem. Forschung 3, 41 
(1954), 
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Production of Nuclear Stars by y-Quanta 


Iu. A. VDOVIN 
(Submitted to JETP editor November 25, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30,955-957 (May, 1956) 


N this article is investigated that particular 
mechanism of the production of nuclea stars by 
y- quanta in which the y -quantum creates a virtual 

7 -meson pair at a large distance from a nucleus. 
This pair is thereupon absorbed by this nucleus 
and a star is produced. All considerations are 
conducted in the region of high energies w>> y* 
(where w is the frequency of the quantum, p is the 
meson rest mass). 

In Ref. 1 there was considered a process in 
which only one member of the pion pair created by 
the y-quantum is absorbed by that nucleus, creating 
a star, and the remaining pion carried away an 
energy of the order of the total energy of the star. 
The method used in the calculation of this pro- 
cess, we also use in the present case, i.e., the 
cross section can be found with the help of the 
matrix element of the radiative transition for which 
a form of the y-function describing the absorbed 
meson was determined in Ref. 1. 
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We will consider the nucleus to be perfectly 
black to the pion, and subsequently generalize the 
result to semi-transparent nuclei. 

The matrix element is 


2e on cae Rees 
‘clare ye [¥, GV) ,] e'°F dr (1) 
(we set % = c = 1), wherej is the polarization of 
the quantum, ¥, (W,) is a spherical wave collap- 
sing to an arbitrary point on the cross section of 
the nucleus s, (s, ). 


es V ps lo—ins | r—s, | 


1 = Arc la | = S| (2) 
Vir \ eta r—s, : 
8x'!* J g? — p+ ie 
V Do eo iPs | T—S, | 
a a a 
V pa eid’, TS, ; 
=a ae : d ,& 0. 
q py + te 
Setting q= q4,, +g, @. g = 0, and carrying out 
the integration, we obtain 
me es PrP2 (3) 
i 32 Tw 


x \ a9 gaol ( a 
—— 2 2 P ’ 
Eeare fers Vane) 
where the integration over g is taken over the 


entire plane perpendicular to w. The effective 
cross section of the process will be: 


= 2n\ M |? ds, ds, dE, dE28 
> Us a ae (4) 


x (@ — Ey — Ey) | F (@) |? 


Here the integration over s, , S. are taken over 
the cross section of a nucleus of radius R, where 
a R2 is equal to the cross section of all the 
inelastic processes in the collision of a pion 
with a nucleus. The integration over F is taken 
from Otow. 

We used the conservation law wo =E, +£, in 
view of the fact that in the present process, as 


also in creation processes of free pion pairs, 
the mesons are created in the main at large 


distances from the nucleus r o¢¢ a) it 
(this is related to the small transfer of longi- 
tudinal momentum to the nucleus in the pair 
creation process). But then there is an indeter- 
minacy in the energy (Because the pions are 
virtual )AE ~1/At ~ 1/f ets << > and 
one can disregard this quantity. In the expression 
for the cross section there also entered a factor 


Piera BoD form factor averaged over angle and 
energy,” dependent on the possible finiteness of 
the pions and on their mutual interaction. 


Carrying out the integration, we obtain, to 
logarithmic order, 


= (e?R?/12) In (w®R/y?) | F 
o = (2°R2/12) In (@9R/u?) | F |? (5) 


If we stipulate that 31n (w/p) >> In wR, 
then 


o = (€#R2/4) In (w/p) | F |. (6) 


If we set F = ], then 


6 = (e#R?2) In (w/p). (7) 


In this case the cross section increases loga- 
rithmically with the energy of the y -quantum. 
One should keep in mind, however, that the 
logarithm is determined in the region of large angles 
between the momenta of the mesons and the 
y -quantum. In this region neglecting the form 
factor may appear to be invalid, since the form 
factor can appreciably lower the contribution of 
this region to the total cross section. If, as a 
consequence of this, we limit ourselves to the 
consideration of the region of small angles, then 
in Eq. (3) for the matrix element we must cut off 
the integration over g at some g 4, ~ HE: 

For the effective cross section of the process, 
then, we obtain, considering R >> L/w. 


E e2R? 14 y ae Sax _ Baie 
12 ya ee ge) es) 


i.e., the cross section in this case does not 
depend on the energy of the y -quantum. The 
obtained cross section is consistent with the total 
cross section for the creation of free pion pairs.” 
An answer to the question as to how signifi- 
cant the form factor of the pion is, can be obtained 
from a comparison of the theoretical results (for. 
example Refs. 2, 1 ) with the experimental data. 
The obtained results may be generalized using a 
semi-transparent model of the nucleus.? [ntroduc- 
ing into the expression for the  -function a factor 
characterizing the absorption of the meson, 


Pi ees, 
tex 2 VAI" (9) 


oa | r—s; | 


x Ts 
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(i = 1,2), where x , is the absorption coeffi- 
cient of the i th meson, we obtain the following 
expression for the effective cross section: 


bed poe REIN 
o= 5 1F op) SS a (10) 
0 


E2(@ —E,)?R 
i Deva ee 


where 0, is the cross section for the capture, 
by a nucleus of radius R, of a pion with an 
absorption coefficient x . 

The integration cannot be carried out in 
general, since the dependence of 0 , on energy 
is unknown. If one takes x to be independent of 
energy, %; = %,) =%, then we obtain 


o = (e2/4n) In (w/p) | F |? (20, — o,,)- (11) 


If we introduce a cut-off in angle, then under 
these conditions the cross section becomes 


S 


= rae In ut + Snax 
127 ue (12) 


2 
§&max 


ie eos] eee 
eer 2x 


In addition to the one considered, there are 
possible a series of other processes for the forma- 
tion of nuclear stars by y-quanta. However, in 
view of the fact that in this process an effective 
role is played by a region large in comparison to 
nuclear dimensions, one can expect that the 
considered mechanism is the fundamental one at 
high energies w >> yp. 

The author makes use of the opportunity to 
express his thanks to J. Ia. Pomeranchuk for his 
guidance of the work. 
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The Influence of the Proximity of an External 
Resonance on the Magnitude of the 
Transition Energy in a Strong 
Focussing Accelerator 


Iu. F. ORLOV 
(Submitted to JETP editor November 15, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30,953-955 (May, 1956) 


f ‘HE magnitude of the transition energy in a 
strong focussing accelerator is determined by 
the formula 


F.= meta; « = din L/din p, (1) 


where L is the length of the orbit, p is. the momen- 
tum of the particle. Usually, only the direct de- 
pendence of the orbit length on the momentum is 
taken into account, resulting from the equation 


dr (4 Nae m ees 


do \2n) Hop fi Pay Fo Ge © (2) 


2m 


where p =p (@) is the radius of curvature of the 
unperturbed trajectory (for (A p/p deynch = 0); 
Lis the length of a periodic sector, 0=27s/ 1, 

s is the coordinate along the unperturbed trajectory, 
H is the magnetic field, r is the horizontal devia- 
tion from the equilibrium orbit. However, in the 
vicinity of resonances, L, obviously depends on the 
distance from the resonances, ¢€, , €, , and these 
distances depend sharply on (Ap/ p ) 
Therefore 


synch’ 


dink . AInL 4, 


a OLE de), dinp (3) 


(Oinl 4, _ 
OE, din p %p + %es 


SS a a, 
r roe ote Sera Ver ey. 


Tes (4) 


s 


where v. , are the betatron quasi-frequencies of 


the transverse oscillations. The derivatives in 

Eq. (3) are taken at (Ap / p) ynch = 9 i.e. 
nce 

€or » €£g , correspond to the mid-position of the 


synchrotron oscillations. The quantity « corre- 
sponds to a high energy mc? a7!/2.. At such 
energies, the betatron oscillations about the 
equilibrium orbit are already sufficiently small; 
therefore parametric resonance, generally 
speaking, plays a weak role in the effect. ** 


Thus we have to understand L to be the length of 
the perturbed equilibrium periodic orbit. Clearly, 
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a ‘ Ze he (5) 
L~=lo +\ Las +{ Zas+5( as[(a\? 4 (42)? 
e, 2, 2 ds ds} |’ 
0 0 0 
P, oP Fo Pz Hy ep’ 


where A H, and H_ are the perturbations of the 
magnetic field along the unperturbed equilibrium 
orbit. In order to calculate a, , one should 
substitute in Eq. (5), in place of r and z, rand 
ee which describe the perturbed equilibrium 
orbit in the vicinity of an external resonance for 
CAp/-p eats = 0. They are found from the 
formulas 


1h, Siege 
r, = ——-— Re [9, exp (i€g, 9 — éy,)]; (7) 


© | @lmax for 


dr 4 h do, . ; 
Re = exp (ie), 6 — ir) | 


€ 
d0 le Imax ©or 


(8) 


r 


and similarly for z; ,. z are Floquet functions, 


¢ (8) = Ff (®) exp (ive); (9) 


Ff (8) = f+ 2x), 99*’ — pF’ = — iw. 


For AH, and H, , it is necessary to substitute 


Eq. (5) into Eq. (6) 


(10) 


AH, = (0H,/0r) r,, H, = (0H,/dr) Z. 


It is easy to see that only the terms quadratic 

in, Fes, Fes eo 2 eof Ke: (5) contribute to a ,. 
Usually an operating point is selected such 

that v, ~ v,, therefore justifying the approximate 

equation 


Qn an 
OH /or A 0H/dr 2 dd: 
\ Bios ( Figen. (11) 
0 
an 
[2 
'12d0 = 2 dd— 2 : 
| le pao~ 2 ((ieta— (i eia); 02) 
o foc def 
a Ms 
weoueldr 


where f,,. and f ao¢ are integrals respectively 
over a focussing and defocussing sector, py is 
the unperturbed radius of curvature within an 
ordinary magnet. In addition we mae use of the 
dependence of the frequency on the momentum 


27 
Avs toss) \ lol? ater ao(A2), (13) 
Th 0 0? Pp 
‘he upper sign refers to v_, the | 
Then we obtain r e lower to v, 
ee 4 cS 4p Aaa! 
€ Ww £oz Eo2 (14) 


l 2 
X| see Taa \) je do—| 1 ¢pao))’ 
oc def 


; A) z are the amplitudes of the 
transverse oscillations for ( A p / p ) 


where A 


0: 


synch — 


Ane 2 | h (15) 


or, z/ €or, Zz |. 


Vie as FO ae €y , » then generally 


% ~ (0.51) At/aeoM?, 1/8M <Se,<tjm, (16) 


where M is the number of periodic sectors, L = M1. 

It should be remarked that even in the absence 
of oscillations about the equilibrium orbit, the 
influence of parametric resonance can be told in 
that in place of €, in Eqs. (15), (16), at the worst 
€) — g enters, where g is the half width of the 
region of parametric resonance. 

As can be seen from Eq. (8), a, is a strong 
function of the quantity «€, (a, ~ eo ). From 
Fq. (16) it is seen that ao, can easily attain a 
magnitude ~ (1—5)x 10-9. The sign of a, 
is determined by the sign of €, ( we note that in 
accelerators ¢,¢, > 0 always ). From this follows 
the important result that in accelerators with 
compensation for the transition energy according 
to the method of Vladimirsky — Tarasov!, one 
should always choose the operating point in the 
( eae ) plane such that the distances from 
neighboring external resonances satisfy the ine- 
qualities «. < 0,€, < 0. 

In accelerators without compensation for the 
transition energy the effect can introduce a large 
uncertainty at the moment of the phase flip. It 
would be possible to avoid this, if it were possi- 
ble to control the deviations €y, » € , during the 
course of the accelerating cycle. 

However, if control of the deviadions €), , is 
possible, then one should apply the effect 
toward the elimination of the transition energy 

[ by means of a slow reduction of (e,) ]. 
Equation (16) shows that under standard condi- 
tions this is quite realistic. It is necessary to 
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take into account that at energies ~ 5 — 10 mev 
the free betatron and synchrotron oscillations are 
already sufficiently attenuated. This would be 
the cheapest way of eliminating the transition 
energy. 


*It is necessary to remark that for the calculation of 


a, only that part of Ap / P is important which corre- 
sponds to an oscillation of the momentum about some 


equilibrium value. We denote it by (Ap/ p pata 


**By parametric resonance we mean one due to a 


perturbation of the gradient OH, Or; a an external 
Tesonance, one due to a perturbation of the field H, + 


Nie V. Viladimirskii and ©. K. Tarasov, On the 


Possible Elimination of the Transition Energy in 


Strong Focussing Accelerators, Acad. Sci. (USSR) Press, 
1955. 


Translated by M. Rosen 
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Relaxation Times 7, and 7, in Anthracite 
N. S. GARIF’ IANOV AND B. M. KozyrEV 


Institute of Physics and Technology, Kazan 
‘Affiliate, Academy of Sciences, USSR 
(Submitted to JETP editor March 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1160 (June, 1956) 


HE authors were the first to measure the elec- 

tronic para-magnetic resonance in anthracite 
(Ref. 1). It was found that the half-width of the 
absorption line in anthracite is AH = 0.7 oersted 
i.e., considerably smaller than in other types of 
stone coals. The value AH = 0.3 oersted was 
obtained for anthracite in Ref. 2. Probably the 
half-width varies somewhat for the different kinds 
ef anthracite. Our last measurements on the 
samples of Kuzbask anthracite for the frequencies 
12.25 and 22 me gave AH = 0.5 oersted. We 
wanted to determine foranthracitethe time of spin- 
lattice relaxation, 7 ,. Forthis purpose, with the 
above mentioned frequencies, measurements of the 
degree of saturation (Ref. 3) were made for 
different amplitudes of the oscillating magnetic 
field. The magnitude of the amplitude was deter- 
mined with the method previously used in Ref. 4. 
The method was checked on aa-diphenyl — B — 
picrylhydrazyl, for which T, = 6.6 x 10° sec; 


moreover, the parameter of the half-width'T 
was taken equal to 6.0 x 108 sec in correspondence 


with the halfwidth of the line A H = 0.95 oersted 
found for the monocrystal of the above-named 
free radical (Ref. 5). The magnitude of 7, is in 
good agreement with the researches of Refs. 
3 and 6. For the Kuzbask anthracite sample the 
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time T, was equal to 12 x 10-® sec for the core 
T, =11.4 x10 Wasece 

The theory of paramagnetic resonance in sys- 
tems with large exchange interaction (Ref. 5) 
demands that T, = T, ; therefore, our result 
confirms the presence of strong exchange in 
anthracite, noted in Ref. 1. 

In conclusion, we point out that for the tempera- 
ture of liquid air, the relaxation time for anthra- 
cite is somewhat longer, since the saturation 
occurs for smaller amplitudes of the oscillating 
field. This is in agreement with the concept that 
the carriers of paramagnetism in anthracite are 
‘*broken bonds”’ between the carbon atoms. 


IN. S. Garif’? ianov and B. M. Kozyrev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 272 (1956). 


2A. A. Manenkov, Candidate’s Thesis, Moscow, Phys. 
Inst. Acad, Sci. USSR, 1955. 


3N. Bloembergen and S. Wang, Phys. Rev. 93, 72 
(1954). 


*A. I. Ryvkind, Izv. Akad. Nauk SSSR , Ser. Fiz. 16, 
541 (1952). 


5 
C. Hutchisson, J. Chem. Phys. 20, 534.(1952). 


mM. M. R. Gabillard et J. A. Martin, Compt. rendu 238, 
2307 (1954). . 
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Concerning the Blatt, Butler, and Shafroth 
Paper on Superfluidity and Superconductivity 
Theory 


V. L. GINZBURG 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 


(Submitted to JETP editor, February 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1151-1152 
(June, 1956) 


N a series of papers, Blatt, Butler and 

Shafroth!~® concern themselves with the theory 
of superfluidity and superconductivity, and come 
forth with some far-reaching conclusions, with 
which it is impossible to agree. Two points stand 
out.!-© The first, associated with a consideration 
of the superfluidity and superconductivity of an 
ideal Bose gas in a vessel, has already been dis- 
cussed,’ and has only methodological significance. 
The second essential point — the statement con- 
cerning the finiteness of the correlation length A 
for the momenta of a pair of particles in all real 
systems, in contrast to an ideal Bose gas, is 
incorrect. The momentum correlation coefficient 
is introduced® in such a way that it is not directly 
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applicable for momenta equal to zero, and further- 
more, the problem of the correlation length is not 
connected in any explicit way with the properties 
of the matrix density ( a mixed representation of 
this matrix, the so-called quantum distribution 


function is actually used,* see for example Ref. 8). 


In this connection, consideration of the matrix 
density 


p(t’, r) = ey (rq) P(r, g) dq 
(see Ref. 9) brings a greater clarity to the prob- 


lem. Actually, for an isotropic body (liquid) 


e(r’, r) =e(\|r’—r|)= (rR) 


and in the usual liquids p (R > ©) 0. In this 
case the corresponding correlation length A‘ is 
finite ( A’ is the distance R, beginning from which 
one can say that p =0). An infinite correlation 
length corresponds to the case where p (R ~®) 
=p © 0, which occurs (at temperatures below 
the critical temperature ) for an ideal Bose gas, and as 
follows from a series of considerations, for helium 
II also and for electrons in superconductors 9°!°, 
In the case for which p © 0, the Fourier- 
representation 


o(k) = |e (R)eRAR 


contains a term w, 6 (& ), which corresponds to 
the presence in the system of a number of parti- 
cles not equal to zero, possessing momenta 
exactly equal to zero (we assume that the volume 
of the system V >), A difference of pp and 

Ww, from zero appears as that property of a degen- 
erate ideal Bose-gas, which establishes its 
superfluidity and superconductivity in the sense 
as given in Refs. 1, 2, 7. Thus, the statements 
contained in Ref. 3 denote in essence that in 

real systems we always find p,, = 0 or wo= 

All the corresponding arguments of Ref. 3 reduce, 
however, to the observation that for very much 
larger systems it is improbable that there is 
present a correlation between particles at oppo- 
site ends of the system. However for any mono- 
crystal, for example, there is a correlation be- 
tween the particles independent of the dimensions 
so that the actual boundedness of the latter in the 
plane is clearly not essential; the same pertains 
to the ‘‘remote order’’ in ferromagnetics etc. 
Finally, it follows from Ref. 12, in a direct con- 
tradiction to Ref. 3, that the consideration weak 
interaction in a Bose-gas does not lead to the 
disappearance in p (k) of a term of the type 

wo (k). Therefore, the existence of an analo- 
gous situation in helium II and in superconductors, 


although not strictly shown, is still quite possible 
and even almost certain (or, in any case, very 
probable). On the strength of what is shown 
above, the statement on the non-equilibrium char- 
acter of the superfluidity of helium II is likewise 
clearly unfounded, not to mention the fact that 
such a representation encounters other serious 
objections. In Ref. 6, no basis or justification is 
made for, nor any changes brought about, from the 
basic work?+ on the theory of superconductivity. 
Comparisons between theory and experiment © 
do not change the conclusions, in particular obser- 
vations! concerning changes in the depth of 
penetration of the field are linked for (no discerni- 
ble reason ) to a change in frequency (see Refs. 
13, 14; in these works, experiments!3 interpreted 
from a different point of view do not agree with 


those of Ref. 6 ). 


1M. R. Shafroth, Phys. Rev. 100, 463, (1955). 
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The Spin of the A-Particle 


I. Iu. KoBZAREV AND L. B. CKUN’ 
(Submitted to JETP editor July 20, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 798-799 
(April, 1956) 


T HERE has recently been discussion in the 
literature on the spin of the A-particle; in 
particular, a model has been considered in which 
the A-particle represents a system of a nucleon + 
m-meson, Which has sufficiently small dimensions 
[a~ (Mp)-4 (here / is the mass of the nucleon, 
pu. the mass of the meson) ]- and sufficiently large 

angular momentum (/ = 5). Such a model would 
enable us to explain: 1) the long lifetime of the 
A-particle, 2) the results of correlation experi- 
ments, 3) the simultaneous creation of A- and 
@-particles. A series of attempts have been under- 
taken to obtain such a model from the equations of 
Bethe-Salpeter?»?, 

We shall show that the model of large spin does 
not agree with the experimental facts connected 
with the existence of A-nuclei. 

As is known?, the A-nuclei represent nuclear 
shells in which one of the neutrons is replaced by 
a A-particle. These shells last not lessthan 107} 
sec and decay in two ways: with the emission of 
a m-meson (with the release of energy of the order 
€ = 37 mev) and without the emission of a 7-meson, 
wherein the energy release is of the order of € 
+p ~ p and only nucleons emerge. 

The latter process is similar to internal con- 
version in atoms. The role of the radiation 
nucleus is playedby the decaying A-particle, the 
role of the y-quantum by the 7-meson, and the role 
of the conversion electron by one of the nucleons 
in the nucleus, which absorbs this 7-meson. We 
calculate the probability of such conversion, 
making the following assumptions: 

1) The A-particle is an infinitely heavy parti- 
cle located at the origin of the coordinates. 

2) The wave function of the 7-meson outside of the 
effective dimensions of the A-particle (r >a)isa 
diverging wave with angular momentum J, so 
normalized that one particle is emitted intime: 


Pn = (UT) RY, 


Here v is the velocity of the meson, Y,_ is the 


normalized spherical harmonic, R, is the normal- 
ized radial wave function. 


R, = k(n / 2kr)!* Hy), (br); 


(21 — 1)!! 
pipt tl 


i(kr—nl/2) (earisy 


4 
R,= (FUR); US cae 
where k is the propagation vector of the meson. 
3) The wave function of the nucleon in the 


initial and final statesis 
ioe for iL 
0 for: fc, 


Here u is the spinor pee of the wave function, Q, 
>. are the volume and radius of the nucleus, V is 
n 


9 = (ue/VV) iPr, 


the normalized volume, p is the momentum of the 
nucleon in itsfinal state. 
The probability of conversion with the emission 


of a nucleon is equal to 


1/7 =2n|U|? pr, (1) 


U=g V2 \ vi (om ®s] vedr. 


Carrying out the computation by the usual 
method‘, we obtain 


E od te ra M2 (27)3 ‘ (2) 
ie aes is 
Xiet lina FT Taye 
where 


I, =\ Ry (br) & (pr) rar, (3) 


2 = (2m)°! (pry—'l2 J p44), (pr), 


be pir’ 
Dees orgies is ( for 7 <1/ p), 


4 
‘3 F sin (or — 2) ( for Fr >t} p): 


Upon integration over r for r, >> L/p, the upper 
limit can be set equal to «, since the chief con- 
tribution is biven by the inverval r < l/p ; for r 
<//p, we can use r_ as the upper limit. So far. 
as the lower limit of integration is concerned. jt 
can be set equal to zero for large J and small a, 
since the contribution of the interval 0 <r <a to 
the integral is small. In fact, using the expres- 
sions for R, and g, for small r, we get 

a 
If = J Ry (br) & (pr) dr = PE (Ba, 


0 


while 
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oa rh ee 
I, =\ Ry (lr) g (pr) rede = fe (FY 
0 
For a< 1/p, which is the case in this model, 
13/1, < 1/2 (21 +1) and is small for large J. It 


is easy to see that ifr is used as the upper 
limit, then [7/1, = a?/r? << 1, 


For large J, a iS ie Substituting SiG, in 


Eq. (2) and multiplying by the number of nucleons 
in the nucleus, we obtain 


4 38044) , we pp y2tte 1 
< 2(24+1)* aa) 7" (4) 


for g? = 10, 1 =5, ¢ = 37 mev, k=\/2pe, p 
= 2Muy, we get for the conversion coefficient 
fT? DX 10°. For p = Mu, we get TTT 
ee 10" « 

Ifr_<J//p, then we put /), | in place of / 


a 


el 
witha=r. The value of the conversion coeffi- 
cient in this case is also ~ 10° — 10°. The large 
values of the conversion coefficient are explained 
by the large J, on the one hand, and on the other, 
by the fact that the momentum of the nucleon which 
absorbed the meson is larger than the momentum of 
the meson (p/k >> 1), so that the centrifugal 
barrier is more transparent. 

Thus the lifetime of the bound A-particle is 
approximately 10° times smaller than for the free 
A-particles, and the decay ought to be almost ex- 
clusively conversion, which contradicts experi- 
ment. Our conclusions do not depend on the char- 
acter of the internal region, since only the small 
dimension of the A-particle is essential for it. 

It appears improbable that the contribution from 
the internal region could compensate the contribu- 
tion of the external region, since such a compensa- 
tion would have to be one of extraordinarily great 
exactness. 

The problem of the spin of the A- particle is 
of interest also, aside from any dependence on the 
model considered by us. Suppose that the ori- 
gins of the metastability of the A-particle are not 
due to a large angular momentum, but to some 
sort of forbidden principle®’® connected, for ex- 
ample, with the isotopic spin. In this case, the 
proof carried out above that there can be no large 
spin associated with the A-particle, is not 
valid. This is connected with the fact that now the 
effective dimensions of the A-particle can be of 
the order of / > 4, and inthis case we cannot 
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draw any conclusions on the magnitude of con- 
version in this interval. However, even in this 
case, it can be shown that the presence of a very 
large spin in the A-particle leads to an anomal- 
ously large ‘‘conversion coefficient’’. In fact, 
it follows from Eqs. (3) and (4) that the region of 
integration from 1/p to %, in the case of | > 4, 
gives a contribution which is of the order of mag- 
nitude of the integral from 0 to and, conse- 
quently, all our estimates maintain their force. 
We express our gratitude to Prof. I. Ia. Pomer- 
anchuk for stating the problem and for his guidance, 
and to B. L. loffe for discussion of the problem. 
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Binding Energy of Hyper-Nuclei 


D. IVANENKO AND N. KOLESNIKOV 
Moscow State University 
(Submitted to JETP editor January 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 800-801 
( April, 1956) 


NE of the fundamental discoveries of recent 


times has been the discovery of Danisz and 
Pinewski! of new types of nuclei--the so-called 


hyper- or A-nuclei, which contain a A°-particle in 
addition to neutrons and protons. It has been 
shown that in many cases the binding energy of 
the A°-particle to the nuclei is positive and that 
the comparatively short life of the A-nuclei (7 

me 101° sec ) is connected with the instability of 
the A°-particle itself"'?. The character of the 
interaction of the A°-particles with nucleons (NV) 
has not yet been established?’’»13, Observations 
have permitted us to establish, although with low 
accuracy, the binding energy of a series of light 
nuclei/"!2 We have plotted the most trustworthy 
values for the binding energy (see Figure), which 
illustrates the dependence of the binding energy 
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8, (MeV) 


Ze. 
15 


10 


of A®-particles (to the nucleus By) on the number 
of nucleons A. As is evident from the graph, the 
fundamental regularities can be expressed in the 
following fashion: a) 6b A increases with the 
number of nucleons in the nucleus: 6, = —2.7 
+1.15 A mev( A = mass number); b) the binding 
energy is independent of the charge and also of the 
spin of the nuclear part (A-nucleus minus Ao: 
particle); c) hyper-nuclei lighter than A-tritium 
(,H®) are absent. 


The absence of saturation of the binding energy, 
so clearly evident in ordinary nuclei, is rather 
astonishing. Jt creates the impression that the 
A°-particle interacts on an equal basis with all 
the nucleons of the nucleus, in such a way that 
the mean binding energy of each nucleus is equal 
to ~ 1 mev, i.e., considerably less energy per 
nucleon than in ordinary nuclei. We assume that 
the forces of interaction of A°-particles and 
nucleons are identical to the nuclear forces N - N, 
in particular, they have, for example, the same 
radius of action” ~°. We can then introduce a 
self-consistent potential for the A--nucleus. This 
potential must differ slightly from the potential of 
the bar nucleus, in view of the very weak inter- 
action of the A°-particle with the nucleus. A 
single hyperon, like particles of other types (such 
as protons or neutrons ) will be found at the ls 
level in the ground state of the A-nucleus. The 
energy of this level in the square well model with 
infinitely steep walls is given by 


ei Vos ee |) 2M,,R?, (1) 
where V_ is the depth of the well, Ry= r A 1/3 5. 


the radius of the well, M, is the mass of the A°- 
particle (Ma = 2182 m,)- We take Re =1.4 


x 10°1341/3 as the radius of the well. This al- 
lows us to obtain the correct energy for the light 


nuclei. If we consider V_ to be the same for all 


nuclei and equal to 43 mev, then the binding 

energy of A-nuclei increases rapidly with in- 

crease in A, as calculation shows (see the broken 
line 7 in the Figure). A similar calculation has 
also been carried out for the more realistic case of 
a rectangular well of finite depth. In this case !5,16 


&1, = Vo— 2i,h?/ 2M, r2A’ls, (2) 
where z is a quantity dependent on the product 


VR: If we now use values of Ee and er in ac- 


cord with the binding energy of the nuclei 15,16 


(ro = 1.38 x 10°! for all nuclei under considera- 
tion, with the exception of the very light, where 
r, increases slightly ) and consider the depth of 


the well for the A°-particle to be half that for 
nucleons (i.e., above 25 mev for all nuclei with 
the exception of the very light, where V, is some- 
what smaller), then we get rather satisfactory 
agreement with the experimental data (see curve 3 
in the drawing). Curve 2 corresponds to a well 
with V. = const = 15 mev andr. = const = 1.38 

x 10°1*. Curve 3 should reach saturation for A 

~ 25-30, which would be interesting to verify ex- 
perimentally. (A similar saturation sets infor 
curve | at somewhat smaller A, and for curve 2 

at somewhat larger A.) The results of the cal- 
culations agree with the available data®’!* in this 
regard, that the forces A° - N are weaker (al- 
though of the same order) than the forces N - N??}3. 
Curve 4 in the Figure portrays the calculation of 
the value of the binding energy of excited A- 
nuclei (for the same Ve and ry) as for curve 3), 
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when the A°-particle is in the Ip state. In view of 
the large excitation energy, it is to be expected 
that the perturbed hyper-nuclei would undergo 
transitions to the ground state by means of the 
emission of a y-quantum or would emit nucleons 
before the A°-particle would decay. The other 
possibility of excitation of hyper-nuclei is con- 


nected with the transition of nucleons to hig her 
levels. 


The A-nucleus can exist if its decay to lighter 
hyper-nuclei (in particle, to the A°-particle ) and 
to nuclei (or to nucleons ) is not energetically 
possible, i.e., if the mass of the initial hyper- 
nucleus is less than the sum of the masses of the 
possible products: 


M(A, Z, A)—M(A, 2, A)—M(A—A,; Z—Z,) <0, 


where A is the total number of neutrons + protons 


+ A°-particles. If M(A, Z, A) = ZM, + NM, 
+My, —ECA, PENNE CAS Z; A) As the'total 


binding energy of the given A-nucleus, wherein 
ECAGZ A) EXAQ-l5 7%) +Bal, then, asis easy 
to work out, the condition for stability of the A- 
nucleus with regard to neutron emission will be 
(in mev): E(A-—1, Z) + 1.15 —E(A - 2, Z) 

>. The conditions for stability of the A-nucleus 
relative to decay with emission of a proton and 
A-particle will be, correspondingly: 


E(A—4, Z)+1,15— E(A—2;Z—4) >0 


Perea 7) 236 — F(A 5+ Zz — 2) > 0. 


Testing, by means of this formula, shows that the 


nuclei AHES, ue. ABe® are sufficiently stable. 
At the same time, ,He® and especially Aue are 


slightly stable: the first relative to neutron emis- 
sion, the second, to proton emission. If E (H*) 
+ 1.15 > E(H?), then ALP could be regarded as 
stable. Au’, ane and (,H? )* evidently ought to 


be unstable and have actually not been discovered 
experimentally. However, there does exist the 
nucleus aH, in which, evidently, the spins of the 
neutron and proton are antiparallel as in the 
deuteron. From the viewpoint of isotopic spin, 
the-existence of only one stable A-nucleus with 
mass number 3 is connected with the fact that the 
isotopic spin of tik is equal to zero; the latter 

is possible if T = 0 for the A°-particle itself. This 
also agrees with the empirical data on the absence 
of A*hyperons. From the viewpoint of meson 
theory, the interaction of the A’ -particle with a 
nucleon can occur® only be means of the emission 


of pions Gh BNS este Ptr NL 5 AO 7°), or 

by emission of K-mesons, A® + N°*+ K°-, which 

is permitted by the rule of conservation of ‘‘strange 
een However, if 7 = 0 for the A°-particle, 
then the possibility of exchange of 7°-mesons is 
excluded by the law of conservation of isotopic 
spin. Evidently this is associated with the very 
weak interaction of the A°-particles with nucleons. 


ness 


In view of this, the existence of A-nuclei con- 
sisting of two particles ( for example, ,H? and Aw) 
is highly improbable, in agreement with the esti- 
mates based on the conclusion developed above on 
the approximately half strength interaction of A°_ 


particles with nucleons. 


Note added in proof: A recent consideration of the 


idea that the binding energy of A-nuclei ought to satur- 
ate at sufficiently high mass numbers was reported in 


a research carried out simultaneously and just pub- 
lished!?, 
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The Uncertainty Relation and Fluctuation 


Theory 


A. A. SOKOLOV AND V.S. TUMANOV 
Moscow State University 
(Submitted to JETP editor January 23, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 802-803 
( April, 1956) 


S is well known, one of the fundamental bases 

of quantum mechanics is the uncertainty prin- 
ciple, first obtained by Heisenberg. In operator 
notation, it has the form 


PX —XPy= hi. (1) 


The attempts of the representatives of the Copen- 
hagen school of physicists (Bohr, Heisenberg and 
others ) to consider the uncertainty principle as 
the result of uncontrollable interaction between 
the object and the measuring apparatus did not 
develop the physical significance of this important 
relation, not to mention the fact that such an in- 
terpretation led to a subjective, idealistic under- 
standing of the phenomenon of the microworld (for 
details, see Ref. 1, p. 183). 

As was pointed out by Blokhintsev (see Ref. 2, 
p. 154), the connection between corpuscular and 
wave properties, for the presence of many parti- 
cles, can be correctly established with the aid 
of the introduction of statistical ensembles. How- 
ever, statistical ensembles are not suitable for the 
interpretation of the uncertainty principle in its 
application toan isolated electron. 

We attempt to construct a theory of electron 
motion (in isolated examples, for the time being), 
in which the quantum effects would be considered 
as the result of the singular effect of a collection 
of virtual particles which form the vacuum. An 
analogy can be established between the quantum 
effects and the theory of fluctuations, for ex- 
ample, in the investigation of radial vibrations in 
the theory of the “‘radiating”’ electron. 

Making use of quantum theory, one of us, to- 
gether with Ternov?, succeeded in showing that 


the square of the amplitude of excitations (due to 
radiation in the direction of an incident photon 


with energy AE =f w) of macroscopic radial vi- 
brations (which make up the ‘‘macro-atom’’ ) 
will increase according to the law 


(AR)? = R? (1 — q)?(AE/E)?. (2) 


On the other hand, this same quantum formula can 
be obtained in semi-classical fashion. For this 
purpose we must consider, in the classical equa- 
tions of the vibration of the electron (radial com- 
ponent ), the fluctuating forces which are statisti- 
cally independent: 

i = [RAE /(1 —q) c?] 8’ (¢—#;), (3) 

fluct 

where q is the power of decay of the magnetic 
field in the neighborhood of the equilibrium orbit 
(H~R4%, R=radius). In the identity of the two 
methods, we are inclined to see the connection (in- 
cluding even the quantitative side of the question) 
between the quantum method and the theory of 
fluctuations, where the so-called Markov chains 
occur, i.e., the statistical independence of con- 
secutive processes. 

We shall attempt to connect the quantum char- 
acter of the motion of an electron in the micro- 
world with the fluctuations of virtual photons. 
Similar attempts have already been made by a 
series of authors (see, for example, Welton, Ref. 
4 and Kalitsin, Ref. 5). 

Let us consider the equation of motion of a 
harmonic oscillator in the field of virtual photons; 


mx = —matx —e(E, + BD; (4) 
where 
iors 4 aAi A DE piles 4 OA, 
one ol Re ee mio 


is the self-acting electric field, i.e., unradiated 
longitudinal photons. 

Then, with the help of division of the operator, 
we find the following expression for x 


ae [als > ew 2tch (6) 


ia exp {—iet+ ixr ; 
es Rea hae a) 4. complex conjugate }’ 
\ of — w? — iyo? 


where y = 2e?/3mc3, w = cx = ®,y, anda, is the 
x 


quantum amplitude of the vector-potential. 
Inthe given problem, the momentum of the parti- 


cles must be equated to 
Pp=mi—= (A, + Ad) (7) 


—_—_. 


2 
ew 
ey aa Se | 
x 


e / a,exp {—iwf+ int} 


228 Fas ; 
Wy — w* — iyo 


4 complex conjugate ) ' 
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It is evident from (6) and (7) that, thanks to a con- 
sideration of the field of virtual photons, the 
classical quantities x and p_ are operators which 
do not commute with each other: 


hae 
Px¥ — XPy = —— yoo), (8) 
co 
eee \ aii ae 
2s a hoon 
CP ect i i Bx 
In deriving the last formula, we took into con- 
sideration the permutation relations 


[a,az]- = 8.5.— Bede 


The integral J does not diverge and has the 
value 


J = n/2ya9 + O (yo). (9) 


Therefore, in first approximation, we obtain 
permutation relations which coincide with the per- 


mutation relations (1) of wave theory. 
Making use of the operator expressions (6) and 


(7) for x and p_, we can obtain the energy levels 
for the harmonic oscillator. If the momentum is 
given, not in the form (8), but in the form 


Pe = is, (10) 


as was done, for example, in Ref. 8, then an addi- 
tional factor of 2 appears on the right side of Eq. 
1. It is of interest to note that when photons are 
absent (ala, = ()) it is better to use Eq. (7) for 
the momentum in the expression of zero point 
energy 


Ey ="(p? [[2m).+ 3/ymo2x?, (11) 


rather than Eq. (10) as would have been more natu- 
ral in the given case. 

Giving the momentum by Eq. (7), we find that 
the zero-point energy will automatically contain 
the necessary subtraction terms, leaving the finite 
quantity 

E, = "oe Seep Oe 1) . (12) 
2 3rcim \ 
The first term is the well-known expression for the 
zero-point energy without vacuum terms, and the 
second is an additional energy caused by the 
vacuum action. 
A strict quantum electrodynamical derivation of 


the corresponding formula gives an expression 


very close to Eq. (12): 


hw he? 2 
fh gem ane 1 RU wage fee. 13 
U 2 is otc8m (in hog i 0,2) : a 
It is of interest to observe that if we limit the in- 
tegral of type (9) (which is also encountered in the 
calculation of the zero-point energy ), to rela- 


tivistic frequencies of vibration w = 2mc?/h 
max 3 


as was done by Weisskopf”, then we obtain Eig. 
(13) for the additional energy, with the help of the 
fluctuation method. 

Thus a classical system which describes the 
motion of an electron inits interaction with the 
second quantized field of photons (actually radia- 
ted, or only virtual ) is the same as in quantum 


mechanics. 


: A. Sokolov and D. Ivanenko, Quantum Theory of 
Fields, Moscow-Leningrad, 1952. 


aay: Blokhintsev, Fundamentals of Quantum Mech- 
anics, Moscow-Leningrad, 1949, 


3 A. Sokolov and I. Ternov, Dokl. Akad. Nauk SSSR 
97, 823 (1954); J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 
431 (1955); Soviet Phys. JETP 1, 227 (1955). 

4 T. Welton, Phys. Rev. 74, 1157 (1948). 

5.N. Kalitsin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
25, 407 (1953). 


wae Sokolov, Vestnik, Moscow State Univ. 2, (1947); 
J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 280 (1948). 


7D, Ivanenko and A. Sokolov, Classical Theory of 
Fields, Moscow-Leningrad, 1951. 


8 &. Adirovich and M. Podgoretskii, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 26, 150 (1954). 


° V. Weisskopf, Rev. Mod. Phys. 21, 305 (1949). 
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Radiation Resonance in Synchrotrons 


A. N. MATVEEV 
Moscow State University 
(Submitted to JETP editor January 26, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 804 
( April, 1956 ) 


AS present research deals with a resonance 
which can take place under certain conditions 
in synchrotrons, due to the presence of radiation, 
and which can bring about amplification of the 
amplitude of betatron oscillations. The main 
points are the following: 

1. In the absence of radiation, the betatron os- 
cillations in synchrotrons are described by an equa 
tion of the form 
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(a2x / dC?) + F(t) x =0, (1) 
where x is the departure from the equilibrium or- 
bit, F(¢) is some periodic function which is de- 
termined by the nature of the change in the mag- 
netic field, ¢ is a parameter which characterizes 
the position of a particle in the synchrotron. We 
shall consider that the synchrotron consists of NV 
identical sectors; in each of the sectors, the 
parameters & changes by 27. Then one revolution 
of the particle in the synchrotron corresponds to a 
change of ¢ by 2Nz, F(€+ 27) =F(€). 

As is known from the theory of Flock, solutions 


of Eq. (1) take the form 


x(Q)=ele(t), g(t+2n)=2(0), (2) 


where p is a parameter which is determined by the 
behavior of F(€). The problem of the investiga- 
tion of the stability of the motion described by 
Eq. (1) consists of the calculation of the value of 
u. Choosing p in the form of a function of the 
parameters which characterize the synchrotron, we 
obtain the conditions for which the motion is 
stable, i.e,. is suitable for practical use. 

Equation (1) does not hold in the presence of 
radiation. In such a case we must consider the 
effect on the system ofthe radiation and of the 
accelerating interval and subsequently, investi- 
gate the motion of the system towards stability. 

2. We assume that we can neglect the quantum 
character of the radiation and consider the radia- 
tion as a continuous process of energy loss. Then 
Eq. (1) is somewhat modified by the replacement 
of F(¢) by another function F ,(¢) with the same 
period, and a periodic function of € with period 
2xN (for definiteness, we consider the case of a 
single accelerating interval) appears on the right- 
hand side. If, for the modified homogeneous equa- 
tion, the parameter of stability is denoted by p, 
(hy is always close to p), then for 


uN=p, p=0,4+1,42,... (3) 


in the solution of the equation with the right-hand 
side, there appear long-lasting terms, i.e., reso- 
nance takes place. The amplitude of the betatron 
oscillations begins to increase rapidly. 


By way of an example, we consider a synchro- 
tron with four sections with soft focussing. We 
denote by / the lengths of the rectalinear sections, 
by R the radius of curvature of the curved sec- 
tions and by n = —(r/H )(dH/dr) the power of the 
decay of the magnetic field. Then the condition 


for stability of motion for the calculation without 
consideration of radiation is given by the follow- 
ing inequality: 


l ella 
R<2t—n) (4) 
x |! + cos FVi=a| / sin $Vi=z. 


Radiation resonance occurs when 


l 


poate” (5) 


cea (+ Vi=n¥e) i ai (F Vi=n+e) 


In this equality, € is a very small quantity which 
changes slowly in the process of the acceleration 
cycle. Thus at different stages of the accelera- 
tion, different values of //R are dangerous, i.e., 
there is a region of resonance values. This 
region of resonance values lies within the region 
of stability. 

3. What has been demonstrated above is valid 
when the quantum character of the radiation is 
neglected. It is now clear what changes in this 
treatment are brought about by consideration of 
the quantum character of the radiation, because 
it is known? that the latter influences the motion 
of the electron. 

The physical picture of the resonance described 
above is that the particle passes successively 
through accelerating regions in one and the same 
phase of its betatron oscillation. It can be cal- 
culated that in one revolution the mean phase 
change < (Ag?) =o is in the thousandths of a 
radian. Thus for E = 1 bev, A = 1 cm andn = 0.6 
<(Ag)? ie ~ 1.2x 10°? radian. This means 
that during one thousand revolutions, the quantum 
character of the radiation does not lead to the de- 
parture of the particle from resonance. 

On the basis of all that has been said, it can 
be concluded that the resonance described above 
is dangerous for the operation of the synchrotron. 
In practice, one should stay as far away fromthis 
resonance as possible. We have called it radiative 
resonance because it is determined by radiation 
and is more intense the more intense the radiation. 


> 


LAAN Soko leyv-aadieane Ternov, Dokl. Akad. Nauk 
SSSR 97, 823 (1954); J. Exptl. Theoret. Phys. (U.S.S.R) 
28, 431 (1955); Soviet Phys. JETP 1, 227 (1955). 
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On the Letter to the Editor of 
|. M. Tsidil’kovskii and F. G. Bass! 


G. M. AVAK’IANTS 
Physico-technical Institute, 
Academy of Sciences, Uzbek SSR 
(Submitted to JETP editor January 11, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 806 
( April, 1956 ) 


N arecent letter, Tsidil’kovskii and Bass made 
several critical comments on our researches~’® 


We consider it necessary to answer these comments. 


General formulas were obtainedin Refs. 2 and 3 
for the thermoelectric, galvanometric, thermo- and 
photomagnetic effects in semiconductors, which 
are valid for a very wide class of the stationary, 
spherically symmetric part of the distribution func- 
tion (for sufficiently weak external magnetic field 
H and temperature gradient AZ ), in particular, they 
are valid in the presence of initial heating, and 
also, in a whole series of cases, for ionization by 
the field E. Here there appeared certain peculi- 
arities of the phenomenon of transfer under these 
conditions. Inasmuch as this type of work has not 
been published up to the present, we feel that the 
work possessed some new content bearing on the 
problem of the behavior of semiconductors in 
strong electric fields. 

As is known, the majority of transfer phenomena 
arise under definite, artificially created (or, using 
the expression of Tsidil’kovskii and Bass, ‘‘far- 
fetched’’), experimental conditions. Therefore, we 
presumed that, where it was necessary, artificial 
initial heating of the electrons, in the investigation of 
transfer phenomena under conditions of initial 
heating, was no more far-fetched than, let us say, 
the artificial imposition of a magnetic field onthe 
semiconductor inthe investigation of electric con- 
ductivity, which isusually done. The purpose in 
the two cases is the same: by creating artificial 
conditions, it is possible to discover physical 
properties of the semiconductors. Incidentally, the 
artificial initial heating assumed by us is the 
natural phenomenon in the operation of certain 
semiconductor devices. 

Further, we do not agree with the statement on 
the existence of a contradiction in our calculation 
of the coefficient of electron heat conductivity k 
The case j = 0 wasused by us as a method which ‘ 
permitted the separation of the heat current, associ- 
ated with the flow, from heat current which is pro- 
portional to the temperature gradient. Calculation 
of the coefficient of proportionality / itself is 
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carried out under general conditions, which is evi- 
dent from our Eqs. (3) and (8). 

Tsidil’kovskii and Bass attributed to us the 
statement that there is no necessity ‘‘of solving 
the equations of Davydov for the case in which i 


depends on E, H and r.’’ Such a statement by us, 
in such an unrestricted form, was not made. After 
the statmement on p. 6753, ‘‘The solution of this 
system (the discussion is about a system of kin- 
etic equations ) in the general formis at least very 
difficult; however, there is no necessity of this,”’ 
there is added, “‘The fact is that for sufficiently 
large dimensions of the semiconductor, and for 
sufficiently small temperature, concentration and 
field gradients along all three directions x, y and 
z (which usually is the case), one can neglect 
products of the spatial distributions functions in 
Eqs. (2.3) and (2.4) of Ref. 1. 

“Further, inasmuch as we, in our calculations, 
restricted ourselves to weak magnetic fields, then, 
in the determination of the moments y”, it suffices 
to find f, for the case in which the magnetic field 
is equal to zero.”’ 

In particular, let us see why we can look for fis 
by setting 7 =0 in our case. The following expres- 
Sion was obtained on p. 565 of Ref. 2 for the asym- 
metrical part of the distribution function (G+eH/mc): 


_ =U) R + Pv) [R, OQ) + (2/21. (B-R)() 
pe 1+ (22/v?) O? 


It was shown on p. 566 that all our calculations are 
derived under the assumption that 


f 


(Q/v)P <1. (2) 


Consequently, ihe [ for f, taken from Eq. (3)] is de- 
termined on p. 675 from Eq. (3.3)%, which do not 
contain the field H. Thus, if f, were to depend es- 


sentially on H, then this would be taking place 
under the conditions unlike those assumed by us 


| the inequality (2) ]. 
{, = IR / v. 


1], M. Tsidil’kovskii and F. G. Bass, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 245 (1955); Soviet Phys. 


JETP 1, 180 (1955). 


2 CoM. Avak’iants, J. Exptl. Theoret. Phys. (U.S.S.R.) 
26, 562 (1954). 


3G, M. Avak’iants, J. Exptl. Theoret. Phys. (U.S.S.R.) 
26, 668 (1954). 
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Coulomb Excitation of Nuclei by Heavy 


lons 


A. P. GRINBERG AND I. Ku. LEMBERG 
Leningrad Physico-Technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor January 15, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 807-808 
( April, 1956) 


-HE cross section of Coulomb excitation of the 
nucleus in the case of quadrupole excitation is 
expressed by the formula 


o= (m?ve | z3eh?) B, (2) fe (8), (1) 
where 


E = (2122¢7/ hi) (1/ gt to 1/v;), (2) 


m is the reduced mass of the bombarding particle, 
z, is the number of protuns in its nucleus, v, and 


1 
pare its relative velocity before and after the colli- 


sion, z, is the number of protons in the nucleus 
of the target atom, B. (2) is the reduced proba- 
bility of electric quadrupole transition of this 
nucleus from the ground state to a given excited 
state, f,(¢) is the Coulomb excitation func- 


tion eee he graph of the function (25/2 7”) 
x f,(¢) is drawn in Ref. 2. This function in- 
creases rapidly with decreasing €. 

In cases in which the cross section a is small, 
experimenters have attempted to step up the 
energy of the bombarding particle. However, this 
can lead to the appearance of nuclear reactions 
(especially in research with protons and for 
small zy ), which make very difficult the possi- 
bility of correctly calculating the quantity o 
from the experimental data. One can step up the 
energy of the particles significantly without 
risking the excitation of nuclear reactions if ac- 
celerated heavy ions are used instead of protons 
or «-particles for Coulomb excitation of the 
nucleus. 

Let us estimate the value of the cross section 
ory of Coulomb excitation of the nucleus by heavy 


Vv 


ions. It is appropriate to replace the calculation 
of o,, With the calculation of the relative value 
(Gr /o,) in its dependence on Spl the subscript 


p refers to the proton). The parameter Ga can be 
represented in the form 
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1/7 ~ 12 Eth a3 
E,, = 0.157522), ((E,— AE) PE ). (3) 


In Eq. (3) and later, the collision energy E and 
the excitation energy AE are expressed in mev; p 
is the reduced mass of the particle, expressed in 
nuclear mass units. As follows from Eq. (1), 

Oo, un (E,—AE) fe (€,) 
Sp tip(F,—AE) fa &) ° (4) 
In the calculation of the values of 0,,/o it is 
assumed that £, = Z,E, ‘The parameter €,, is com- 
puted by a formula analogous to Eq. (3). The results of the 
calculations, relative to the use of nitrogen ions, 
are plotted in Fig. 1 in the form of graphs com- 
puted for tantalum (z = 73, A = 181 ) and mangan- 
ese (z = 25, A = 55) for different values of the 
parameter k = AE/ Es For convenience in esti- 


mating the energy of the particles from the graph, 
we have also provided the values of E ,, which 
correspond to the given €_, for different values of 
the parameter k. Ctnsideration of the graphs per- 
mits us to draw the following conclusions: 

1) With decrease in E the ratio on ioe de- 


creases. The maximum value of o,, /o, for a given 
k occurs for fp + 0, i.e., for large Ey 


2) For oe in the region from 0 to 1, the values 
of o,, /o, are much greater than unity; 


3) The values of o_/o,, increase with increase 


in k, especially for ¢,, > 1. 

In cyclotrons of average size, one can acceler- 
ate triply ionized nitrogen ions up to energies of 
10-30 mev. In Ref. 4, which pertains to the in- 
vestigation of Coulomb excitation nitrogen ions 
were investigated with energies of 15.6 mev. For 


ions with such energy we find the value of o.,/a, 


eet 


for the excitation of the first and second 

levels of Tal8! (AE, = 0.137 mev and AE, 

= 0.303 mev). In this case F = 14.5 mev, E 

= 14.5/7 = 2.1 mev*, k, = 0.065, k, = 0.15. ‘Inter- 
polating the data shown in Fig. 1, we Be for the 
first and second excited levels of Ta!®! the val- 
use of o,/o ,, equal to 75 and 50, respectively. 


Calculation shows that for nuclei close tothe 
A and z for Ta!8! in the excitation of the level 
with AE. = 0.5 mev, the equality 0 = Om (14.5 


mev ) will hold for E_ = 5.3 mev; similarly, if AE 


= 0.2 mev, then o,, = a,, only for E. >> 7 mev. 


For nuclei of the type Mn3°, for all values of AE 


lower than 0.7 mev, On > o,, if E, <7 mev. 
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The d i 
e dependence of the ratio o,/o, on Ey for different values of 


k= AE/E,,. 


=181; 5-- z= 251A = 55, 


To increase the yield of y-photons, the experi- 
mental investigations of the c oulomb excitation 
are frequently carried out with thick targets. The 
ratio of the yield of y-rays due to the Coulomb ex- 
citation of some state is given by the formula 


oe 
Op 


0 0 
Gs dE 
= Bites eS 
4 OLE ETE 7 dx), Neg (dE/dx), 


(5) 


Equation (5) assumes an equal number of protons 
and heavy ions falling on the target per second. 
In application to the excitation of the first 
level of the nucleus Ta?®? by nitrogen ions with 
E,, = 14.5 mev, calculation from Eq. (5) gives 
Q7,/Q, = 12. The value of (dE/dx)... which is 


necessary for the calculation for the retardation 
of nitrogen ions in Ta/is obtained by the method of 
recalculation of the range-energy curve for o- 
particles and tantalum according to the method 
set up by Longchamp. 

Then, the ratio Qy/2, for a thick target is 


still greater than ] although it is appreciably 
smaller than o,/o, (12 instead of 75). 


In the passage of charged particles through mat- 
ter, there arises characteristic x-radiation. In 
some cases, the energy of the x-ray K-quanta is 


The curve 0 was computed according to the formula 
of semiclassical theory}? which holds as k > 0; 


PIES) = 73: A= 


close to the energy of y-photons which are emitted 
as aresult of Coulomb exeitation. In such cases, 
the K-radiation forms an interfering noise. It 
was shown by Henneberg ” that the cross section 
for the formation of x-ray K-quanta in the ioniza- 
tion of atoms by slow charged particles is approxi- 
mately proportional to zt ( /A p* Making use 
of this relation and the data given above, it is 
possible to calcluate that in the case of a thick 
Ta target, the ratio of the number of x-ray K- 
quanta, arising as a result of the ionization of the 
atoms of Ta by the incident particles, tothe 
number of K-quanta with energies to 137 kev, in 
the use of nitrogen ions with energies of 15.6 
mev, is 15 times smaller than in the use of pro- 
tons with energies of 2.1 mev. 

We thank G. N. Flerov for calling our attention 
to the possibility of the use of heavy ions for the 
investigation of Coulomb excitation and also give 
thanks to K. A. Ter-Martirosian who put at our 
disposal tables and graphs of the function {5s 
kindly sent him by Alder and Winther. 


* We note that the protons used for Coulomb excita- 
tions of Ta/®! in Ref. 5 have almost the same energy. 


1k, A. Ter-Martirosian, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 22, 284 (1952). 


964 


2K, Alder and A. Winther, Phys. Rev. 9}, 1578 
(1953). 

3k, Alder and A. Winther, Phys. Rev. 96, 237 
(1954). 


4 Alhasov, Andreev and Grinberg, Lemberg, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 809 (1956); 


5 T, Huus and C. Zupancic, Mat.-fys. Meddel 28, 
No. 1 (1953). 

6 J, P. Longchamp, J. Phys. Radium 14, 89 (1953). 

7 W. Henneberg, Z. Physik 86, 592 (1933). 


Translated by R. T. Beyer 
169 


Experimental Study of Coulomb Excitation 


of Nuclei by Nitrogen lons 


D. G. ALKHAZOV, D. S. ANDREEV, A. P. GRINBERG 
AND I, KH. LEMBERG 
Leningrad Physico-Technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor January 14, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 809-811 
(April, 1956) 


HEORETICAL estimates! indicate some ad- 

vantage can be gained if heavy ions are used as 
bombarding particles in the study of Coulomb ex- 
citation of nuclei. We have carried out an experi- 
mental investigation of Coulomb excitation of the 
nuclei of 21 elements by nitrogen ions. The pur- 
pose of the measurements was the determination of 
the lowest excited levels of the nuclei under in- 
vestigation and the value of the reduced proba- 
bilities B (2) for the corresponding transitions. 


A beam of triply ionized nitrogen ions, acceler- 
ated in a cyclotron to 15.6 mev, was brought into a 
vacuum tube by means of the usual deflector and 
passed through a system of two magnetic quadru- 
pole lenses, which focussed the beam on the 
target. To rid the beam of singly charged ions, the 
beam was passed through a plane condenser with 
horizontal plates, located at the exit of the de- 
flector unit. A constant voltage of ~ 14 kv was ap- 
plied across the plates. 

The target was pressed into the bottom of an iso- 
lated metallic vessel which served as a Faraday 
cylinder. The beam spot on the target had a 
height of ~ 5, and a depth of ~ 14 mm. Use of the 
magnetic lenses permitted an increase in the in- 
tensity of the ion beam falling on the target (by a 
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factor of about 5) and also separated the deflecting 
arrangement by 1.8m. The quantity of electricity 
in the incident beam was measured by integration 
of the current. 

The y-radiation of the target was investigated 
with the help of a scintillator y-spectrometer. The 
latter consisted of a crystal of NaJ(T1), a photo- 
multiplier, a linear amplifier and a 50 channel 
pulse-amplitude analyzer*. 
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|S (Cela Amplitude spectrum of pulses in the 
Coulomb excitation of Ta 181 a=x-ray K -line 
of Ta; B =y-line corresponding to the decay of the 
secondexcitedlevel of Ta 18! with £ = 301 kev ( the 


curve was obtained after subtraction of the noise, indi- 
cated by the broken curve). 


The form of the spectrum of Coulomb excitation 
obtained for radiation of tantalum foil ( of 100 pu 
thickness ) by nitrogen ions is shown in Figiils 
The peak A corresponds to the x-ray K-radiation 
of the atoms Ta with E = 57.2 kev. According to 
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the data of Huus and Zupancic? the ratio UTA eee 
the number of K-quanta which are produced by t 5 
ionization of the atoms of Ta by protons with 
energy 2.1 mev, to the number of y-photons with 
energy 137 kev, is equal to 12.4. Therefore, in 
accord with Ref. 1, we should expect in our case 


that U, [Ly )ep = 12.4/15 = 0.83; experiment gives 
(x /L, yp ~ 0.65 (this figure was obtained after 
subtraction from the total number of K-quanta of 


that part which is connected with the process of 
internal conversion for the transition, with AF 
= 137 kev). The result confirms the theory of 
Henneberg on which the calculation in Ref. 1 is 


based. 
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Fic. 2. Amplitude spectrum of pulses for 
Coulomb excitation of Mn°°? ; a= y -line Corresponding 
to the decay of the first excited level of Mn ~~ with 


E = 126 kev; 6 = energy region from 300 to 1200 kev. 


The peak B corresponds to Coulomb excitation of 


the first excited level of Ta‘®? with AE = 137 
kev. The energy of the corresponding y-rays is 


138 +2 kev according to our measurements. 
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FIG. 3. Amplitude spectrum of pulse for Coulomb 
excitation of molybdenum; y-line with energy 206 kev 
refers to Mo 


z , y - line with energy 540 kev, probably 
100 
to Mo. 


The probability of excitation of the second ex- 
cited level of Ta!81! with AE = 303 kev is much 
less than the probability of excitation of its first 
level. In Fig. 1b we have plotted the y-spectrum 
which corresponds tothe Coulomb excitation of the 
second excited level of Ta!®!. The spectrum was 
taken with a separation which prevents the charg- 
ing and blocking of the analyzer with a large 
number of small pulses. In this case, one can ob- 
tain the necessary readings which correspond to 
y-photons with E = 303 kev after a very short time. 
According to our data, the energy of the second ex- 
cited level is equal to 301 +9 kev. 
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Irradiated nuclei and the energy of y-photons in kev. 
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Figure 2 shows the amplitude spectrum obtained 
in the irradiation of manganese by nitrogenions. We 
have plotted in Fig. 2b the spectrum in the energy 
region from300 to 1200 kev. As is evident from the 
drawing, only one line is observed in this region, 
with energy ~ 590 kev. In Ref. 3, in which pro- 
tons are used for the Coulomb excitation of Mn, a 
number of lines are observed in the given energy 
region. From comparision of the data of Ref. 3 
with ours, it follows that these lines are connected 
with nuclear reactions, and not with Coulomb ex- 
citation. The spectra of Coulomb excitation of 
molybdenum are plotted in Fig. 3. 

In bombardment of K, Ni, Cu, Sn, Bi Coulomb 
excitations was not observed. 

Data are given in the Table of the energy of the 
excited levels of the nuclei under investigation. 

At present, calculations are being carried out on 
the value of B (2) and on treatment of the data on 
the bremmstrahlung of nitrogen ions. 


* The amplitude analyzer was constructed by L. N. 
Gal’perin. 


SACP, Grinberg and I. Kh. Lemberg, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 807 ( April 1, 1956); 
Soviet Phys. JETP 3, ‘ 


2 T, Huus and C. Zupancic, Mat.-fys. Meddel. 28, 
No. 1 (1953). 


: Mark, McClelland and Goodman, Phys. Rev. 98, 
1245 (1955). 
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One-Meson and Zero-Meson Annihilation of 
Antinucleons 


B. M. PONTECURVO 
(Submitted to JETP editor February 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 947-948 
(May, 1956) 


I N connection with the extremely interesting com- 
munication that appeared recently’ on the crea- 
tion of antinucleons in the collisions of protons of 
high energy with nuclei, certain processes of 
‘fextraordinary’’ annihilation of antinucleons are 
considered in the present note. 

In the collision of antinucleons with free nucle- 
ons, the annihilation is evidently connected with 
the release of not less than two m7-mesons (or K- 


mesons). This process ( ‘‘extraordinary’’ annihila- 
tion), in which, in all probability, several mesons 
are emitted, also takes place in the collision of 
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antinucleons with nuclei. However, in the colli- 
sions of antinucleons with nucleons bound to the 
nucleus, there is the possibliity of other processes 
(‘‘extraordinary’’ annihilation) in which the number 
of 7-mesons emitted is less than or equal to one. 

Annihilation with the emission of a single 7- 
meson can take place in the collisions of an anti- 
nucleon with a nucleus of atomic mass A > 2. An- 
nihilation which is not accompanied by emission of 
even a single meson is possible only in the colli- 
sions of an antinucleon with a nucleus of atomic 
mass A > 3, It is not difficult to see that the 
processes of one-meson and zero-meson annihila- 
tion of antinucleons occur in processes inverse to 
those in which antinucleons are created in the col- 
lisions of 7-mesons and.nucleons with nucleons. 

Keeping in mind the possibility of setting up ex- 
periments, we have considered below several proces- 
ses of “‘extraordinary”’ annihilation of antinucleons 
which are characterized by the fact that the number 
of particles in the final state is equal to 2. 

In the case of collisions with deuterons, the fol- 
lowing reactions are possible: 


a) Ptder-+n; a’) a+d2 n+ p; 
b) ptdawtp; b’) nt+d2nt+n. 


According to the principle of charge symmetry, the 
cross sections of reactions of type a) are equal; 
the cross sections of reactions of type b) are also 
equal. 

It is not difficult toshow that charge independ- 
ence requires that the cross sections of type b) be 
twice those of reactions of type a). From the ex- 
perimental point of view, the reactions b) are es- 
pecially interesting. Here four charged particles 
take part. The ratio of the cross sections of the 
direct and inverse reactions of b), for the conditions 
of identical energy in the center-of-mass system, 
is equal to 
o(ptdontp (2S, +1)(2S,+1) k2_ Fe? 


a(n +p>p+d) CS +1) @Sg+ig 34?" 


where S., 5, are the magnitudes of the spins of 


the antiproton, the deuteron, etc.; & and q are the 
momenta of the 7-mesons and the antiprotons in the 
center-of-mass system. Investigation of the direct 
and reverse reactions of b) give the possibility of 
verifying the correctness of the assumption that 
the spin of a negative particle with proton mass is 
equal to one-half. For example, the cross section 
of the reaction b) of the annihilation into a deuteron 
of an antiproton with kinetic energy 500 mev ought 


reaction of the creation of a deuteron and an anti- 
proton in the collision with a proton of a 7-meson 
with energy 4.6 bev. 

Let us consider processes of single meson an- 
nihilation of an antinucleon in a nucleus with A 


S ay 


c) ptHe 2d+n; c’)n+Hed+ m; 
d) pit {H® 2d+n3 d’) a+ HE Sd tat. 


The ratio of the cross section of reactions of types 
c) and d), according to charge independence, is 
equal to 2. Fromthe experimental viewpoint, the 
reverse reactions c’) and d”) present interest. 

Zero-meson annihilation of an antinucleon is il- 
lustrated by the following reactions: 


e) p+H® 2n-+n; e’) n+He=p + p; 
f) p+He 2n+p; f’)n+H 2p+n. 


Here the reverse reaction to e’)--the formation of 
He® in the collision of two protons—is of experi- 
mental interest. 

Experimental investigation of the above-mentioned 
processes is of fundamental significance. It is 


reasonable to expect that the processes of single- 
meson and zero-meson annihilation are signifi- 


cantly less probable than the process of multiple 
meson annihilation. This follows, for example, 
from Fermi’s statistical theory of multiple pro- 
duction of mesons. 

It should be emphasized that the probability of 
processes of ‘‘extraordinary”’ annihilation of anti- 
nucleons could be increased if one could have es- 
pecially strong nucleon-antinucleon interactions of 
the type assumed in the Fermi-Yang model. 

The author thanks L. I. Lapidus for his discus- 


sions on the subject. 


: Chamberlain, Segre, Wiegand and Ypsilantis, Phys. 
Rev. 100, 947 (1955). 
Translated by R. T. Beyer. 
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Solution of the Schwinger Equation in the 


Bloch-Nordsieck Model 


R. V. TEVIKIAN 
(Submitted to JETP editor July 12, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 949-951 
(May, 1956) 


N the consideration of the scattering of an elec- 
tron in an external field, Bloch and Nordsieck! 


to be 1.6 times greater than the cross section of the assumed a method of approximate solution of the 
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Dirac equation, which is valid in the region of low 
frequencies. The zeroth approximation of this 
method is equivalent to substitution in the initial 
equations of the c- -numbers for the Dirac matrices. In 
the determination of the Green’s function, there is 
definite methodological interest in making the same 
replacement of the matrices y- by the c-numbers 
u~ (a= 0, 1, 2, 3) in the corresponding equations. 
After such a substitution the resultant equations 
are solved exactly. 

The equation for the electronic Green’s func- 
tion” has the form 


{ies Sem 
x 


—V irieu* Dene A) 5 tel Gu y] A) 


V 4r eu” A, (x) (1) 


=—8(x*—y), 


where Dgl® x|A) is the photon Green’s func- 


tion. In the given model, as can be easily shown, 
vacuum polarization is absent; consequently, we 
have, in momentum representation, 


aB a8 
me & ry & 
Dag (P) A2— p?—ie M?— p*— ie’ 
M-— oo, g%=1, gi = —1. 


Equation (1) takes the form 
8 
{(ut) i \ (up) A, (P) SA, (py oP 


Vie gor \u"A, (dp — iV Gos 


; 8 
x |. Das (P) satpy AP} GUE | A) = — 


in momentumrepresentation, where (uk ) = wk; m 
+m-—te. Here we have used the invariance of the 
Green’s function under the transformation 


G(x, y| A)=G(iy—x | T,A); 
Dé, «| A)=DE—x|T,A), 


where 7’, is the displacement operator 7’ A (€) 
=A(€&+ *e). 

For the solution of Eq. (2) we make use of the 
method of proper time of Fock3: 


G (k |A) =i 06, k | A) dy. 
0 
We then have for the function ®(v, k| A) the equa- 


tion 
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0 
— iz, 0, k|A)=HO(, k| A); OC, | A)=1, 
where H is an operator which appears on the left 


side of Eq. (2). Here the relation 


i Brae oh (oe SPAY 
dA, (P) 
aor )y 
2 ye ee aed) 
(2x)? (up) 
holds. As aresult, we can write 
G(k| A) = \ oe ie aD (3) 
0 
ay e—tlupyy __ 4 «A d \; 
X exp ie One ne 7S u"A(p) ap? ; 
v: : 
ei (4p)y __ 4 6 : 
Fw= “ut arcane ap (P) 4p. 
Integrating over p-space, we get 
. 2 M 
f(y =— 7 eMy + In (4) 
pci facxn (25 V a fgpey v} 
Tw ms (a2 + p?)° /2 
For A = 0 we have 
Me : 
4) =— tem 4+£in% +S nm, (5) 


The first two terms in Eqs. (4) and (5) are removed 
by renormalization of the electron mass and by the 
Z-factor of the electronic Green’s function. 


On the basis of Eq. (5), we have 
m’ = m + 1/,e?M; 


G (| A) = Z-G(k | A), 2 (M/in’ye I", 


where m’ is the experimental mass of the electron, 
G’(k|A) is the renormalized Green’s function. 
Finally, renormalization of the electronic Green’s 
function for A = 0 takes the form 


G' (Rk | A)= i\ dye tim! —(UR) (mty)el™ (6) 
0 
ei(up)y _ 4 x 
x exp Ve aap Sen uA, (p) ap| ; 
In particular, 
Gt 10) =| tats is 


here, wehave set u~ =k" /|k|. A formula similar 


to Eq. (7) has been obtained by Abrikosov‘, 
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Applying the Green’s function (6), it is not diffi- 
cult to obtain the following formula for the effective 
cross section of the scattering of anelectron in an 
external field with radiation of n photons having 
energy in the interval from £, to E,, independent 
of the number of longitudinal photons radiated in 
this case: 


Ue (Zeam ea 
atl E Eph he Ey < AP, 


In conclusion, I express my deep gratitude to 
Acad. N. N. Bogoliubov for his direction of the 


work. 


1 

F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1936). 
2 J. Schwinger, Proc. Nat. Acad. Sci. 37, 452 (1951). 
SV A Fok, Z. Phys. Sowjetunion 12, 404 (1937). 


* A, A. Abrikosov, Dissertation, Institute for Physi- 
calProblems,Academy of Sciences, USSR, 1955. 
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On the Theory of Hyperons 


R. S. INGARDEN 
R, Berut Wroclaw University, Wroclaw (Breslau), 
Poland Physical Institute, Polish Academy of Sciences 
(Submitted to JETP editor November 15, 1955) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 951-953 
(May, 1956) 


pues proposed idea consists in attributing tothe 
nucleon an intefnal structure very suggestive of 
the structure of the hydrogen atom (see Ref. 1). 
We shall consider the nucleon as a system d two 
hypothetical particles (‘‘m-particles”’ ), which inter- 
act by means of a certain strong field y. The es- 
sential difference of this model fron.the hydrogen 
atom is that the strong field is not Coulombic and 
is different from potentials considered earlier (the 
Yukawa potential and others ). 

In Ref. 2, the author has shown that, within the 
framework of the basic principles of the existing 
theory of elementary particles, a consideration of 
the relativistic field is possible, which gives (for a 
point source ) a potential which falls off very 
rapidly with distance. The potential can be repre- 
sented by the approximate formula 


V (r) = —(na/ Voren™, (1) 
where r is the distance from the source, a is the 


x-charge of the source, A is some positive constant- 
the ‘‘elementary length’ (we limit ourselves to the 


case x= 0? , which presents the greatest interest). 
The field which leads in the final count to the po- 
tential (1) is defined by the equation 


( —a 7 — x) ot — x9) X = — 4na8 (x — X)- (2) 


It is important, from the physical point of view, to 
emphasize that 1) for the y-field, the case of a free 
field makes no sense, i.e., a field without sources 
does not exist; further, assuming formally that a 
= 0, we get on the left side of Eq. (2) an isolated 
oint x, which corresponds tothe position of a 
‘virtual’’ source; 2) the quantization of Eq. (2) 
cannot give a state with definite 4-momentum, only 
states with definite 4-angular momentum. In par- 
ticular, there does not exist for Eq. (2) a state with 
definite energy, i.e., there is no stationary state. 
Therefore, the particles of the y-field, if they ex- 
ist in nature, cannot be observed by experiments 
with counters, Wilson chambers, etc. One can show 
that, fromthe experimental viewpoint, these would 
not be particles, and inthis sense, we have come 
across a possible limit of the applicability of the 
corpuscular-wave dynamics. 

The potential (1) can be understood in dual fash- 
ion (limiting ourselves to fields of the Bose type 
with spin not greater than 1): either as the fourth 
component of a 4-vector, analogous to the Coulomb 


potential, or as a scalar or pseudoscalar. The first 
possibility presents the greater interest, since in 


this case all the constants of the problem can be 
determined up to the determination of the mass 
spectrum (but not by the mass spectrum). 

Neglecting the spin of the particles which make 
up the nucleon by our hypothesis in first approxima- 
tion, we obtain the wave equation (after separating 
out the motion of the center-of-mass ): 


{ (x i 4 av + 2 (—av—<v/ (3) 


x c%( me a ~ o) | b =0, 


where (V, V) are the vector, ® the scalar, potential, 
a, y are corresponding binding constants, m is the 
reduced mass for the v of internal motion. Let us 
assume that in our system of coordinates V = 0, V 
is given by Eq. (1) and that ® is the potential of 

the scalar meson field. For simplicity we assume 
that both particles of our system have the same mass 
m and possess unit y-charges and meson charges 
y, inwhich y = g/2 (g is the meson charge of the 
nucleon as a whole )*. In view of this, 


y? [hie = g?!/ 4he = (75/4) e? / he = S/is7 <1, (4) 


which validates the application of perturbation 
theory to the problem of the interaction with the 


meson field. We neglect the interaction with the 
electromagnetic field because of its weakness in 
comparison with the meson and y-inter-over 
intra-nucleonic distances. 

As Werle has Shown step by step conversion 
from Eq. (3) to the nonrelativistic approximation 
leads to the equation (V = 0) 


(5) 
(6) 


As can be seen from Eqs. (6) and (1), the m-parti- 
cles do not fall on one another unless (see, for 


example, Ref. 4) 


ih OY/OL= [— (h2/2m) y2+V,+V,1 4, 
Vi = aV —a®V2/2mc?, Vi = yO + y?@*/2mc?. 


ach << "Ng, T. e a< Vch/2 = 3-10°* CGS. (7) 
If we assume that a ~ 10°° cgs units, we can see 

in Eq. (7) the reason why there is only one type of 
“(m-y)-atom’’ nucleons, since the higher y- 
charges contradict the inequality (7). In our prob- 
lem there are the still undetermined constants A and 
m. They are connected with a andf& by the relation 


Aa? = h?/ m, (8) 
which follows from (see Ref. 5) 
( 2h? 
\V rar = ae 
0 
Mace is the mass of the uucléon =" 126 < 10" 
em. Further, we have the relation” 
2mc2 —e = Mc?2, %V 2/me = ios (9) 


where ¢ is the binding energy of the system, r, is 
the radius of the nucleon ~ 10°'3cm. We then find 
m ~ 1400 mv (m, = mass of the electron), ¢ = 450 
e 
mev and then A = t */ma” = 0.8 x 10°14 em, which 
is a reasonable order of magnitude for the radius of 
action of the interaction forces. We see that our 
assumptions (in contrast to the theory of Markov!) 


red 


lead to the possibility of ‘‘dissociation’’ of nucle- 
ons for energies > 450 mev, whereupon one ought 
to look for the m-particles among the heavy mesons 
with masses ~ 1400 m The dissociation level is 
higher than the mass of the hyperon ie (mass 

~ 2570 m_,, excitation energy ~ 360 mev°, the 
highest of the known exicted states of a nucleon. 


Calculation of the excited states of the nucleon 
for our model is possible only in numerical fashion 
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(for large distances, one needs also to take into 

account the meson interaction of the m-particles). | 
We note that the only possible bound states with ; 
1 =0 (J is the orbital quantum number Ne and 

equal values of n (principal quantum number ) are 
possible. The number of such states will evi- 
dently be small (of the order of 3-4). The selection 
rules connected with the interaction with the meson 
field may allow the explanation of the comparatively 
large lifetimes of the hyperons. 

A similar but somewhat more complicated dis- | 
cussion can be carried out for consideration of the | 
spin of m-particles [ an equation of the Dirac type | 
in place of Eq. (3)] and for interaction with a | 
pseudoscalar meson field. 


* Evidently it must be assumed that the y-charges 
(similar to the electric) have two signs, while the meson 
charges (like gravitational ) have only one sign. It 
follows fromthis assumption that the nucleon as a whole | 
does not have a y-charge, but does have a meson charge 


g&- 
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The Problem of the Interaction of Ultrasonic 
aves in Liquids 


G. D. MIN AILOV 
Moscow Regional Pedagogical Institute 
(Submitted to JETP editor June 26, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1142 
(June, 1956) 


[f a quartz plate is excited as a resonator at 

two different frequencies, then combination fre- 
quencies can easily be observed in the liquid 
medium. These suggest the possibility of in- 
vestigating the phenomenon of interaction between 
the fundamental waves. Below we give some pre- 
liminary data on the variation of the intensity of 
the combination waves with distance. 

Let us give briefly the experimental conditions. 
In order to put two waves into the medium in one 
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direction, we made use of a combination radiator, 
which was a quartz plate of 20mm diameter. To 
one side of the plate was attached a foil membrane 
with air padding, and to the other side, foil 
electrodes in the form of two sectors, each cover- 
ing half of the radiating face of the crystal. These 
sectors were separated by a distance of 1 mm. 
Variable voltages were applied from two inde- 
pendent generators. The foil membrane acted as 
the ground electrode. The generators developed 
variable voltages of 250-300 v. The thickness of 
the quartz plate was so chosen that the radiator was 
adjusted to resonance at one of the fundamental 
frequencies (either one). Frequencies of 1 mc 
and 1.5 mc were used as fundamental frequencies. 


G Z Y 6 8 10 cm 


A barium titanate plate was used as the pres- 
sure receiver. The voltage developed across the 
receiver was amplified by a two-channel (for the 
sum and difference frequencies ) tuned amplifier. 
An oscilloscope was used as the output meter. By 
displacing the receiver relative to the source 
(maintaining strict parallelism between the two 
surfaces ), it was possible to observe (on the 
oscilloscope ) the change in the intensity of the 
sum of difference frequency. Asthese observations 
showed, the intensity of these waves was spati- 
ally modulated by the base frequency . In the 
Figure the intensity of the modulated vibrations is 
plotted against distance; the distance from the 
source in cm is plotted along the abscissa, while 
the ordinate is a quantity proportional to the in- 
tensity of the modulated vibration. The results of 
the observation refer tothe sum wave at 2.5 mc ob- 
tained in vaseline oil (at ¢ = 20° ). Two curves 
are shown in the Figure, taken for different in- 
tensities of the source (the lower curve was 
taken for an intensity one-half the higher one). As 
the curves show, the intensity of the modulated 
combination waves increases with distance from the 
source, passes through a maximum and then de- 


creases. 


Thus we can draw the following conclusions: 

1. The intensity of the modulated vibration has 
a maximum with respect to distance. ' 

2. The location of the maximum does not de- 
pend on the intensity of the fundamental waves. 

3. As the data show, the position of the maxi- 
mum for a given frequency is determined princi- 
pally by the vicosity of the medium. 


Translated by R. T. Beyer 
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The Appiicability of the Secona Law of 
Thermodynamics for Large Volumes of a 
uravitating Gas 


M. I. SHAKHPARANOV 
(Submitted to JETP editor October 15, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1144-1145 
(June, 1956 ) 


1 ACCORDING to Terletskii"? the second 

* law of thermodynamics is not applicable to 
large volumes of a gravitating gas. It is claimed? 
that processes begin to take place in large vol- 
umes of a gravitating gas which contradict the 
second law. Publication of a criticism by the 
present author* was followed by an assertion in 
discussion form? that the earlier conclusions?”° 
were still correct under conditions in which the 
gravitating gas is enclosed in a thermostatted 
vessel covered with a piston which works at a 
fixed force, the pressure being P > NkT/4V. We 
will show that even under these stated conditions, 
the conclusions‘~* on the inapplicability of the 
second law of thermodynamics for large volumes 
of a gravitating gas cannot be considered cor- 
rect. 

Terletskii! assumes that all conditions of the 
gravitating gas for which dP/dV <0, are entirely 
stable. Account is not taken of the fact, as we 
will show below, that the gravitating gas has a 
metastable region. It is for precisely these same 
conditions that a greater probability of fluctuations 
of a cosmic scale is assumed’, 

Let us call the mass of the gravitating ideal 
gas M, occupying a volume /, situated near the 
center of the cloud of diffused material, and in a 
quasistatistical equilibrium. Volume V is much 
smaller than the volume of the whole diffusion 
cloud, so that one can assume that the gas is 
distributed uniformly throughout the volume /. 


The identical case was considered by Jeans®, 
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and then in a more general way by Lebedinskii® 
with conclusions on the instability criterion for a 
gravitating gas. Let us say thatthe diffusion 
cloud outside the volume V can be considered as 
a weight applying a constant pressure P on the 
separated mass of gas. Then for the free en- 
thalpy of the gas we can write 


CEs NET inv Py — cry, 


where « has a numerical value of unity and x is 
the gravitational constant. 

If the volume of the gas has the value 
V =(oxM?/3NKT )* (condition 1), then P = 0, 
dP/dV > 0. The condition of the gas is un- 
stable. The requirement V <V, is the equivalent 
of the known criterion for a gravitating unstable 
gas (see, for example, Ref. 6). If the volume of 
gas is ies = (64/27)V, then P = NkT/AV |; dP/dV 
=-(0. When V > Vo dP/dV <0 and it appears 
that the condition of the gas is thermodynamically 
stable. But this is not so. It follows from Eq. 
(1) that ©, — ©, = Nk7 [In (64/27) — 1], ive., 
©, <®,. Consequently, the condition of the gas, 
immediately adjoining condition 2, appears to be 
metastable. Simple calculations show that the 
region of metastable equilibrium extends toward a 
minimum value of V =~ 1.5 V,. In this region the 
condition of the gravitating gas is in a certain 
sense, in a condition similar as to that of a super- 
cooled vapor. The formation of small incidental 
condensation in the metastable region of the 
gravitating gas leads to the gravitational con- 
densation of the whole gas. As we know, the 
fluctuation theory in its strict form is not appli- 
cable to the condition of metastable equilibrium. 


The relationship (AV)* =~ kT 0V/0P,*? is cor- 
rect only for small deviations from equilibrium 
and under conditions such that the system is in a 
fixed thermodynamic equilibrium (see, for ex- 
ample, Ref. 7, p. 98). This consideration holds 
good for all the conditions of the gravitating gas 
models used in Ref. 1, both those obeying New- 
ton’s law and those not obeying it. 

Thus the reasoning in Refs. 1-3 is appropriate 
only for a gravitating gas whose V is signifi- 
cantly greater than V,. Under these conditions 
the factor (1 — 40%M2/9NKTV}/2) used in Eq. 
(2) of Ref. 1 significantly differs from zero and 
consequently cannot have any essential effect on 


the quantity (AV)2/ ees Furthermore, Eq. (2) 


or the analogous Eq. (11) in Ref. 1 cannot serve 
as a proof of the statement concerning the appli- 


cability of the second law of thermodynamics for 
a greater volume of a gravitating gas. 

2. Statistical thermodynamics in principle can- 
not lead to results contrary to the second law of 
thermodynamics since it itself originated in the 
statistical interpretations of this law; otherwise, 
statistical thermodynamics would be internally 
inconsistent. In a similar way, classical 
mechanics cannot lead to results contrary to 
Newton’s law on which it is based. Since only 
statistical thermodynamic methods are used in 
Refs. 1-3 one can consider to be mistaken, a 
priori, the statement concerning the inapplica- 
bility of the second law of thermodynamics for 
large volumes of a gravitating gas. 

3. The hypothesis of J. P. Terletskii on the 
inapplicability of the second principle of thermo- 
dynamics to large volumes of a gravitating gas 
was introduced with the aim of defending the 
fluctuation hypothesis of Boltzmann. This 
hypothesis of Boltzmann is not true because of errors 
inthe hypothesis of Clausius concerning the thermal 
death of the universe. In both these hypotheses 
the problem of the development of the universe is 
approached by the introduction of the universe as 
if it were an insulated system. This approach is 
physically unfounded. From the point of view of 
philosophy it appears to be idealistic. It is pre- 
cisely the assumption of a finite or insulated 
universe and not the second law of thermodynamics 
which leads to the conclusion of the expectation 
of the thermal death of the universe’. To prove 
the error in the Clausius hypothesis it is not 
necessary to leave the framework of thermo- 
dynamics and go to statistical physics and to 
theories of clusters. 

4. The existence of regions of metastability 
in the gravitating ideal gas has not been.given 
much attention. We believe that the calculation 
of the metastable condition of a gravitating ideal 
gas will be useful for research into gravitational 
condensation of interstellar material. 


1 J, P. Terletskii. J. Exptl. Theoret. Phys. (U.S.S.R.) 
29, 237 (1955); Soviet Phys. JETP 2, 262 (1956). 


25 5R. Terletskii, Proceedings of the Second Con- 


ference on Problems of Cosmogony, Acad. Sci., USSR, 
p. 507, 512 (1953). 

3 J. P. Terletskii, J. Exptl, Theoret. Phys. (U.S.S.R.) 
22, 506 (1952). 


4M. I. Shakhparonov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 27, 646 (1954). 


Sap aHe Jeans, Astronomy and Cosmogony, Cam- 
bridge, 1928. 
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CAST: Lebedinskii, Problems of Cosmogony, Acad. 
Sci., USSR, pp. 113-117 (1954). 


7M. A. Leontovich, Statistical Physics, Gostehez- 
dat, 1944, 


8M. I. Shakhaparonov, Vestn. Moscow State Univ. 6, 
15 (1953). 
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On the Nuclear Reaction Be? (pa) Be® 


T. I. KOPALEISHVILI 
Tiflis State University 
(Submitted to JETP editor December 2, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1145-1146 
(June, 1956) 


know that the nucleus of Be® can be re- 

garded as consisting of Be® as a core, with 
an unpaired neutron moving in its field. This 
model proved to be quite satisfactory in connection 
with the photo- and electrodisintegration of this 
nucleus!’”. On the basis of this model , the Be® 
(pd) Be® reaction can be considered to be the re- 
sult of the direct interaction of a proton and the 
unpaired neutron. The mechanism of this reaction 
then appears to be the following: an incident pro- 
ton interacts with the unpaired neutron to form a 
deuteron, which escapes from the nucleus, leaving 
the Be® nucleus in its ground state. We here ne- 
glect particle spins, the Coulomb interaction and 
the recoil of the Be® nucleus. 

The interaction between the proton and the 
nuclear neutron, whose radius vectors are desig- 
nated by r, andr), respectively, is taken in the 
form of a Yukawa potential 


V(r) = — gre", (1) 


where r= |r, —1,|- For the wave function 
v(r,) of the unpaired neutron in the Be” nucleus 
we take an expression given in Ref. 1. The wave 
function w(r, ) of the incident proton is taken in 
the form of a plane wave with the wave vector k 
normalized to unit flux. The wave function of the 


3 Py 
deuteron with wave vector k’ is 


vy (r1, rz) = (20h)! eR (ttt) /2 @M (r), 


O(r)= Va, /2nr-te 


(2) 


Gi 
’ 


where ®(r) is the wave function of the internal 
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state of the deuteron. 

The differential cross section of the process 
that we are considering, as calculated by the usual 
equation of perturbation theory, is given by 


ds / O we? gtr? oar 
ee LOA 2 0 
dos ( +) 48a Br, ha (3) 
St —kI|7, 
X76 (Ik / 2—k | ro) arctg? 
Ylo 


x [e(E, 9) + (8 /a)?sinBroe*”*I (Ep, 9)]* 


_ Brasin(B + 4) ro Br, sin (2 — 4) Fo 
ee 2(B-+4)7o 2(8B— 4) ro 


4 £08 (8 +g) ry — cos (8 — 4) Fo 
20 : 


oo 


ee) eee 


75 *" cos grdr 


ro 
eS es 


2 
ps 
ors 


sin qrdr, 


where q=k’—k. The integrals in the expression 
for J(E_, 3 ) are not in explicit form. They 
must be calculated for given values of the energy 
of the incident proton Le and for the scattering 
angle 3. In Eq. (3) we have used the notation 
w=Ve, Bad VEU SS, youtay, 
where pz is the effective neutron mass with rela- 
tion to the Be® core in the Be? nucleus, € = 1.66 
mev is the binding energy of the neutron in the 
Be? nucleus, V, is the depth of the square po- 
tential well in the interaction between the un- 
paired neutron and the nuclear core, andr. is the 
width of this well. As has been shown in Refs. 
1 and 2,7 =5x 10°13 cm and V, = 12 mev. Q is 


the energy liberated in the reaction and a is ob- 
tained from 


2 if B4 
as {Pre a E + ar) = (4) 
ee sin? Bro at 
+ (1 + aro) xa 1] Bryce | 4 


Experimental curves are given in Ref. 3 for the 
angular distribution of deuterons from the Be (pd) 
Be® reaction at proton energies of 5, 6, 7, 8 and 
22 mev. 

We have calculated the angular distribution from 
Eq. (3) at 5-8 mev. In the Figure, Curve 1 is the 
angular distribution at E =8mev. The angular 
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distributions at 5, 6 and 7 mev do not differ ap- 
preciably from the distribution at 8 mev, and the 
distribution at 5 and 6 mev for angles from 70° 

to 90° is in better agreement with the experimental 
curve than curve 1. At 5 to 8 mev, the experi- 
mental distributions are identical within the limits 
of experimental error and are represented by curve 
3. The reaction could also be calculated by 
Butler’s theory*, from the reverse reaction Be® 
(dp) Be’. The corresponding distribution at Ee 

= 8 mev is given by curve 2. From a comparison 
of curves 7 and 2 with each other on the one hand, 
and with the experimental curve 3 on the other 
hand, we can see that curve 7 is in somewhat 
better agreement with experiment than curve 2 
(especially for angles from 35° to 70°), although 
it does not differ appreciably as a whole from 
Butler’s curve 2. 

It is well known that Butler’s approximation is 
equivalent to a Born approximation in which the 
interior of the nucleus is neglected. Qur result 
shows that an approximate calculation, which in- 
cludes the interior of the nucleus, does not es- 
sentially change the angular distribution of deuter- 
ons in the Be? (pd)Be® reaction that is obtained 
on the basis of Butler’s theory. 

We mention in conclusion that we have also 
calculated the angular distribution for a square 
well (instead of a Yukawa potential) interaction 
between the proton and the neutron of the nucleus. 
The result is practically the same as the distribu- 
tion obtained from Eq. (3). 

I consider dt an obligation to express my grati- 
tude to Professor V. I. Mamasakhlisov for his 
interest and for a number of suggestions. 


1 V. 1, Mamasakhlisov, J. Phys. USSR 7, 239 (1943). 

2G. E. Guth and C. J. Mullin, Phys. Rev. 76, 234 
(1949), 

3 Cohen, Nesman, Handley and Timnick, Phys. Rev. 
90, 324 (1953). 

4S. T. Butler, Proc. Roy. Soc. (London) A208, 559 
(1951). 
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Polarization of Elastically Scattered 
Deuterons 


QO. D. CHEISHVILI 
Tiflis State University 


(Submitted to JETP editor January 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1147-1148 
(June, 1956) 


Cc is known that the scattering of polarized parti- 
cles provides important information regarding the 
spin dependence of their interactions. High energy 
polarized particles can be obtained by scattering 
on nuclei. The polarization is due to the spin- 
orbit interaction. A numbe of papers have pre- 
sented calculations of the polarization of particles 
with spin 1/2. Lepore’ has given a calculation of 
the scattering of polarized nucleons by nuclei 
with zero spin. The present note is concerned with 
the elastic scattering of polarized deuterons by 
nuclei with zero spin. This problem is similar to 
the problem of triplet nucleon-nucleon scattering”. 
The polarization of a deuteron beam is character- 
ized by the three components of the spin vector and 
the five components of the symmetric second rank 
spin tensor with zero trace. Before collision the 
deuteron is described by the distorted plane wave 


Yo = exp [i (Kot — « In 2KP)] %, (1) 


where x, is the initial deuteron spin function. 
Polarization of the ingoing deuteron beam is char- 
acterized by the following quantities: 


Pin = (oSx8), 9 “Tin ya = Kol). (2) 
where Bis is a symmetric spin tensor with zero 
trace: 
Tin = 1s (S;S), Si S,S;) a, 2/5 Sik: 

the constant o = Ze*y PIOR: 

For the purpose of obtaining the scattered ampli- 
tude the wave function of the system must be ex- 
panded in a series of eigenfunctions of the operators 
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J°, J, L, 8, where J = L + $; L is the orbital 
moment of relative motion and §S is the spin of the 
deuteron . Such an expansion of the wave function 
is accomplished through the use of projection oper- 
ators”: 


My =+1+ +2) (SL) 
4 (SL)2] / (£4) (20 + 1); 


(3) 


TI? = [£(¢-++ 4) — (SL) — (SL)"}/ 44-44; 
Ty = [—!— @—1) (SL) + (SL)?] / ¢ (2+ 4). 


These operators enable us to write the wave func- 
tion of the system in the form 


ros} 
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UY (Kr) 
Kr 


+ ALT} +4) Ty 


U;, (Kn 
Kr | 


The usual method of calculating the scattered 
amplitude +»3 gives 
F (0) =A (6) + B®) (Sn) + C (0) (Sn)? 


+ 2D (8) {(Sko) (Sk) + (Sk) (Sko)}, 


(5) 


where ky is a unit vector parallel to the momentum 
of the ingoing deuteron; k is a unit vector parallel 
to the momentum of the scattered deuteron; n 


P= DS) (ar + Ayla’ E Il; a ioe (4) =(k,, k]/sin 6; 
ran Kr 
1~< 1 . 2cos@ av? 
A(s)=— | ‘r ist ) sin 8+ (¥9+ Os: l 
K 2 apap VP OUST ME TET Sees, 


+ (21 + 1) exp (187) sin 3? (v9 


— exp (i87) sin 87 Y? 
\ 


2 cos 0 oY? 
i(l/+ 1) 0 (cos 9) 


2cos 0 oye )}; 


isnt ~ 1 
B (6) 7 > 


{ 21+ 3 
fy (2! + 1)'/2 2 (f+ 1) 


21-44 Aad 
TREE OxP (i8?) sin 8] — 


ivf 1 
46) = al 
WER 2 ara pects 


4 
+ exp (i8; ) sin 3; | {ew+4) Y? —2cos 0 


D()=— 
1=0 


+1 


: 4 i 
— Tey exp (i8$) sin 87 + T exp (i87 ) sin 8; \ 


where Ch oe 57 are scattering phases correspond- 


ing to the total quantum number j = AE Way ae (reed 

We can now calculate the differential cross sec- 
tion and the polarization. It is convenient to use 
a density matrix*’> for the calculation of these 


quantities. For a deuteron beam this matrix is 
e = 4/s {1 + 9/2 (P in S) 


452 <Tin> gq (8i8p + S482} 


(6) 


so that Pg ia Sp (S e), 


AS exp (18; ) sin; | cay 


i 0 (cos 9) 
exp (id4 ) sin 84 


oY? 


Ee 2l+ 1 ; 
exp (id ) sin 8; — id + 4) xP (i89) sin 84 


ay? 
0 (cos 9) 


i: 


1h 1 ‘| : : 
ne > (Ort (4 exp (id7 ) sin 8} 


ay? 
d (cos @) ’ 


<P Dee Sp {['/2 (S;S;, ap S,S;) —*/5 Sipl 9}. 


Two special cases are of interest: a) the polari- 
zation of an unpolarized incident deuteron beam, 
and b) the differential cross section for a polarized 
beam. In the first case the polarization vector and 
the polarization tensor will be expressed as follows: 


cos 0 
5 } B*| (7) 
(do / dQ), ne 


4 Re [(4+c4D 
Pen, 


<T > = Pi) (2,2, —"/s Sin) 
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++ Ps (8) (RyRy + Rikon — 7? / odin ©°8 9) 


41 
= 2 * 
a|D| sing Im (B*D) 


+ Ps (8) (Ro:®op — 7/3 83) + Pa (0)(R: Rp — */s Sin)) Fs 3 (do / dQ), ; 
|B\2+ |C |? + 2Re[(A + Dcos 6) C*]-. a) , 
P, (0) = 3 (ds / dQ), Faas a erie erg Im (B D) 
ee 3(de/dQ 
fone 3/,|D|2cos 6+ Re[(A+C)D*] | (do / dQ), 
ee 3 (ds / dQ), , In the second case, 
SDs 2 eee eee 
do / dQ. = (do / dQ), + (do / dQ), + (do / dQ)s; (8) 
d 2 2 os?6 4 
(45) =l4r +s iaet+zicr+(SS— +5) 0F 
4 : 2 : (9) 
+ 3 Re [A* (C + D cos ®)] + 3 Re (C D) cos 9; 
(do / dQ), = 2 Re [(A + C+ 1/, D cos 8) B*] (P ;,,); (10) 


(do / dQ). = {|B |?+|C|?+ 2 Re [(A + Dcos 0) C*}} n,n, <Tjp> in 
+ (8/4| D |? cos 8 + Re [(A + C) D*]} (Ao; + 2:Ron) <Tin? in 
+ {— Ya} D |? + (sin 6) 1 Im (B*D)} Ro Ron <1 ipo in Sy 
—~ (/4| D |? + (sin 8)-1 Im (B*D)} 2:2, <T 3p) ip - 


The cross section for an unpolarized deuteron 
beam is given by (9), whereas (10) and (11) result 
from initial polarization of the deuteron beam, with 
(10) corresponding to the polarization vector and 
(11) corresponding to the polarization tensor. 

I take this opportunity to express my thanks to 
G. R. Khutsishvili for his interest and for valuable 
discussions. 
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Charge Distribution of Mesons in 
Nucleon-Antinucleon Annihilation 


A. I. NIKISHOV 
(Submitted to JETP editor February 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1149-1150 
(June, 1956) 


ELEN’KII and Rozental’? have studied the 

production of stars in antinucleon annihilation. 
On the basis of a statistical theory of multiple 
particle production they calculated the proba- 
bilities for processes of different multiplicites. We 
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present here the charge distribution which is cal- 
culated on the basis of isotopic spin conservation 
(see Refs. 2 and 3). As usual, p and n denote a 
proton and a neutron, while p and 7 denote an anti- 
proton and an antineutron; annihilation products 
(m-mesons ) are denoted by the signs of their 
charges. The charge distribution for pz is obtained 
from the distribution for Pn by reversing the signs 
of meson charges. Table i shows the subdivision 
of processes of given multiplicity according to the 
charge states. If, for example, the annihilation 
cross section for pp into two mesons is gy, it can 
be seen from Table I that 0.167 of this cross 
section is due to the process P +pom +m and 
0.833 isduetop+po2m +7 . 

If statistical theory is not used but only con- 
servation of total isotopic spin, the charge distri- 
bution for a given multiplicity can be obtained 
only for processes that are characterized by a defi- 
nite isotopic spin 7’, its projection 7’, and a defi- 
nite Young scheme’. Such distributions are given 
in Refs..5-7 for two and three mesons. We have 
done the same for four and five mesons. The re- 
sults are given in Tables II and III. The Roman 
numerals at the top of the Tables indicate the 
Young schemes which correspond to the numerals 
in the Figure. 
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In conclusion | wish to thank Professor S. Z. 
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Belen’kii who suggested this. problem. eee 
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Account of Retardation in the Interaction of 
Neutral Atoms 


I. Kk. DZIALOSHINSKII 
Institute for Physics Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor March 2, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1152-1154 
(June, 1956 ) 


ASIMIR and Polder! considered retardation in 
the interaction of two neutral atoms. They 
showed that the energy of interaction for distances 
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large compared to the wavelengths in the spectrum 
of the atom decreases with the distance as R™’ and 
not as R~® as follows from the theory of London 
for the Van der Waals forces. Subsequently, these 
deductions were verified in Ref. 2 for the independ- 
ent macroscopic approach to the question. How- 
ever, the calculations of Casimir and Polder have 
a number of shortcomings. In their original method 
of asymmetric perturbation theory there appeared 
divergent expressions which could n& be com- 
pletely and correctly removed until the appearance 
of the present technique of renormalization. More- 
oyer, when integrating resonance denominators, 
basic to their thoery, the authors used rules of 
circumvention, which did not naturally follow from 
their method. In connection with the above, there 
appeared recently a paper (Ref. 3) in which the 
author doubts the results obtained by Casimir 
and Polder. Using a cumbersome nonrelativistic 
form of the perturbation theory this author obtained 
the physically scarcely detectable R-® dependence 
for the interaction energy. We did not check the 
calculations in Ref. 3, and in order to solve this 
question we made calculations for the case of 
twohydrogen atoms in the ground state using the 
contemporary invariant technique of Feynman. 

It is known that the interaction between neutral 
atoms is an effect of the fourth order in the charge 
e in perturbation theory. The S-matrix, averaged 


in the photon vacuum, is in the fourth approximation: 


72 
so = \\(lPu, 7, ©, 7, 
x DF (12) DF (34) dx; dxy dx, dx4. 


The matrix elements, corresponding to the dia- 
grams shown in Fig. 1 contribute to the effect 
which interests us. From these diagrams the di- 
vergent diagrams 3, 4 and 5 are zero after renormali- 
zation, since they will be proportional (neglecting 
the relativistic effects and multipole interactions), 
to the average value of the dipole moment of the 


atoms( point a). The contribution from diagrams 1 
and 2 is finite and is equal to 


saan (((] PLO © OPE @ 2 Ol 


x DF (12) DF (34) dx, dx» dx dX. 
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The current density j (x) in our case has operators 


with the following matrix elements: 


Dam =OVVmr SPnam= ie YYm — 3) Sam) 
where wy is the wave function of an atom in the 
state n. 

Let us use the known expansion of D* in the 
Fourier integral and then integrate for all times. 
Then for the effective energy of interaction U, 
corresponding to the given element of the S-matrix 
(see for instance, Ref. 4), we get 


U=qqa\\\\endnanan 


x \\ dp’ dp” exp {i p’ (r1—1T2)+é p” (3 — t4)} 


me < dw 
x | =e 


(Lae (l 
\ { Zeontsno 
\ 


Oy | oes 


no 
n,m 


(1) 


L) 
Jyon luno 
Ong +o 


-(2 (2 /9 . 
} Age woe bee ao 


(On +e eee ® 


The known rule of Feynman is used for the circum- 
vention of the poles when integrating with respect 
to @. 
Neglecting relativistic effects and the effects 
of higher multipoles, and also taking into considera- 
tion that the ground state of hydrogen is an s- 
state, we obtain finally 
a % oo 
Mees es \\ dp' dp” e—i(p’+P")R \ 


—OO 


dw 
(p= @")(p'"*7—a?) 


X Oy (@) a (@) [Sa* — w?(p’? + p”) + (p’p”)?]. 


Here « (@) is the real part of the polarization of 
atom 


a (w) = BS 20, (open /—o?), 


n 


where d,, is the matrix element of the dipole 
moment. 


Divergent integrals with respect to p’ and p”’ 
must be calculated with a cutting-off multiplier of 
the type e~APR , subsequently allowing A to go to 
zero. Actually, in neglecting the effects of the 


higher multipoles, we assume that p << 1/a, 
where a is of the order of the size of the atom. In 
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this sense A > 0 means neglecting values of the 
order of magnitude of a/R. 

ForR << A, (A, is the order of magnitude of the 
wavelengths in the spectrum of the atom) U is the 
form of London’s formula. In the other limiting 
case for R >> vO in the integrals with respect to 
p and w, the regions p~ w ~)_/R are important, 
and the main member in U will be 


i 
160° “1 ( 


U = 0) aw (0) 


x lim \ \ dp’ d p’e—t(P’ TP" )R—-AR(p' +p") 
A> Oe. 


lee) 
da 
<a Oy 72 " 
a \ (p2—o2) (p”2—e2) [Se ipo ap) 


— oD 


'h”)2] — 2304 (0) Xo (0) 
(ppsj7] Lgiiiokd <7) seme 
which exactly coincides with the results obtained 
by Casimir and Polder. 
I express my gratitude to L. P. Gorkov for 
taking part in the discussion of the above problem. 
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The Energy Spectrum of y-Quanta from 
Decaying 7°-Mesons 


A. A, TIAPKIN 
(Submitted to JETP editor February 17, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1150-1151 
(June, 1956) 


EE relationship which determines the energy 
spectrum of the y-radiation Wle,, G, ) observed 


in any coordinate system at some angle 6, , as a 
function of the energy and angular distributions of 
neutral mesons ie @) in the same coordinate 


system is 
co ae { 27 (1) 
W (e,, 04) =\ i = Fe 0) do’ 
V os oa | 
N Smin oa 
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Here « 


7 and é,, are the total energy of the 7°- meson 


and the energy of the y- quantum in units of the 7° - 
meson rest enegy:¢ = ty a Ly t Ae.) 

§ = arccos (sin 9 cos 9’ sin® + cos 3 cos @ ); 

N Nee 


&_ — 1/2e,, 
3} = arccos —————_ 


V 2&1 


0 : * > “ 
For 7--mesons whose angular distribution is pro- 
portional to cos?@ we obtain 


leo) 


{ ccs? $ F(e_) d 
Wey, ia) = ¥ (8 cos? 6,,-— 1) \ kok: 


Lae), 


From this it follows that the y-spectrum recorded 
at angle 0* = arccos (1/\ 3) is logarithmically 
symmetrical with respect to the energy ¢«. = 1/2 
just as in the case of isotropic distribution of 7°- 
mesons. This means that from the y- spectrum at 
a given angle and for an angular distribution of 
mesons of the form a + 6 cos76, it is possible to 
obtain directly the energy distribution of the 
mesons and their mass by the method described in 
Ref. 1. Angles which are characterized as noted 
above will hereinafter be called “‘isotropic’’. 

Another characteristic of an “‘isotropic’’ angle 
is the dependence of the total gamma flux at a given 
angle on the ratio of the constants a and 6 in the 
angular distribution of the 79-mesons. 

By integrating (2) with respect to the energy we 
obtain the angular distribution of the y-rays pro- 
duced through the decay of 79-niesons whose angu- 
lar distribution is proportional to cos” @, in the 


form 


1 
W, (4) le cos" 5-1) (3) 


ih 
— cin2 
x + 7 Sin 0. 


eal 


9 


© “pcos? 9 F (e_) de 
eee 
0 


Emin 
It follows that the gamma flux at angle 
= arecos (1/\/3) remains unchanged in the transi- 
tion from the cos?@ law of meson angular distribu- 
tion to an isotropic distribution if only there is 
no change in the total number of mesons produced 
per unit time. 

It also follows from (3) that when the angular dis- 
tribution of 7°-mesons is a+ 6 cos’@ the angular 
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distribution of y-rays must have the form JAN te 5 
cos“0, where 


of. ¢ ¢c0s?® F(e,) den | 
eae las, V 2—1 
Tw 


0 G 
ee 5 iM COS ua a (eo \ides ! 
wt Cag eee a 
5) 3 ee Veen | 
0 Emin s 


The sane conclusion was reached earlier in Ref. 2. 
Using this result and Rosenfeld’s® suggestion re- 
garding the existence of an “‘isotropic’’ angle Os 
for charged mesons we can also conclude that the 
gamma flux at angle 0%, is independent of the ratio 
of a and b in the angular distribution of 7°-mesons. 
The above-mentioned properties of the gamma 


66: 


spectrum and flux for the ‘‘isotropic’’ angle are 


retained in the more general case when the angular 
and energy distributions of the 79-mesons are of 
the form a(e_) + ble) cos70. It should be noted 
that in this instance when the derivative of the 


measured gamma spectrum is multiplied by the 


\ 


gamma-ray energy we obtain the function a(e, ) 


Lys b(e,). 

I take this opportunity to acknowledge my in- 
debtedness to B. M. Pontecorvo for a discussion 
of the above results. 
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On the Stability of the Phase Boundaries 
Between Normal and Superconducting States 


I. E. DZIALOSHINSKII 
Institute for Physical Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor March 2, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1154-1155 
(June, 1956 ) 


N OT long ago, Beck’s paper’ appeared, in which 
the author, using London’s equations for the mag- 
netic field in a superconductor, found an instability 
in the boundary between the n- and s- phases as re- 
gards a periodic (along the surface ) perturbation of 
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the shape of the boundary. It is immediately clear 
from Eqs. (25) and (34) of Ref. 1 that the instability 
found by the author, at least as regards a perturba- 
tion with a period much greater than the penetration 
depth of the magnetic field in the superconductor, is 
explained by the well-known fact that London’s 
equations lead to a negative surface energy on the 
boundary”. Since a negative surface tension contra- 
dicts experimental results for thin films, the analy- 
sis of the problem of stability should be based, not 
on London’s equations, but on the theoretical cal- 
culations of Landau and Ginzburg’, which give a 
positive value to the surface energy. In Landau 
and Ginzburg’s theory, the problem of stability be- 
comes the problem of a unique solution at infinity 
under corresponding boundary conditions. A strict 
analysis such as this can scarcely be performed by 
means of thenon-linearequations of the theory. The 
only complete solution is for a perturbation with a 
period much greater than the penetration depth. In 
this case it can be made equal to zero, so that B= 0 
in the superconducting phase. Also, in agreement 
with the theory of Landau and Ginzburg, we attri- 
bute a positive energy to the boundary between the 
n- and s-phases, which we write in the usual form, 
CHE /87) A, where H, is the critical field and A 
is a constant with the dimensions of length. The 
free energy change taking place with a variation in 
the shape of the boundary is written (for this case) 
2 2 
SF = sil 8V,+ 3S = = 8 \ HdV. (1) 
Vn 

The equilibrium of a plane boundary is studied in 
relation to an arbitrary (but not specifically ori- 
ented, as in Ref. 1) periodic perturbation. The 
stability of the boundary of arbitrary formis ana- 
lyzed inthe same way because any small part of the 
boundary can be thought of as a plane. The in- 
tegral on the right side of Kq. (1) is easily trans- 
posed so that to calculate dF, correct to a second 
degree term over a small variation in the boundary 
dz, it is sufficient to know the magnetic field 
variation 6H with an accuracy to a term of the first 
order of dz. By means of a simple transformation 
we can show that 


Ww 


| 1a Fe 4 
Sait \ HV = ——- 8V, + z\ [A,SH] ds, (2) 
Vn S 


where Ay is the vector potential of the unperturbed 
constant field Hg; the integral on the right-hand 
side of Eq. (2) is taken over the surface of the per- 
turbed boundary. In the derivation of Eq. (2) the 


vector potentials A and A, are so normalized that 
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AY = 0 when there is no perturbation and A = 0 
where there is a perturbation of the boundary. 
If a small periodic perturbation is put onthe 
boundary 
8z = a (f) e!T, 
then for the component 5H, parallel to f, correct to 
a first order quantity for a(f), we have 


8H | = Hofa (fet(fr)—fz (3) 


OH, being reduced to zero. Using (2) and (3) we 
determine the free energy change (at the same time 
H,=H,, which appears to be a necessary condi- 
tion of equilibrium). 


_ SH? Af? 
BF= SS Dla ol'(z 


where g is the angle between f and H,- 
In this way 65F > 0, which shows the stability of 


the boundary in relation to a smoothly changing 
form (it should be | grad z| << z/85, where 6 is the 
penetration depth ). 

Equation (4) allows us to calculate the mean 
square of the fluctuation of the displacement of the 
boundary. By using the general theory of thermo- 
dynamic fluctuation* we find 


8rkT 
SH? (Af? + 2f cos* 9) 


(4) 


+f cos*e) , 


\a@ (f) |? = 
from which 


(327) = 


2kT ¢ dt | 5 
nH? \ Af? + 2f cos? » 

The integral diverges logarithmically for large f, 
but since our analysis is correct only insofar as 

f << 1/8 (6 is the penetration depth ), we should 
stop the integration at f, = 1/A, A~ 6. The cal- 


culation gives 


(82)? = (4kT/AH}) In (A/2). (6) 


For mercury when 7 ~ 1°K, with the exception of 
the region near the lambda point, 5z ~ 10° ‘cm. 
We note that a difference fromthe usual result 
for the fluctuation of the displacement of the 
boundary in the absence of magnetic field, where 


(8z)” ~ ff-2df, is that the integral (5) corre- 
sponds to lower limit. 


I gratefully acknowledge the help of EK. M. Lif- 
shitz in preparing this paper and in obtaining the 
results. 
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Mechanical Phase Analyzers for Treatment of 
Experimental Data on the Scattering of 
Particles without Spin on Particles with 


Spin 0 or 1/2 


N. P. KLEPIKOV 
Institute for Nuclear Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor February 25, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1155-1158 
(June, 1956) 


ya ee is known, the scattering amplitude for elastic 
scattering of particles without spin on particles 
with spin 1/2 in a state with a definite isotopic 
spin is of the form 


f= 5%, DU + Met —1) ) 
1-=0 
+1(p;7 —-1)]P; (cos 0) + me D (e7 — ej) PE (cost), 
=1 


where P (cos @) and Be (cos @) are the Legendre 


polynomials and the associated Legendre functions, 
k and @ are wave number and scattering angle in the 
center-of-mass system, and n is a unit vector per- 
pendicular to the plane of scattering. Here we 
introduce the notation: p) = exp 215}, where 5; are 


the scattering phases. With the plus sign we de- 
note the magnitudes for the states in which the 
total momentum 7 is equal to / + 1/2, and with the 
minus sign, for the states in which j = 1-1/2. The 
amplitude in Eq. (1) satisfies the relationship 


1', Sp Imf (0) = (R/4r) o, (2) 


where o is the total scattering cross section. For 
the scattering on the nonpolarized particles we 
have for the differential cross section and polariza- 


tion rl 
o’ (0) = > Sp ft (9) F (8) 
wee (3) 
2S 2 
=p { Si (+ Met — 1) + (ep — 1) P; (cos 8) 
1 =0 
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+|>) Sf — pf Pl(cos 6) |? |= 2D) A,P, (cos 9), 
t=1 io 
o! (0) P (0) = Sp f+ (0) onf (8) 4) 
= ay) [(2 4- 1)(e77 —1) + 2 (e7 —1)] P;(cos 2} 
Af ma 
x F (7 — ef) P;i (cos a} 
ie 


where the product of the complex numbers is taken 
in the sense of the scalar product 2Z2,Z, = Z4Z, 


A Ly The coefficients Ay are determined ex- 


perimentally. From Eqs. (3) and (4) it is obvious 
that o “(@)[1+P(@)] and particularly o (0), 
o(m) ando’(7/2)[1+P(27/2)] are expressed as 
the squares of the moduli of some linear combina- 
tions of the quantities py . If we add an arbitrary 
real number A under the square sign of the modulus 
in the expression for 0(0), then, because of Eq. 
(2), we obtain 


4k? {o' (0) 22} 422 (5) 
es 2 
=| >) (+ Nef —1) 4407-1144 
1-=0 


Furthermore, if the number of phases different from 
zero is finite, and there are present both phases of 
the highest orbital momentum p taking part in the 


LETTERS TO THE EDITOR 


interaction, then for the last coefficient of the ex- 
pansion of the differential cross section we get the 
following, as can be easily verified: 


(P+ 1)e, + pe, —p—1\" (6) 
p 24p— tile seed pce Se 
[(2p — 1) !]8 (4p + 4)! 2p 


If the last phases are both phases of the maximum 
total momentum j = p — 1/2 then 


[Pac epee (7) 


4 (4p — 3)! [(p — 1) 1} 
(2p —2) ![@p—41)T 


and the coefficient for oe 


2p—l> 


(cos @) ing’ is identi- 
cally zero. 
experimentally known, one can use the relation- 
ships which follow directly from Eq. (3); for 
instance,.letting 0 = 7/2. 

If in Eqs. (1)-(3), (5) and (6) we let Pix 


we get the relationship for the scattering of parti- 
cles without spin. 

For the construction of mechanical apparatus 
which would allow the determination of phases 57 
from the experimental data for angular distribution 
and polarization of the particles, we will consider 
Then it 
is obvious that the mentioned relationships de- 
termine the absolute magnitudes of some linear 
combinations of these vectors. 


In cases, when the polarization is not 


p, then 


the magnitudes p as vectors in a plane. 


Scheme of the apparatus for 4 phases for spins (0, 1/2): 


A=, B=p,, C=2e7, D=2e*, E=2++0), 
L = 2kVo (vu), M = V 4R? {o' (0) — 60 / An} + 36, 


N = 2kV o' (=), 


P=2V1+/, Ap. 
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Let us consider in more detail the case of find- 
ing four phases for the scattering of particles with 
spins (0, 1/2). From vectors Po: Py 2p7 and 


2p, , let us construct a lever system, shown on the 
picture, and superimpose on it four connections 
which are determined by relationships (5) (for A 

= 6), (7), and by relationships following from the 
expressions for 0(0) ando“(7). On the picture 
the connections are shown by the dotted lines. 
Moreover we fix all 4 degrees of freedom of the 
system and can read off the angles 26 which the 
vectors p in point 0 make with the abscissa. Be- 
cause of the arbitrariness of A in Eq. (5), the point 
H can be connected with two arbitrary points of the 
real axis, choosing them in such a way that the 
angle between these two connections is closest to 
a right angle--which increases the accuracy of the 
apparatus. For this purpose, because of Eq. (2), it 
is convenient to choose A_ and A, in such a way 


that A, < 2h o/4n< A,, wherein, in the joining of the 


connection to the point x of the abscissa, A 
=(lvp)* —x or A\=p?+p — x [ depending on 
which of the Eqs. (6) or (7), is applicable ]. Be- 
cause of Eq. (2), the left side of (5) is positive, 
and the experimental data, which do not satisfy 
this condition, are not compatible, since for them 
the relationship | f(0)|* > [lm f(0)]? is not satis- 
fiel. As is known (Ref. 1) the cross section (3) 
does not change if one substitutes for all phases 
the phase of the states of the same total momentum 
but of the opposite parity. This property of the 
cross section can be utilized to double the region 
of the angles which can be found by this apparatus 
without moving any of its parts through the point 
0; for this purpose it is sufficient to rename the _ 
vectors according to the scheme py < Py: 2pi< 2p: 


Note that only 4 relations [ (5), (6) or (7) and rela- 
tions for 0’(0) and a“(7)] have a simple appear- 
ance and at the same time do not include polariza- 
tion data. Therefore, for finding a larger number 
of phases it is necessary either to consider polari- 
zation data, or to realize more complicated rela- 
tions of the type (3), or, finally, to extrapolate some 
phases based on the measurements for other ener- 
gies. 

Mechanical analyzers, with an adequate amount 
of experimental data, permit one quickly to find 
phases and thus to solve the system of trigono- 
metric equations which arise during a comparison 
of the expansion coefficients for the experimental 
angular distributions and polarization with the 
expressions of these coefficients by means of 
phases. In this type of apparatus, the connection 
between the phases and magnitudes, introduced 
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from the experiment, is two-sided. Therefore, if 
the limits are known in which each of n independ- 
ent experimental magnitudes can be found with 
the probability g, the apparatus allows us to find 
the limits in which the phases lie with the proba- 
bility Q, where q” < Q< q (the right equality is 
realized for the complete correlation of errors of 
the experimental data, the left for the complete 
absence of the correlation). For this purpose the 
lengths of the connections must allow a free 
change within the errors of the corresponding 
magnitudes (in the picture these limits are shown 
by the segments of the couplings). Varying the 
position of the apparatus within the limits allowed 
by the connections, one can find the limits for the 
phases and the sensitivity of the solution to a 
change of experimental data. 

Up to the present time the solution of the corre- 
sponding system of equations (e.g., for the scat- 
tering of 7-mesons by nucleons, or neutrons by «- 
particles ) was either carried out numerically (Refs. 
2-5), or with the help of electrical analogues (Ref. 
6), or graphically (Refs. 7-9). The first two 
methods have the disadvantage that the connection 
between the experimental data and phases is one- 
sided: only analytical expressions for the coeffi- 
cients in the expansion in phases of the cross sec- 
tions and polarization are known, and not vice 
versa. Therefore, the solution is obtained by a 
large number of successive approximations and 
does not indicate the shortcomings of the phases. 
True, the numerical calculation allows one to ob- 
tain the “‘best’’ phases using the method of least 
square; however, the speed of numerical processing 
will doubtless be considerably greater if the phases 
are defined more accurately within the limits de- 
termined by the apparatus. Graphical solution is 
possible only for the case when the number of ob- 
tained phases does not exceed three; it also does 
not allow one to find the errors in the phases. 

The lever apparatus has already been described 
in the literature (Refs. 10 and 11) for determining 
three phases for the scattering of 7- mesons by 
nucleons, but in this apparatus only the relation (2) 
is utilized and the relation for o’(0) ; also, in- 
stead of utilizing the relations for o’(7) or (6), 
there is used a very inconvenient condition for the 
equality of two angles whose apexes are at differ- 
ent points for all situations of the apparatus. 

The author is obliged to Prof. B. M. Pontecorvo 
and also to L. I. Lapidus, R. M. Ryndin, S. M. 
Bilen’kii, A. I. Mukhin, S. N. Sokolov and G. N. 
Tentiukova for the valuable advice and help in 
the work. 
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Electrical Properties of Germanium at 
Very Low Temperatures 


E. I. ABAULINA-ZAVARITSKAIA 
Moscow Staie University 
(Submitted to JETP editor March 7, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1158-1160 
(June, 1956) 


UNG? found that there is a change in the acti- 

vation energy of the carrier current in germanium 
in the region of helium temperatures and later this 
was verified by experiments?:3, But until the 
present time there has not appeared a satisfactory 
theoretical clarification. [t seems to be proper at 
this time then to study the properties of germanium 
at very much lower temperatures. 

We obtained very low temperatures by the adia- 

batic demagnetization of iron-ammonium alum. The 


apparatus allowed us to cool the germaium sample 
to 0.15°K. The temperature of the sample was 


controlled by a calibrated carbon thermometer, with 
“°° K. The electrical con- 
ductor for measuring the resistance was passed into 
the dewar to the sample through an evacuated steel 
tube, and covered with polystyrene washers. The 
conductor is cooled to helium temperatures by 
means of a quartz rod and to very low temperatures 
by means of a block of alum. This made possible 


an accuracy of 5 x 10 


the attainment of very low temperatures in a matter 
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of a few hours, so that we could carry on the ex- 
periments at a temperature that remained relatively 
stable. 

The thermal and electrical contacts to the sample 
of germanium were made using springs tightly en- 
veloping the sample, the ends of which were electro- 
lytically covered with copper. The electrical re- 
sistance of the sample was measured with an electro- 
meter with a reversable connection and with a cur- 
rent sensitivity equal to 1 x lOis AE 

For measurements in the region of hydrogen and 
helium temperatures, the apparatus was filled with 
atmospheric helium. For measurements at very 
low temperatures, several centimeters of gaseous 
helium were put in at room temperature by which 
the isothermal magnetization was hastened. The 
adiabatic demagnetization depends on the adsorp- 
tion of the gaseous helium over the surface of the 
cooled salt. 

Several samples of germanium were studied hav- 
ing a specific resistance of the orderof 1 ohm-cm at 
room temperature. The samples were prepared in 
the Institute of the Metallurgical Academy of 
Sciences, USSR, and in the semiconductor section 
of Moscow State University. ; 

The temperature dependence of the specific re- 
sistance of the sample is shown in Fig. 1. The re- 
sistance of the sample was measured at a gradient 
of 50-100 mv/cm. At this voltage the resistance 
for all practical purposes still does not depend on 
the field. The effect of geometry on the resistance 
was studied. To clarify the role of the contacts, 
the space between them was variedfor one of the 
samples from 15.8 to 8 mm at a constant cross 
section area of about 0.25 cm2, Within the limits 
of the accuracy of the experiment (around 20% ) the 
calculated specific resistances were equal. There 
is the same degree of accuracy in the results for 
samples subjected to these different surface treat- 
ments: 1. polishing, 2. dipping in a boiling mixture 
of hydrochloric and nitric acids. The results did 
not change when the ends of the sample were 
coated with copper by means of electrolysis. 

We have shown two sets of curveson Fig. 1. One 
of these curves corresponds to the resistance of the 
samples in the region of hydrogen and helium 
temperatures, the other, in the region of helium and 
very low temperatures. The results of the measure- 
ments allow us to make some conclusions on the ex- 
istence in the region of temperature from 0.15 to 
1°K of an energy of activation smaller than inthe 
region of temperature between 1.6 and 4.2°K. The 
small amount of activation energy of the current 
carrier in the region of helium and very low 
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(right scale). The dependence-of resistance on the 
temperature: Ja, 2a, in the region of hydrogen and 


helium temperatures (left scale), 1b, 2b, in the region 
of helium and very low temperatures (right scale). 


temperatures makes germanium sensitive to a very 
small surface effect. Thus, for example, room 
temperature radiation lessens the resistance of 
the sample by a factor of ten. This circumstance 
led to the necessity of shielding the sample with 
a baffle at the temperature of liquid helium. 

We know‘ that the presence of comparatively 
small electrical fields also leads to an increase 
of conductivity. Figure 2 shows curves taken at 
various temperatures between 0.15 and 4.2°K and 
the dependence of the sample resistance on the 
electrical field. The results for the samples ex- 
posed to various surface treatments are self- 
consistent. Changingthe linear dimensions of the 
sample displaces all the curves so that the ratio of 
V ,, to the dimensions of the sample remains con- 


stant. : pr eee 
With an external voltage differing from the “‘criti- 


cal’’ by only 10-15%, a thermometer fastened to a 
lower part of the sample, i.e., on the side opposite 
from the coolant, did not show more than a 0.1°K 
rise. The application of a “‘critical”’ field led to 
an instantaneous heating of the sample to the 


P(S2:cm) 


/ $ $79 TTS J ORL aN: 


ines De p(O * cm) vs. V. The dependence of the 
resistance on the external electrical field: (v/cm): 


I--0.15; 2--0.2; 3--0.4; 4--1.77; 5--2.23; 6--3.12; 
7--4,2° K; Che = 11 v/cm). 


temperature of the outer bath, i.e., to 1.7-1.8° K. On 


the curves of Fig. 2 in the region of voltage lower 
than the critical we can see two different slopes, 
one of which is inherent in the curve in the region 
of very low temperatures; the other, in all curves in 
all temperature intervals from 0.15-4.2° K. 

The author wishes to thank N. V. Zavaritskii and 
A. I. Shal’nikov for their valuable advice and un- 
failing interest in our work, and D.S. Zemskov 
for the careful preparation of the sample. 
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Energy Spectrum of 7~-iMesons Produced by 
Cosmic Rays in Photographic Emulsions 


A. A, VARFOLOMEEYV, R. I. GERASIMOVA, 
E. A. ZAMCHALOVA, M. I. PODGORETSKII 
AND M. N. SHCHERBAKOVA 
Academy of Sciences, USSR 
(Submitted to JETP editor March 28, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1164-1166 
(June, 1956) 


1 IN the research we investigated the energy spec- 
trum of 7~- mesons (with energies < 70 mev) 
produced in the interaction of cosmic rays with 
the nuclei of photographic emulsions. We made 
use of two piles of emulsion layers of diameter 10 
cm of emulsion type P, irradiated in the strato- 
sphere (56 layers of 330p each and 60 layers of 
450). In the exposure the piles were assumed to 
be vertical so that the mean direction of the primary 
cosmic particles was directed into the plane of the 
emulsion. The processing of the plates was car- 
ried out according to the method described in Ref. 
1. In the systematic examination of the plates 
under a microscope, all the tracks of stopped 7 - 
mesons were observed and then traced to the point 
of meson creation or of its entry into the plate. In 
the determination of the energy of the 7-mesons 
from their total range, use was made of the tables” 
of the dependence of the range-energy for the emul- 
sion Ilford G-5, inasmuch as the stopping action of 
the emulsion actually used differed insignificantly 
from the Ilford emulsion. 

2. In all, about 1000 tracks of stopped 7-mesons 
were traced, of which 195 7*~ and 328 7 - mesons 


Yucno cnyyaeb 


Byesal 
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were formed in the emulsions. Their energy spec- 
tra are shown in Figs. 1 and 2 (dashed line histo- 
grams). In view of the fact that the 7- mesons of 
different energies formed in the emulsion have dif- 
ferent probabilities of stopping in the plate, ap- 
propriate geometrical corrections were introduced 
to take account of the finite size of the emulsion 
volume. 

The correction coefficients were computed in the 
following way. First, for each track of a 7-meson 
which makes an angle @ with respect to the vertical 
the total interval Ay was determined of those 
angles ~( ¢ is the azimuth angle ) for which the 
track of a 7-meson with range KR will end within 
the emulsion chamber. The first correction coeffi- 
cient K_= 27/Ag determines the ratio of the 
number of all 7-mesons which leave the given point 
with angle @ and with energy E (2) tothe number 
of those of them which stop in the emulsion. Sec- 
ond, that part of the layer AS on which the 7- 
mesons created in the plate could be stopped if they 
emerge from different parts of the chamber with 
energy E at the given angle @ and at different ¢. It 
was determined (Fig. 3) as the area of the inter- 
section of the circle 0. of diameter 10 cm with one 


of the similar circles OS or O,, whose centers, to- 


Py 
gether with the center of O,, form an isosceles tri- 
angle with legs R and apex angle 26 (shaded part 
of Fig. 3). The second correction coefficient Tp 
was computed as the ratio of the area of the entire 
layer to the size of AS. 

As a result of the introduction of the correction 


coefficients K = KK, for each case, we obtained 


energy spectra for the 7 - and 7 * mesons, 
formed in the emulsion (which are shown in Figs. 
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1 and 2, respectively by the solid line histograms). 
It appears that the statistical sampling is too small 
to make a definitive judgement on the spectra; how- 
ever, it seems possible to us to note a certain ob- 
served difference in the spectra of 7 - and 7* - 
mesons. 

First, the initial part of thez -meson spectrum: is dis- 
placed to the left, relative to the corresponding part 
of the 7 ‘-meson spectrum, by ~ 10 mev. This shift 
can be explained by the Coulomb interaction of 7- 
mesons with the nuclei from*which they emerge, in 
the case of the magnitude of the mean Coulomb bar- 
rier of the the nuclei being of the order of several 
mev. 

Second, the spectrum of the 7 -mesons, in con- 
trast to that of the 7 ‘-mesons, is evidently not 
monotonic: in the region 10-30 mev a small maxi- 
mum is observed. If this maximum actually exists, 
then it is possible tg explain it by the decay of A®- 
particles, absorbed by the same nuclei in which 
they are formed. The position of the maximumdoes 
not contradict this hypothesis. Actually, for 7- 
meson decay of a A°-particle connected with the 
original nucleus, an energy 


Q=37 mev — (By. — B,) — (m, — my) — (M2 —M)), 


will be produced, where M,,™, and m, are the 
masses (in mev) corresponding to the original 
stable A°-nucleus, neutron and proton, M, is the 
total mass of all the products of the decay of the 
A°-nucleus, other than the 7- meson, B Ao is the 


binding energy of the A°- particle inthe A°nucleus, 
and B is the binding energy of the neu- 
tron in the corresponding stable nucleus. 


RiGw3 


As the distribution of primary stars according to the 
number of ‘‘black’’ or ‘‘gray’’ rays (the average 
number of “‘black’’ and ‘‘gray’’ rays is equal to 10) 
shows, the 7— mesons are formed principally on the 
heavy nuclei of the photographic emulsion--Ag and 
Br. In such nuclei, the A°- particle can appear to 
be at an energy level that is much lower than the 
lowest bound neutron, since its levels are all free. 
As aconsequence, the quantity (B 9 - B) is 


greater than zero, the latter leading to a reduction 
of Y. Moreover, the 7” — meson, in leaving the 
nucleus, will be retarded by the Coulomb field and 
lose several million electron volts. All this could 
lead to a shift of the maximum in the interval from 
30 to 10 mev. The size of the maximum does not 
contradict (with accuracy of one order) data on the 
quantity of excited fragments which decay with the 
emission of 7~~ mesons. 

In conclusion the authors express their thanks to 
V. V. Alpers and J. I. Gurevich for the help in the 
research and for criticism of the results, and also 


to A. A. Barkhudarov, L. V. Kruglov, L. A. Karpov, 
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V. M. Kutukov, A. P. Mishakov, A. S. Romantsev, 
A. I. Ryzhov, L. V. Surkov and S. A. Chuev for 


taking part in measurements on the microscope. 
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Disintegration of Beryllium and Carbon 
Nuclei as a Result of 77» ~Meson Capture 


A.:A. VARFOLOMEEV AND R. I. GERASIMOVA 
Academy of Sciences, USSR 
(Submitted to JETP editor, March 28, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 

1167-1167 (June, 1956) 


A O obtain information on the disintegration of 
light nuclei in stopping 7 — mesons, an inves- 
tigation was carried out on o-stars in beryllium and 
carbon. Powdered beryllium and carbon (crystal 
size 5—10 p ) were introduced into the emulsion to 
the amount 4p: gm per cm.* The method developed 
for introducing the powders guaranteed a uniform 
distribution of the crystals over the emulsion layer. 
A plate of total thickness 2— 2.5 mm was prepared 
from emulsion layers of diameter 42 mm, 

The powder of the material under investigation 
was contained in only 3—4 layers out of 10. The 
plates were exposed to a beam of slow 7 —mesons 
in the synchrocyclotron of the Institute for Nu- 
clear Problems of the Academy of Sciences, USSR. 
The method of processing the layers! differed 


little from the procedures used previously for the 
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processing of emulsions in layers.” (The work 
was completed in 1953.2) A layer with beryllium 
was fixed at low temperature B ~ 5 ° ) to pre- 
serve the blackening. 

Each fixed case which resembled the nuclear 
absorption of a pion in the crystal was subjected 
to processing under a microscope. After all the 
necessary measurements had been completed, the 
tracks were again subjected to examination. For 
improvement of the visibility of the layer, the 
emulsion below the crystal wasremoved with chamois 
and wetted in a solution of methyl alcohol in ethyl. 

We succeeded in reducing the layer to several 
microns thickness. The emulsion was soaked 

in water at the place under investigation and was 
examined (in swollen condition ) under the micro- 
scope. Only by means of such careful testing 
could it be reliably established whether the pion 
was absorbed in the crystal. 

As a result of the investigation of 4 cm? of the 
emulsion, 7 cases of pion absorption in carbon 
and 12 in beryllium were observed. In the analy- 
sis of the tracks, we used a method of counting the 
grains on some plates and the 6 -electrons on the 
others as functions of the remaining range of 
the particles. Singly-charged particles differed 
from doubly-charged ones in the remaining range 
by more than 50-100 p. Information on the parti- 
cles which arise in the nuclear disintegrations of 
carbon and beryllium are shown in Tables 1 and 
2, respectively. The symbols H,p,d,T, « 
and f denote, respectively, singly-charged parti- 
cles, protons, deuterons, tritons, doubly-charged 
particles and particles with short tracks, which 
could not be identified. 

The average number of prongs in the stars in 
beryllium amounted to 1.15 +0.23. In nearly 
one fourth the cases ( 28 +12 % ), the absorp- 
tion of the pion did not lead to the release of 
charged particles. In each disintegration of a Be 


TABLE 1 


eer 


Number of 


Energy of particles 
in mev (range in iT) 


prongs in Nature of 
eyes Particles 
0) ety 
4 
i 
2 P, % 
2 a, f 
3 PE 
4 FE Ea? 


14 
(46) 
10,10 
12, (14) 
49, (70), (12) 
5,0. 4.7, (24), 7) 
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TABLE 2 
(ke ee ee ee le a oe ee 


Single-pronged stars 


Double-pronged stars 


Triple-pronged stars 


particle energy in mev particle 
symbol (range in pL ) symbol 
Pp a 0 
4 
fi 6 : 
a 13 H (d,T) 
f (17) we 
if (8.5) H (d,T) 
f (5.5) f 
f (3) H 
a aH f 


energy in mev particle energy in mev 
(range in pL ) symbol (range in pL ) 
11 Pp 49 
9.5 Dp 16 
11 Dy dl 2 
4,.5—5.5 W W 
9 lel 6 
8.9—9.5 lial 4 
(22) H 3-2 
2—3 — —_ 
(15) a s 
(4,9) oe _— 


nucleus, there arose, on the average, not more 
than one single charged particle, the mean energy 
of the charged particles being 5-10 mev. 


In such a light nucleus as Be, the particles which 


receive the energy in the initial act in the distri- 
bution of the rest pion between the nucleons, can- 
not undergo a large number of collisions with the 
rest of the nucleus. Consequently, in the energy 
spectrum of the particles emitted in the disin- 
tegration of the nucleus, one can make a direct 
judgement on the spectrum of primary particles. 
Among the particles which are emitted from the 
star in Be and C, there are absent tritons with 
energy > 10 mev. Consequently, fast tritons are 
not observed in the primary acts in a significant 
number of cases. The data obtained do not 
agree with the model in which the pion is ab- 
sorbed by a system similar to He4 , as a result 
of which a neutron is formed with energy ~ 95 mev 
and a triton with energy ~ mev.* This model also 


contradicts the fact that absorption of the pion 
by beryllium fairly frequently fails to result in 
the emission of charged particles. ; 

A differeet model was proposed by Menon, 
in which the pion was absorbed by a group of He4 
with a subsequent uniform distribution of energy 
among the four nucleons (three neutrons and a 
proton). From the point of view of this model, 
the absence ino -stars in Be and C of a large 
number of tracks of protons with energy 20-40 mev 
remains unexplained (mean energy of the emitted 
protons does not exceed 10 mev). 

The energy released in the emission of charged 
particles in the disintegraiion of a Be nucleus is 
equal on the average to 10-15 mev. Almost ten 
times more energy is released in the emission of 
neutral particles than in the emission of charged 


particles. 


The resultant experimental information on 
o-stars in Be and C testifies to the fact that 
1 or 2 neutrons receive a large part of the energy 
of the rest pion. In such a light nucleus as Be, 
they rarely undergo collisions and thus retain 
an appreciable part of the energy without trans- 
mitting it to charged particles. 

In conclusion, the authors thank I. I. Gurevich 
for his valued advice, A. P. Mishakov for his 
help in the microscopic examination, and D. M. 
Samoilovich for preparation of the emulsions. 
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The Disintegration and liass Difference 
of Heavy Neutral iiesons 
JA. B. ZEL’DOVICH 
Institute for Chemical Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor March 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.)) 30; 
1168-1169 (June, 1956) 


ie the researches of Pais, Gell-Mann and Pic- 
cionil,2 there were forecast very interesting 
characteristics of the behavior of heavy neutral 
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mesons 6 which are formed in a pair with A -par- 
ticles, for example, by the reaction7- + p= A 
+ @. Along with @ , there ought to exist anti- 
particles @ ; in this case, only the 9 and not 


the @, are capable of bringing about the creation 
of A -particles in the interaction with nucleons 


through the reaction@ + N= A (the momentum 
and energy can be given off to a pion or to the 
nucleus, into whose formation the nucleon enters). 
Strict laws of conservation of electric charge and 
of the number of heavy particles (“‘the nuclear 
charge” )3 do not forbid the interconversion 

: In Ge scheme of Gell-Mann4 , this conversion 


cannot be completed quickly under the action of a 


strong interaction. If the conversion 0 =O 
could take place quickly, then the process 


N4+N=A+04+N=A+04N=A+A 


would be possible according to a scheme with the 
virtual formation of 6, with a threshold much 
lower in comparison with the process of creation 
N+N=N-+A +60. Experiment shows that the 
process VN +N ~A +A is not realized.® 

As a consequence of the invariance of the laws 
of nature relative to charge conjugation ( the 
operator P ) the eigenstates of p have a definite 
mass and a definite period of decay in a vacuum, 
symmetric 


6, = (0 + 6)/V2, PO, = +0, 
and antisymmetric 
0, = (0 — 6) /V2, PO, =— 6, 


The creation of 0 must be regarded as the 

creation of a mixture of particles 6 and @ , , 
s 

so related that a linear combination of the 
wave funciions of 6 and @ , describes 6 at this 
particular moment. Later ,in flight, as a 
consequence of the difference in the masses of 
6, and @_ , their phase relation changes; as a 
consequence of the different decay times of 
6, and 0, , their amplitude ratio changes. As 
a result, at a certain distance from the point of 
creation of 6, the linear combination of 0. and 
6, no longer contains only @ but also. The 
appearance of @ in the beam could be discovered 


by the nuclear interaction 7 +N= A. The 


quantity of @ changes with distance according to 
a decaying sinusoid, whose period depends on 


the mass difference of 6, and 0, 

In the present note it is observed that a 
similar periodicity ought to be observed in the 
decay 07 +7 +v and also considerations are 
made on the order of magnitude of the mass dif- 
ference of 0 and @ 

The decay of 0 into yu, 7, v was noted by 
The constants of interaction, which 
govern the decay of @ into p* 7 v(g,) and into 


Thompson. 


[ atv ( Bo ) did not have to be identical. 
Carrying out charge conjugation, we find that the 
decay of 8 into p” is characterized by the con- 


stant g. and into p by the constant g . Here 
6, decays with constant (g; +8, yn eae 


giving »* and p with equal probability, and 
0 decays with constant ( g, — g, ) / V2, also 


giving ie and with equal probability. How- 
ever, the ratio of the phase of p+ to the phase 
of 1” in the superposition of states, which is 
formed upon the decay of 0, , has a sign 
opposite to the ratio of the phases for the decay 


of 9. into * and u. Therefore, in the beam 

of 6-particles (which we ought to regard as a 
mixture of 9 and 6), the ratio of the proba- 
bility of decay with formation of w* or yp” oscil- 
lates in dependence on the ratio of the amplitudes 


and phases of 0 : and O- . With the passage of 


time, the quantity p + changes in proportion to 


| (g, + g) exp (im, — w,) t 


a (2, — &) exp (im, — w,) t 
where m_,m_ are the masses, w_,w_. the 
probabilities of decay (total) of the particles 
0. and @, . Thus, even in this process one 
must expect damped oscillations of the ratio 
H * / w~ with a period which depends on the 
mass difference, similarly to the oscillation of 
the nuclear interaction noted in Ref. 2. 

The difference in masses of 6, and @. 
depends on the possibility of the interconversion 
6704 | Such a conversion, accompanied by 
change in strangeness by two units, is a 
process of much higher order, and is much 
weaker in comparison with the decay 6 ~ 7* 

+ a ~. At first glance, then, it follows that 
the mass difference ought to be significantly 
smaller than the probability of decay (in the 
system# =c =1). Actually, the probability of 
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decay is proportional to the square of the matrix 
element for the process with change in strange- 
ness AS = 1, i.e., proportional to g* , where 

g is the coupling constant. At the same time, the 
difference in masses is proportional to the first 


power of the matrix element for the transtion 
6 ~@, with change in strangeness AS = 2. 
Actually, if we write symbolically 


— id0/dt = E,0 + f6, 


—i00/ dt = E,0 + fo, 


wegetE =F, tf, =E, —f; since we 


are dealing with the excitation of a created 
system, then the oe for 0 and @ are identically 
equal. According to considerations on the magni- 
tude of AS for the conversion 6 ~@ , we can 
expect that f~ g* , sothatAm ~%/ Te ? 
( as was assumed by Pais and Piccioni ), where 
Tis the period of decay ~ 1.5 x10 -!° 
numerically, we obtain A m=10 -!! m . | where 
m, is the mass of the electron. 

Another approach to the problem of the differ- 
ence of the masses of 0. and 0, is based 
on the direct consideration of that coupling of the 
6 -particles with other fields, which determines 
their decay. If we assume that the spin of 
6 is zero, thenthe paira ,7 which are 
generated in the decay, is found in a state which 
is even relaive to charge conjugation; only the 


decay 0. =a’ +7 “is possible, not the 
The decay of @ , gives informa- 


tion on the coupling of the field of @_ with the 


field of the pions*. According to the usual for- 
mulas of perturbation theory, such a coupling 
must produce a displacement of the level, i. e., 
a change of the energy of @ . , along with the 
decay which produces a broadening of the level. 
We write down side by side the energy shift 

and the decay probability: 


decay of 0. 


co 
M?(E) dN 


o  @ANEless \\ See ee 
0 


M (E ) is the matrix element of the transition from 
the state 0 = into the state of continuous spec- 
trum, i.e., into the pair 7 + a ~ with energy E ; 
dN /dE is the density of levels of the continuous 
spectrum. The integral in A £ is taken in the 
sense of the principal value; therefore the imme- 


diate neighborhood of E » does not determine its 


values. In order that the integral converge, it is 


w= 2nM? (E) dE, 


necessary that the falling off of M(E ) be 
sufficiently rapid for E > ©. To compute A E, 
not knowing the properties of M ( E ) is impossi- 
ble. From the expressions that have been 

given, it is evident only that A E is of the same 
order of magnitude as w ; dimensional quantities — 


the coupling constants, etc. ——enter into AE 
and w in the same degrees. 


* Decay into muons, which is less probable, is not 
considered here. 
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Angular Correlation in Cascade Decay 
of riyperons 


V. B. BERESTETSKII AND V. P. IGNATENKO 
(Submitted to JETP editor March 31, 1956) 
J. Exptl. Theoret, Phys. (U.S.S.R.) 30, 
1169-1171 (June, 1956) 


ing TUDY of the angular distribution of the de- 
cay products of hyperons can give evidence 
on the spin of the latter. The distribution of 
pions in the cascade decay E ~A ~p was con- 
sidered in Ref. 1. Here we consider the cascade 
decay 3° 7 A° + y >p ta ty. The wave function 
pertaining to the motion of a proton and a 7 — par- 
ticle has the following form: 


Vimy ®: 9) = Catia Vin (2) to 
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where p= pz, — Pp is the momentum of the 


relative motion, j is the spin of the A-particle, 


mj; = its projection, w , =the spin wave function 


of the proton, Y, is the spherical harmonic, C"" 


lm 
are the coefficients of vector addition. Since the 
spin of the proton is 1/2 and the internal parity 
of the pion is odd, then lis uniquely determined 
by the spin and parity of the A-particle g : 
ey os 1) ec) e Vl, 
is determined in the same fashion. 

The wave function of the entire system in the 
final state is 


m=mn.—d 
] 


Yom, (Ps p, Oo, m;, 2) 


x JMJ r P 
= >) 0rr.CL Mim; Yim, (p, o) O74 (> v) ’ 
Lr 


where P =P) — p, is the momentum of the rela- 
tive motion of the photon and the A-particle (in 
the system in which the %-particle P = 2 Ey is 


at rest), J = spin of the X-particle, M_ its pro- 
jection, p = the spin (polarization) variable of 
the photon, A, L., M are the parity, moment, and 
projection of the momentum relative to the motion 
of the photon and the A-particle. For given spins 
and parity of the 2- and A-particle, L and A can 
be different in the general case; the values of L 
for different A ought to differ in parity. Since m 


and My are given, then M =M }7™; ® Oo, isa 
vector spherical harmonic; its three values, 
corresponding to the three values of p., are ap- 


propriately combined in the vector Y (A) 2s for 


given L and M, two vector spherical harmonics 

are possible (A = 0, 1 ), which differ in parity. 

Similarly, we denote the wave function Y ein) 
JM i 

uh IM (...). In such a fashion, 


Yom (P, p; 6, m;) (1) 
JMy im a) [P Pp 

O32. i Mim, Hin iis Xo™ ( We (2). 
pa im; “Im 1,540" LM P lm p 


The angular distribution of the particles is 
determined by the function 


1 (6) = 


i IP ymy |. 


om; M 7 


Heretgrse py poe the & -particle is assumed to 
be unpolarized, in view of which summation is 
carried out over the M_ . It is appropriate to 
direct the Z axis along P. Then it is easy to get 
(from the properties of the spherical harmonics) 


0 iv ( 
YOM E = YEMY 


% 1 - ss 
= YEW = eV CE +1 CL $18 yy, 41. 


In this way the spherical vectors with different 
A do not interfere, and in squaring (1), the terms 
which contain the index L will be multiplied by 
terms containing L “ + 2k , where k is an in- 
teger. Making use of this, we find 


eS > >) > Via Vin 


L L'i=L-+2n M yin; o 


JIM; JM} jm; 
Xx CiMjm, Cu Mim; (Cilmi), aye | in (9) ie 


Making use of the well-known formulas f or the 
decomposition of the square of the spherical 
harmonics in Legendre polynomials P , and the 


properties of the sum of the coefficients of 
spherical harmonics?2>3 , we obtain 


N 
FQ) S54, P,7 (cos 8), (2) 


n=0 


A, = Cin, W (jilé; 20 1/2) 


\) 2 rie fa 
xs D) San Ca ire 
Te 0 ys 


N= J — Wie Vio — V (2L +1) /4m e,,, 


W = Racah coefficients. 

Below are given the angular distribution 
I (@) for j = 3/2 (for j = 3/2 , the distribution 
will be spherically symmetric) for different 
values of J (the coefficients a, a, etc. are 
determined by the decay mechanism and are ex- 
pressed by V . If only the smallest L plays 
a role, then the ‘two first terms remain in the 
formula) : 
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J =1/.: 1 = 1—0,6 cos? 4+ a (1 + cos? 6); 
J == 3/5231 = 1 + 0,75 cos? 8 
+ a (0,4 — 1,2 cos? 6) + «? (0,37 + 0,48 cos? 6) + db; 
I = 5/,: 1 = 1—0,45 cos? 6 
+ B (0,4 — 1,2 cos? 6) + 8? (0,33 + 0,43 cos? 6) 
+ c[(1—0,14 cos? 6) + y (0,5 — 1,5 cos? 6) 
+ y? (0,44 — 0,1 cos? 6)]; 
dime vle=— te OL iCOS2.0 


+ 8 (0,5 — 1,36 cos? 6) + 82 (0,26 +.0,48 cos? 6) 
+ d [4 + 0,23 cos? 6 + « (0,7 — 2,1 cos? 9) 
++ e2 (0,5 + 0,01 cos? 6)] 


Note added in proof. The problem of the corre- 
lations in the decay of a %-particle have also 


: : aaa 4 
been considered in the recent publication of Gatto. 


In, Gatto, Nuovo Cimento 2, 841 (1955). 


oa I. Akhiezer and V. B. Berestetskii, Quantum 
Electrodynamics, GTTI, 1953). 


3Biedenharn, Blatt and Rose, Rev. Mod. Phys. 24, 
249 (1952). 


4 
R. Gatto, Nuovo Cimento 3, 665 (1956). 
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Gamma Resonances in iteactions of Proton 
Capture by Silicon Isotopes 


S. P. TsyTKo AND Iu. P. ANTUF’ EV 
Physico-technical Institute, Academy of Scinces, 
Ukrainian SSR 
(Submitted to JETP editor, February 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 

1171 (June, 1956) 


T HE reactions Si (p, y ) P were first studied ‘ 
by means of the yield of y-radiation from 

thick targets for the proton energy interval from 

0.3 to 0.55 mev. Somewhat later, ? Tangen re- 
ported the results of more detailed investigations of 
this reaction in the same proton energy interval. 

He found resonances for = 326 and 414 kev, 


which he attributed to the réaction Si 79 (p,y ) 
P 30 | since he observed them by the activity of 

P 39 , and also resoances forE, = 367 and 499 
kev, which he attributed to the reaction Si 30 

(p, y ) P31. Recently, Milani, Cooper and Harris 
observed? y -resonances in the reaction Si aR 


(p, y) P 3° at approximately Ep = 696, 727, 


917, 956 kev. They carried out their investiga- 
tions both on thin and thick targets of Si77: 

The integral excitation function of the Si (p, y) 
P reactions was measured on the 4 mev electro- 
static generator of the Physico-technical Institute 
of the Acadmey of Sciences, USSR, in the proton 
energy interval from 500 to 2600 kev. A thick 
target with the natural mixture of the istopes of 
silicon (Si 78, 92.28 %; Si2° , 4.67%; Si°°, 3.05%) 
was prepared from a pure (99,98 % ) single crys- 
tal of silicon, which has been obtained by vacuum 
distillation. To test the various impurities in the 
silicon crystal, investigations were carried out on 
thick and thin targets, prepared from silicon which 
has served as the initial material in the prep- 
aration of the single crystal. The tests showed 
that Al, Fe and Pb, which appeared as impurities 
in the original material, had been removed. The 
energy of the accelerated protons was measured by 
an electrostatic analyzer with accuracy to within 
0.05 %; the imhomogeneity in the energy of the 
proton beam amounted to 0.8 kev for the entire 
interval of proton energies , the y-rays were 
detected by a copper counter. The current at the 
target was measured by a current integrator of 
the Watt type. During the measurements, the target 
temperature was maintained at the level 300 
500° to avoid weakening of the carbon film; 
vapors of the oil of the diffusion pumps were 
carefully frozen out with a liquid nitrogen trap. In 
the measurments of the integral excitation 
function, the position and width of 26 new y- 
resdnances were determined. New y-resonances 
were found for E_ = 619.5, 717, 753, 775, 800, 
831, 895, 940, 980, 1520, 1618, 1635, 1647, 1663, 
1680, 1699, 1774, 1810, 1849, 1879, 2520, 2543, 
2553, 2557.5, 2570 and 2575 kev. The experi- 
mental widths were observed to lie within the 
limits 0.8 to 8 kev. 

For identification of the reactions corresponding 
to the resonances, the differential excitation 
function was measured on thin targets by the 
yield of positron activity of P 22 Vand wie cee AL 
present, this work has been carried out only 
to proton energies of E, = 1000 kev. Not a 
singleresonance was foundfor P 7”. Also, no 
new resonances have been found for P 3° up to 
1000 kev. The positions of the two y-resonances 
mentioned earlier® for the reaction Si29 (p,y ) 
Pe tore a 917 and 956 kev were determined 


more accurately by us; according to our measure- 


= 916.5 +0.5 and 956 +1 kev. The 


lower accuracy of the determination of the 


ments, 


resonance for 956 kev was caused by its weak 


994, 


intensity. The first 9 of the new y-resonances 
from 619.5 to 980 kev can be attributed to the 
reaction Si 3° ( p,y) P 3! since they are 
not connected with appreciable positron acti- 
vity. We note that the effectiveness of detection 
of charged particles is many times greater than 


the effectiveness of detection of y-quanta. 
The identification of the reactions for the re- 


maining 17 y-resonances that we have discovered 
will be carried out at a later time. 


H 
Hole, Holtsmark and Tangen, Z. Physik 118, 48, 
(1941). 


2 

R. Tangen, Experimental investigations of proton 
capture processes in light elements, Kgl. Norske Vid. 
Selsk. Skr., 1946; D. Alburger and E. Hafner, Rev. Mod. 


Phys. 22, 373 (1950). 


3 
Milan, Cooper and Harris, Phys. Rev. 99, 645 (1955). 
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. . ’ 
Isotopic Invariance and ‘Strange 
Particles 


L. B. Okun’ 
(Submitted to JETP editor, March 31, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
1172-1173 (June, 1956) 


T HE basic peculiarity of ‘‘strange’’ particles— 
heavy mesons and hyperons— is that two 
different types of interaction connect them with 
the usual strongly interacting particles ( 7-mesons 
and nucleons) : strong and weak. The formation 
of strange particles from ordinary is a fast process 
(characteristic time ~ 10-23 to 10 ~24 sec ); 
decay of “‘strange’’ particles to ordinary is a 

slow process (characteristic time ~ 10 AD 10e 


sec). This, and a whole series of other peculiari- 
ties of ‘‘strange’’ particles can be explained if, 


following Gell-Mann,! we consider the concept 
of isotopic spin for these particles and assume that 
the fast processes with some of these particles is 
isotopically invariant, and in the slow processes, 
not only the isotopic spin 7 changes, but also 
its projection 7, . 

The charge of the particles Y is shown to be 
connected with the projection of the isotopic spin 


r, by the relation 


LETTERS TO THE EDITOR 


Q= T3 + (a#/2) + (s/ 2), 


where n is the number of baryons minus the num- 
ber of antibaryons, and s is the quantum number 
“*strangeness,’’ introduced by Gell-Mann. A con- 


sistent explanation of the properties of elementary 
particles demands that the following isotopic spin 
and ‘‘strangeness’’ s be assigned to them: 


cK K NN OA. CASS ee 
sO, = 4.4, Oo 0 Suet ped eee 
Tide ls 2/204 Cet 4 diet faetls 


(Along with particles, we have considered the 
corresponding antiparticles, which are designated 
by the tilde). One of the most direct ways of 
verifying the correctness of the hypothesis on the 
isotopic invariance of fast processes with some 

of the “‘strange’’ particles is the experimental 
test of the relation (arising from this hypothesis ) 
between the cross sections of reactions which 
differ only in the charge states of the participating 


particles. We consider three types of such reac- 
tions. 


a) Reactions in which 4 particles with T = 1/2 
take part. For example, the scattering of K-mesons 
by nucleons K +N ~K +N or, in more detail, 


4) Ko +n—+kK +n, 
5) KU4 p+K® +p 
6) K°+ p>Kt-+n. 


1) Kt p> K++ p, 
2) K++tn—kt-+no, 
3) Kt -+n— K+ p, 


From charge symmetry it follows that 


O1 = 94, Sg = 95, 03 = OG 


Consideration of charge invariance in this case 

does not give additional equations; however, if 

we consider that there is a relation among the 

amplitudes a(o=|a|?: a,=a, + a,, then 
|W) ait 


the inequality o, GO» ye Cpa and 

its cyclic permutations can easily be established. 
b) Reactions in which one particle with T= 1 

and two particles with T = 1/2 take part. (The 

presence in the reaction of any number of particles 

with T = 0 is not important for us.) For example, 

formation of a A- particle and a K-meson in the re- 


action 7 +N + A +k, or, more generally: 
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1) rt¢t+n— A04+t KF, 
2) n° + n— A+ KO, 


3) m+ p> AO K®, 
4) n° + p> A+ Kt. 


It follows from charge symmetry that Ge a 10s 


, - Arelation which is determined by the 
charge invariance can easily be obtained by the 
method assumed by Shmushkevich.”"? We imagine 
a nucleonic target which contains an equal num- 
ber of protons and neutrons, on which falls a 
beam of pions which contains equal numbers of 
a7‘, a7 and 7° -mesons. Since the interaction 
in this reaction is isotopically invariant, but 

the target and the beam are not isotopically 
polarized, then the number of 7 uae Ge ) -mesons 


which are knocked out of the beam must be equal 


Toa 


+ 
to the number of 7*~ mesons. The 7” mesons 


are absorbed in reaction 1, 7° in reactions 2 and 4. 


+ 
2 Oy or 


This gives, at once, a 1=¢ 
0, =20,. 

c) Reactions in which two particles with T=1 
and two particles with T= 2 take part. For 
example, formation of a -X-particle and a K-meson 
inthe reactionz + N>X + K: 


1ynt+p>it+ kt, 6) nm +42 > DT + K?, 
2) n° + p> X° + Kr, 7) P +n X° + Kt, 
3) m+ pdt + Ke 8) mM +n + Kt, 
4) n+ p> E- + K+, 9) nt tn—+Zt+ RO, 
3) mx +p>X? + K°, 10) mttn—-> 5° + Kt, 


It follows from charge symmetry that 


O14 =, G2=07, O35, %%-=—%, % = Sl0- 


Again let us consider an isotopically nonpolarized 
K -meson beam and a nucleonic target. As in the 
previous case, the number knocked from the beam 


of 7*(m7)—mesons and 7°—mesons ought to be equal: 


Sy + 04 + 65 = 2 (52 + 93). 


- 
Moreover, the number of = “ and 2° -particles that 


are formed ought to be equal: o, +o, to, 


g 
= 2(o, Tt oO; ). From the latter two equations, 


we obtain 


63= 05, 91 + 4 = 202 + 95. 


995 


Similar relations are obtained for the following 
reactions, each of which pertains to one of the 
types: a), b) orc): 


REACTION OF FORMATION OF HEAVY MESONS 
AND HYPERONS: 


1) r+N>A+n+K (c), 
2) mtd A+N+K (y, 


3) ed > Dew K (¢), 
A) Tee ee Aotame N K (c): 


REACTIONS OF CAPTURE OF K-MESONS: 
5) K+N> A+7 (b), 


6) K+N—>2+ 7 (c), 
7) K+d-2+4+N(b), 


8) K+d>-A+N+7 (), 
9) K+d-Z4+N+" (oc), 


REACTIONS OF INTERACTION OF 2-HYPERONS 
WITH NUCLEONS, 


10) SNe) 
11) 5+ N+A+N (), 
12) D4 N+A+N4x (c). 


REACTIONS OF CREATION OF ANTIHYPERONS 
AND K -MESONS: 


13) 7+ N—>~N+A-+A (b), 

14) 7+ N+ N+A+4% (co), 

15) N+N>d+A+4+X% (c), 

16) N+N>+d+2+4% (b), 

17) N+N>d+K-+K (a). 
REACTIONS OF ANNIHILATION OF ANTIHYPER- 
ONS: 

18) A+N—+K-+7 (b), 

19) 24+N—+>K+7% (c) 


9 


20) 3+ N+ K+K (a), 
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> é : 1,4 2 
Some of these relations were obtained earlier. ’ I. M. Shmushkevich, Dokl Akad. Nauk SSSR 109 
It should be emphasized that all the relations 235 (1955). 3 
considered connect the differential cross sections 3 ; 
; a N. Dush d I. M. i 
of the corresponding reactions. SSSR, 106, Sess iemicoamen aetna IU: 


I express my gratitude to Prof. I. Ia. Pomeran- 
chuk for direction of the work and to Prof. I. M. 
Shmushkevich for his interesting comments. 


4 
T. D. Lee, Phys. Rev. 99, 337 (1955). 
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M. Gell-Mann, Proceedings of the Pisa Conference. a 
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